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1. Basic Framework

Let mq; = 1 iff single, mo; = 1 iff cohabitating, and ms; = 1 iff married, and let
my = k iffmkt = 1.

Let ¢; = child characteristics [¢;; = # children (with a cutoff of 7n.), ¢y =
age of youngest child (with a cutoff of 7n.,)]. Let X; be a set of other exogenous
variables [Xj; = 1, other X variables include race, education, etc. They need to
be limited to exogenous characteristics with known paths.]

Children are created from a Bernoulli process, p;(X¢, m;) = Pr[child concieved at t].
No deaths of children are allowed.

Let d; = the length of a relationship (with a cutoff of #;).

Let # be an unknown match quality, § ~ N (u,03). p can be person specific
(this involves using MSL). Note: [One must decide what happens at ¢4. In many
models like this, it is assumed that 6 is revealed to the couple at time 4. In this
model, as in any empirical model, such an assumption would lead to an unusually
large number of separations at t4 as couples discover big (negative) mistakes in
their beliefs about 6. An alternative assumption without this unfortunate char-
acteristic that the couple stops updating its beliefs about 6 at t; despite new
information. While this is not “rational,” it is a reasonable approximation to
rationality if ¢4 is reasonably large, and it is no less unrealistic than assuming the
truth about @ is revealed at ,.]

Couples draw ¢; which is observed by the agent and affects utility. It is assumed
that

St—e = P(5t—1 —9>+’)7t if dt > ]_, (11)
Et — f = ur if dt = 17
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n, ~ N O,ﬁ for d; =1,

n, ~ wdN (0,0’%) for d; > 1.

e; is modeled as an AR(1) process to allow for divorces late in a relationship
that can not be explained by learning; if p is large enough, then a bad draw of
g, implies bad times for periods to come even if § is known and good. Equation
(1.1) implies a Bayesian updating rule for the estimate of 6 at ¢, 6;. Note that 6,
will be a weighted average of 1 and the GLS estimator of 6,. For ease of notation,
assume that the relationship starts at t = 1. The GLS estimator is
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for the GLS estimator. Thus the Bayesian updating rule is
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The problem here is to write ét recursively in terms of ; and 915—1- The above
formula is difficult to use because the weights for ¢;, i < t vary over i. However,
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it is possible to write a simple, recursive formula in terms of a newly defined state
variable that determines ;. In particular, define ¢; = 0

2 = (1_p>51a

t—1
S = (1—p)€1+(1—p)225i for t > 2.

=2
Then
-2 2 -2
A + (1 - €
t Op /é ( ,02)0,72 L d =1, (1.2)
og-+(1—p*o,
09_2#+é[§t+(1—0)5t] ,
= ) 1 D) lfdt>].,
0p’ + & [20—p) +(t-2) (1 p)’]
and

G2 = 1+ (1—p)e, (1.3)
¢ = G1+ (11— p)2 E¢_1.
Thus at time ¢, we can define the state variables as ¢; and ¢;, we can write 9t in
terms of the state variables (and 1), and we can define a recursive formula for ¢;.

Now we can define a recursive rule for 6, in terms of the state variables from
the period before, 6;_; and €;,_1, and ¢;. From equation (1.2), we get

R 1 ‘
Gt-1 = 001 [092 + = [2 (1—p)+(t—3)(1— p)QH —0r0s u—(1—p) ey if t—=1 > 1,
n

and, from equations (1.2) and (1.3), we get
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So we can think of the state variables as being 0, and &;.

2. Value Function

Let S; = (mt, Mi_1, ¢, dy, 6y, é?t) be the state variables at time t that are either
endogenous or stochastic. Then the value function can be written as

‘/t [St, Xt] = ft (mt, Ct, dt, Xt) + 1 (mt > ].) Et — Dmt711 (mt = ].) (21)
+/8Ect+1,€t+1 { max (‘/tJrl [St+17 Xt+1]) ’ ét? €ty Ct}
mt+1€F(mt)

where F'(m;) is the feasible set of choices,

ft (mt, Ct, dt, Xt) = (mt) + ¢, (mt) + dtOéd (mt) (22)
+toy (my) + Xear, (my)

is the deterministic flow given S, and D,, is a divorce cost from state m (D; = 0,
Dy >0, D3 > O)

where the X variables that affect D,, are a constant, religion, # children, and age
of the youngest child.! Let b, = 1 iff a child is conceived in ¢.The probability of a
child being conceived in period t is

pr=e"/[1+e™] (2.4)

1 X; can include splines in age.



where
T = Yo (M) + ¢y (M) + diryg (ma) + ty, (my) + Xy, (my) 2 (2.5)

Value functions are solved by assuming that there is some time ¢* such that no
decisions are made after t* and another time t** such that the person dies right
after ¢t**. This implies that

t** t**
Vi [Spe, X ] = > B fo (mye, ¢, dg, X)+1 (mys > 1) E > B ey | et*,gt*]—pmﬁg (me= = 1)
s=t* t=t*

(2.6)
where c15 = cypx, Cos = min (copr + 8 — t*,Meq), ds = min (dp= + s — t*,14), and
X changes in a nonstochastic, exogenous way. Then V; [S;, X;| can be evaluated
iteratively for all t < t*.

3. Implications of the Model

Theorem 1. 0V;/0s;, = 0 and 9V,/00, = 0 if my = 1, B, > dV;/0¢, > 1 and
Bt Z 8‘/}/8915 Z 0 1fmt > 1 where 1/ (1 — ﬁ) > Bt — (]_ _ﬁt**-‘rl—t)/(]_ _ﬂ>7 and
Vilme, my_1, ¢4, dy, 0,0] is finite.

Proof.

V;f* [mt*ymt*—la Cgx, dt*: gt*vgt*aXt*]

£

= E Z 51&7“ (fe (Mg, ¢y dy, Xi) + 1 (my > 1) &) | Ht*w?t*}
t=t*

o

= Z B, (my, ¢, di, Xy) +

t=t*

1 (mt* > ].) e + 1 (mt* > ].) E

t**
Z ﬁt_t*&: ’ 9t*75t*]

t=t*+1

which implies that

a‘/t* [mt* s MMpx 1, Cyxy dt*7 et*a Ex, Xt]

1 t—t* —
aE |: t:t*-i-l /6 gt | gt*’ 6t*:|
agt* '

8615*
(3.1)

= 1(mt* > 1)+1 (mt* > 1)

2 Again, X; can include a spline in age.



Note that m; = my« for all ¢ > t* by the definition of ¢*.If m;» = 1, then equation
(3.1) is identically zero. If m; > 1, then, since ¢, is positively serially correlated,
equation (3.1) is positive. But, since OF {&?t | @t*,gt*} [Oep <1,

OVipr M, M1, Cpe, g, Oy €4, X
8(‘:}*

S 1(mt* > ].)

Also,

8‘/1;* [mt*, mt*—l; Ct*7 dt*; et* , St* s Xt]
00 1«

= 1(mt* > ].)

e « OF |e 9 *, Epx
— (mt* > 1) + 1 (mt* > 1) Z /Bt—t |: t ’ t 3 :|
t=t"+1 ey
1 . t**_,’_l_t*
]_ﬂ——ﬁ = 1(mt* > 1) Bt*.

£r*

OF [ t=t*+1 ﬁtit*gt | ét*,ﬁt*}

8ét*
(3.2)

If my» = 1, then equation (3.2) is identically zero. If ms > 1, then, since the
mean of g, (for ¢t > t*) is increasing in 0, equation (3.2) is positive. But it is
bounded by B; because OF [et | 915*,5,5*} /00;- < 1. Finally,

tr*

Vis [mys ,mys 1, ¢, dy, 0,0, Xy] = ) B fy (my, e, dy, X)) +

t=t*

£*

L(me >1) Y B Ele]0,0]

t=t*+1

which is finite because E [e; | 0,0] is finite.
Now assume that there exists a ¢’ such that
8‘/;5[77115, mg—1, C, dt7 éta ) Xt]/aet
a‘/:‘,[mtu mMyg—1, Cy, dt7 etu Et, Xt]/aet

B,
B,

(AVARAY,

for all ¢ > t/; t* — 1 is such a time. Then

oVy [mt’y My —1,Cy, dy, O, ey, Xt]
aat/

0
= 1(mt/>1)+ﬁ

0
0

and

a‘/:‘,[mtu my—1, Cy, dt7 éh Et, Xt]/agt 2 1 and
a‘/:‘,[mtamt717ct7dt7étﬂgtaXt]/aét Z 0 lf my > 1

(3.3)

Ect’+1’5t’+1 {maxmt/+1EF(mt/) (‘/t’+1 [Sturh Xt’+1]) | et'a E, ct’}

a€t/



from equation (2.1). The first term on the right is positive it my > 1, and it is
zero if my = 1. Consider the second term:

OVyia [St’+17 Xt’+1] /85t’+1 =0 ifmy=1;
Byi1 > OVyy1 [Sps1, Xpga] [Oepin > 1 ifmy > 1
by assumption. Therefore

Byi1 >0 max (Vg [Spi1, Xpia]) /Oepyr >0

Myl 4 €F(my)

everywhere the derivative exists. Therefore, since ¢y and €41 conditional on
ey are independent, ¢, is positively serially correlated,

Bt’Jrl Z 3E€t,+l { max (V;furl [St’+17Xt’+1]) | ét/7€t/7 Ct’Jrl} /agt/ 2 0

mtl+1 GF(mt/)

and

By > 8Eat/+1 { max (V;:'+1 [St’+1; Xt’—i—l]) ’ ét’,&t’, Ct’+1} /891:’ >0

myr g €EF(myr)

for all ¢y41 (because the mean of £, is increasing in 6,) which implies that

Bt’+1 2 aECt,H@t,H { max (%/+1 [St’—i-lth’—i-l]) ’ ét’7€t’7 Ct/} /ast/ Z O,

My 41 EF(mt/)

Bt’Jrl 2 aEct,+l’€t,+1 { max (‘/t’Jrl [St/+17 Xt’Jrl]) ’ étH E¢ry Ct/} /aét/ 2 O

My 41 EF(mt/)

Therefore, since the first term in equation (3.3) is always unity if m; > 1 and
By =1+ B,

GVt/ [St/7Xt/] /aé?t/ = 0 and
OV [Sy, Xy )00y = 0 if my = 1;

By
By

8Vt/ [St/,Xt/] /Get/ >1 and

>
> OV [Sp, Xy] /00y >0 if my > 1.



Also,
V:‘/ [mt/, my—1, Cy, dt’u 07 07 Xt']

= ft’ (mt’7 cv, dy, Xt') B Dmt’,ll (mt' = 1) + ﬁECt’ﬂ’Et’H { max (‘/t”rl [St’+17 Xt’+1]) ’ 0,0, ct}

My 41 EF(mt/)

The first term is finite. Consider

Eat’+1 { max (V;f’—‘rl [St’-‘rla Xt’—i—l]) ’ Oa Oa Ct’-‘rl} (34)

My €F(my)

= / [ max Vi [St'+1;Xt’+1]] ¢(5t'+1 ’ 0, 0) dey i1

—00 mt/+1€F(mt/)

where ¢ (St'+1 | 9t/,et/) is the (normal) density of £y,; conditional on 6, and

gy. Since mMaXy,, eF(my) Vi [St’+1>Xt’+1] grows linearly and ¢ (St'+1 ’ 915’;516’)
declines faster than exponentially, equation (3.4) is finite implying that

Ectxﬂ,atfﬂ { max (Vi'+1 [St’-‘rla Xt’—i—l]) ’ 0,0, Ct}

my g €EF(myr)

is also finite. Thus Vi [my, my_1, ¢y, dy, 0,0, Xy] is finite.

[ |

The facts that Vi[my, m;_1, ¢, dy, 0,0, X;] is finite, OV [1,m; 1, 1, dy, 9t,§t, Xy /0ey =
07 and 8‘/;[1, mt;la Ct, dt7 etv Et, Xt]/aet =0 lmply that ‘/;5[17 mi—1, G, dt7 eta Et, Xt]
is finite for any 6; and &;.

Theorem 2. 1 5: (mt, 1) : W[mt, 1, Ct, 1j 915 (St) , E¢, Xt] > V;g[]., 1, Ct, dtj 915 (€t> , Et, Xt]
for all Ey > 5: (mt, 1) and V}[mt, ]., Ct, ]., et (5,5) ,E¢, Xt] < ‘/;5[]., ]., Ct, dt, 91: (6,5) ,Et,y Xt]
for all e; < €} (my, 1) for my > 1.

Proof. Vi[1,1,¢;,dy,0; (1), €1, X;] is finite. From Theorem 1, 0V; [Sy, Xy] /Oy =
0 if my = 1. Then, also by Theorem 1, since OV [Sy, Xy| /Oep > 1 if my > 1
also by Theorem 1, the result follows.

|

Theorem 3. 3 5: (17 mt—l) : V;f[mt—lv my—1, C, Céfa ét: €ty Xt] > V;f[]-: my—1, Ct:}a ét: €ty Xt]
for all € > 6: (]-7 mt—l) and‘/;f[mt—lv my—1, C, dt7 etv ) Xt] < ‘/;f[]-a mg—1, C, ]-7 etv Et, Xt]
for all ey < e} (1,my_1) for my_1 > 1.



Proof. Vi[1,m; 1, ¢, 1,0, €, Xy is finite for all 6; and e, and OV;[my_1,my_1, ¢;, dy, Oy, €4, Xi] /Ot >
1. The result follows. B
Assumption 1: D3 > Dy > 0 and f; (3, ¢, dy, Xy) > fi (2, ¢4, dyy, Xy).

Theorem 4. Ing > D2 > 0 and ft (3, Ct, dt; Xt) = ft (2, Ct, dt, Xt), then ‘/;5 {3, my_1, Ct, dt, ét, Et, Xt} <
Vi [2, m¢—1, Ct, dt, ét, St,Xt] for Mi_1 7é 3andt < t*.

Proof. Note that
‘/t* [37 Mygx—1, Cy*, dt*a 915* s Etxy Xt*:| - ‘/t* [27 Mygx_1, C*, dt*: ét*a Et*, Xt*}
= fi (3aCt*:dt*:Xt*) — fi (2a Ct*adt*aXt*)

+/8Ect*+1,st*+1 { max (Vt*+1 [St*+17Xt*+1]) ’ ét*ygt*7 Ct*}

Myp* 41 EF(3)

Myp* 41 EF(Q)

_5Ect*+1,st*+1 { max (VZ*H [St*+17Xt*+1]) ’ 9t*7€t*7 Ct*}
=0

because f; (3, ¢, di, Xi) = fi (2, ¢,di, X¢) and no choices can be made beyond
t*. Assume that there exists a ¢ such that Vj [S,mt/,hctgdt/?@t/?st/?Xt/} <

Vi {2,mt/,17 ey, dy 9t/7gt/,Xt/} for all ' >t (except when .my_; = 3). Then
Vi [37 mi—1, Ct,dt,ét;St,Xt} -V {th—l,Ct,dt,ét,ﬁt,Xt] (3-5)
= ft (37 Ct, dt7 Xt) - ft (27 Ct, dt: Xt)

+0FEc, 16041 { max (Viy1 [Ser1, Xeta]) | 9t,€t,0t}

m41€F(3)

mi+1€F(2)

_/BECt+1,8t+1 { max (‘/t-i-l [St+17 Xt-i-l]) ’ ét) 5157 Ct}

= 5Ect+1,at+1{ max )(WH [St41, Xipa]) | 9t,€t,0t}

me1€F(3

—BEeci 1601 { max (Vi1 [Siv1, Xeta]) | 9t75t76t}-

mi+1€F(2)

Now divide the range of ;1 1: (a) For g4y where V; {2, 2, i1y Ayt ety €0s1,s Xt+1] >

Vit [37mt7Ct+17dt+179t+175t+17Xt+1} > Vi [LmtyCt+17dt+179t+175t+17Xt+1} for
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my > 1, then my 1 = my (because 2 ¢ F'(3)); (b) for £,41 where V4 {2, 2, o1, o1, O, €41, Xpgr| >
Vit [lamtaCt+1>dt-&—l;ét-&-last—i-laXt—&-l} > Vin {3>mt>Ct+17dt+179t+17€t+1aXt+1} for

my > 1, then if m; = 2, then m;;; = 2 and if m; = 3, then m;;; = 1; (c) For €,41

where V1 [Lmt, Ct+1,dt+1,9t+1,€t+1,Xt+1] > Vi [2, 2, ¢cey1, diya, ét-&-last—i-l:Xt—i-l} >

Vi [37mt, Cei1,dist, ét+175t+17Xt+1} for m; > 1, then m;;; = 1 (note that V;,4 {1, 2, Ca1,dyy, 9t+1,5t,
Vi1 [17 3, Cip1, dig1, 01, €041, Xtﬂ} because D3 > D,); (d) For ;1 where V;4 [17 2, Cop1y i1, Opi1, €0y
Vit [2727Ct+17dt+17§t+17€t+17Xt+1} > Vin {3737Ct+17dt+179t+175t+17Xt+1} > Vin [1737Ct+17dt+17§t+1
These are all the possible cases subject to the condition that V; {3, My_1, ¢, dy, Oy, €4, Xt} <

Vi [2, My_1,Ct, dy, Oy, €4, Xt}. Note that for each case the relevant part of equation
(3.5) is less than or equal to zero and for some parts it is less than zero. Thus
equation (3.5) is negative. B

Theorem 5. Ing = D2 > 0 and ft (3, Ct, dt, Xt) > ft (2, Ct, dt, Xt), then ‘/;5 {3, my_1, Ce, dt, 915, Et, Xt:| >
V;f [27 mi—1, G, dta éta Et, Xt] for mi—1 7é 3.

Proof. Note that
V;f* [37 Myx_1, Cgx, dt*a 915* y Et*,y Xt*:| - V;f* [27 Mygx_1, Cpx, dt*: ét*a Epx, Xt*}
= ft* (3a Cix, dt*vXt*) - ft* (2a Ctx, dt*vXt*)

+ﬁECt*+175t*+1 { max (V;f*—i-l [St*-i-l: Xt*—i—l]) ’ ét*vgt*a Ct*}

myx 1 €F(3)

_ﬁEct*Jrl,at*Jrl { max (V;f*—i-l [St*-‘rl: Xt*—i—l]) ’ ét*vgt*a Ct*}

myx 11 €F(2)
> 0

because f; (3, ¢, dy, Xi) > fi(2,¢,di, Xy) and no choices can be made beyond
t*. Assume that there exists a ¢ such that Vy [3,mt/_l,ct/,dt/,ét/,st/,Xt/} >

Vi {Q,mt/_l, cyy dy, 9,5/,515/,th} for all t > ¢ (except when .my_; = 3). Then

‘/t |:37 my_1, Ct, dt7 éh &ty Xt:| - ‘/:‘, |:27 mg—1, C, dt7 §t7 €t, Xt:| (36)
= [e(3, ¢y, Xo) — fo (2, ¢4, dyy Xi)

+/6Ect+1,&‘t+1 { max (‘/;H-l [St+17 Xt-i-l]) ’ ét) €t7 Ct}

mi+1€F(3)
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_/BECt+175t+1 { max (V;H-l [St-‘rl: Xt-i-l]) ’ étv €ty Ct}

mi+1€F(2)

miy+1€F(3)

- /BECt+1,8t+1 { ma‘X (‘/;f-‘rl [St+17 Xt-‘rl]) ’ 97:7 €t7 Ct}

_/BEct+1,st+1 { max (Vt+1 [St+17Xt+1]) ’ éngt? Ct} .

mi+1€F(2)

Now divide the range of ;1 1: (a) For g4y where V; {3, My, Copt, deg1, Opi, €141, Xt+1] >

Vit [2727Ct+17dt+17§t+175t+17Xt+1}  Vig {17mt7Ct+17dt+179t+175t+17Xt+1} for m; >

1, then my; = 3; (b) For €441 where V4 [LmtyCt+17dt+17§t+175t+17Xt+1} >

Vi [37mt7Ct+17dt+17§t+175t+17Xt+1} Vit {2, 27Ct+17dt+17ét+175t+17Xt+1} for m, >

1, then my;; = 1 (note that V44 {1, 2, Cri1y dig1, Ops1, 5t+17Xt+1} =V [17 3, Cit1, dit 1, Oy €1y Xit
because D3 = D,); (c) For &1 where V; {1,3,ct+1,dt+1,9t+1,st+1,Xt+1} >

Vit [3amt;Ct+1;dt+1;ét-&-laet-i-laXt-&-l} > Vi [2,2, Cr1, di+1, 9t+1,5t+17Xt+1] > Vin [1:27016—&-1’ dt+lvét+
These are all the possible cases subject to the condition that V; {3, My_1,Ct, dy, Oy, €4, Xt} >

Vi [2, My_1, ¢, dy, 0y, €4, Xt}. Note that for each case the relevant part of equation
(3.6) is greater than or equal to zero and for some parts it is greater than zero.
Thus equation (3.6) is positive. B

Assumption 2: D3 > Ds, fi (3, ¢, dy, Xi) > fi (2, ¢4,dy, Xy), and D3 — Dy does not
grow over t or d;.?

Theorem 6. <5 (1,3) <e;(1,2).

Proof. At t*,
£

Vi [3a 3, Cpe, i, 91:*751&*, Xt*} — Vi [Qa 2, cpe, dys, ét*,St*aXt*} = Z 5(t7t*) [ft (3, Ct, dtht) — fi (2, Ct, dy, X

t=t*
At e} (1,2),
{Vt* [3,37@*,dt*,ét*,gt*7xt*} — Ve [1737ct*7dt*7ét*,gt*7xt*}} - {Vt* [2,27ct*,dt*,ét*7gt*,xt*} -
= Vi [3,3,co0ydpe, O 8, Xio| = Vi [2,2, 000, die B4 210, X | + Dy — Dy > 0

3The last part of this assumption is necessary to rule out the possibility of divorce costs
rising so rapidly that agents divorce early to avoid being trapped later in the relationship. We
can relax this part of the assumption to allow D3 — Dy to grow at a rate no greater than ﬁ_l.

12



=at 5;:* (1,2), ‘/t* [3, 3, Ct*;dt*;ét*ygt*;Xt*} — ‘/t* [1,3, Ct*;dt*;ét*ygt*;Xt*} >0 =
ex (1,3) < en (1,2) (because OV [3, 3, ey dye, Ope, v, Xt*} /Oep > 0). At t* — 1,

Vi1 [3, 3, Cpr1, A1, ét*—last*—laXt*—l} — Vi1 [2, 2, cpe1, Ay, 9t*—1,5t*—1,Xt*—1}
= fo13,cpo1,dp1, Xpeo1) — froo1 (2, e, dpn 1, Xpeo1) +

ﬁEm%cV}* [ma 3>Ct*adt*aét*>5t*aXt*} - BE mﬂé}XW* [m:Q:Ct*,dt*,ét*,ﬁt*;Xt*]
> fra (37 Ct*fhdt*tht*fl) — frr1 (27 Cx—1, dt*flth*fl) +

e+ (1,2)

3(Ds — Dy) / 4o (2,

—00

B/E:(m) {Vie 8,3, ¢, die, O 800, X | = Vi 2,2, €00, e, O €4, X | } dD (210
> ﬂ (DQ — Dg) ,
and

{V;t*—l [3,3, Ct*—l;dt*—l;ét*—lagt*—laXt*—l} — Vi [1:3aCt*—ladt*—laét*—lagt*—laXt*—l}}
- {Vt*q [2727Ct*fhdt*fl?ét*fhgt*flth*fl} — Vi {1727015*717dt*flyét*flygt*tht*fl}}
= Vi [3737Ct*fhdt*fhét*fhgt*flth*fl} — Vi1 [2727Ct*717dt*fhét*fhgt*flth*fl] + D3 — Dy
> ﬁ(Dg—Dg)—i‘Dg—DQ
= (Ds—=D3)(1-8)>0
=-at 5;:*71 (17 2)7 ‘/t*—l |:37 37 Cix—1, dt*—17 ét*—l; Epx—1, Xt*—1i| _‘/t*—l |:17 37 Ct—1, dt*—l; ét*—l; Epx—1, Xt*—1:| >
0= 8;71 (17 3) < 8;71 (17 2) (because OVi_1 [37 3, Cpx_1, dt*fh ét*fh Etr—1, Xt*fl} /agt*,l >
0).
Now assume that 3¢ : V [3737ctth/,@t/,st/?Xt/}—Vt/ {2,27ct/7dt/7§t/7€t/7Xt/} >
I} (D2 — Dg) and Ep (1, 3) < &y (1, 2) Vt' > t. Then
‘/t [37 37 Ct, dt7 éh Et, Xt] - ‘/t {27 27 Ct, dt7 éh Et, Xt]
- ft (37Ct7dt7Xt) _ft (27Ct7dt7Xt)
+0FE 172%( Vit [m7376t+17dt+17ét+175t+17Xt+1} — BE mn%x Vit m727Ct+17dt+17ét+175t+17Xt+1}

> ft (3a Ct, dt7 Xt) - ft (27 Ct, dt7 Xt) +
af+1(1,2) 0o _
B (Dz - D3)/ d® (ﬁt) + {Vt+1 {37 3, Cey1, dig1, 9t+175t+17Xt+1} —Vin {27 2,Cq1,

*
—0o0 €i11 1,
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e 1(1,2) oo
> B|(D2— D3)/ " d® () + 8(Dy — Dy) / (12) d® (5t+1>]
—00 ery1(d,
> [ (Dy— D3),
and

{‘/t |:37 37 Ct7 dt7 éh gtu Xt:| - ‘/:‘, |:]-7 37 Ct7 dt7 étu gtu Xt:| } - {‘/t |:27 27 Ct7 dt7 éh gtu Xt:| - ‘/:‘, |:]-7 27 Ct7 dt7 éi
= V [37 3, ¢, dy, étﬁt,Xt} - Vi [27 2yct7dt7§t75t7Xt} + D3 — Dy
> B(DQ_D3)+D3_D2
= (Dg—Dg)(l—ﬁ) >0
=at € (1,2), V; [3a37 Ct,dt,ét;St,Xt} -V [1:3;Ct,dt,ét,5taXt] >0=¢/(1,3) <
7 (1,2) (because 0V [3,3,ct,dt,§t,et,Xt} /0, >0). 1
Theorem 7. 8‘/;[3, 1, Ct, 1, 915 (St) , E¢, Xt]/af‘:t > 8‘/2[2, 1, Ct, 1, 915 ((“:t) , E¢, Xt]/af‘:t.
Proof. Let m; > 1. Then, by equation (2.1),

‘/t[mta mg—1, Cg, dt7 étu €ty Xt]
= fi(my, ¢, dy, X)) +1(my > 1) g, +

ﬁEcm[/ { max )V;f+1 [St+1, Xt+1]} o) (€t+1 ’ 91&7 5t) dei1+

er (Lme) | mea €F(my
my171

P (5:+1 (17 mt) | 9t7€t) ‘/t[lu Mg, Cry1, 1,0, OuXt+1] | Ct]7
and its partial derivative is

av;f[mt: my—1, C, dt7 ét: &ty Xt]/agt = 1+

0 0 (441 | étagt
/BECtJrl [/* (L) { f}lg%:)% )W+1 [St+17 Xt+1]} ( Bz, )d€t+1+ (3.7)
Epqppbime m¢ me
mi+17#1

0o (6;;_1 (]., mt) | ét, St)
agt

t+1[17 my, Ci+1, ]-7 07 07 Xt+1] ’ Ct]'

Note: - ~
09 (5t+1 | etaet) ¢ (5t+1 ’ 9t75t)

Oey P 8<€t+1

14



Thus, the integral in the second line of equation (3.7) can be written as

o 99 (141 ’ ét,&:
— / max Vi [Spy1, Xiqa] ( ) €41
e 1 (Lmy) | mer1€F (me) O0cy i1
mip171
which, through integration by parts, can be written as
00 0 _ _
P/ max Vi mt+1,mt,Ct+1,dt+1,9t+1,5t+1;Xt+1} o) (5t+1 ’ 9t:5t) dei(3.8)
g1 (Lme) Oer i1 mt+1€F7£Tt)
me41

_ . . _
max Vi [th, My, Coy1, deg1, Opv1, €141 (1,my) 7Xt+1} ¢ (5t+1 (1,my) | 04, 5t) .
mep1E€EF(me)

mi+17#1

The last term in equation (3.7) can be written as
—po (5;1 (1,me) | 6y, €t) Visr[1,me, ¢i41,1,0,0, Xy 4] (3.9)

Combining equations (3.8) and (3.9) leads to

00 0 _ _
P/ max Vi {mt+1,mt,Ct+1,dt+1,9t+1,5t+17Xt+1} o) (5t+1 ’ 9t75t) deiq
e 1 (Lme) 8€t+1 mi+1E€F (my)
mi417#1
(3.10)

(the second term in equation (3.8) cancels with equation (3.9) by the definition of
€711 (1,my)). The integrand in equation (3.10) is the same for m; = 2 or m; = 3,
but, since €;,, (1,3) < €/, (1,2),

8‘/:‘,[37 myg—1, Cy, dt7 éh &t, Xt] _ a‘/t[za myg—1, Cy, dt7 étu €t, Xt]

a&‘t a€t
eia(12) 09 - -
,0/ max Vi {th,mt, Ct+17dt+179t+17€t+17Xt+1} ¢ (€t+1 ’ thgt) degp1 > 0.
er1(1,3) 8€t+1 miy1E€F (my)
miy171

By a similar argument, we can show that

8‘/:‘, [37 mg—i, Ct_7 dt7 éh &t Xt] _ a‘/t [27 mg—q, Ct_7 dt7 étu €ty Xt]
8915 aHt

Therefore, since 06, /Oe; > 0 when d; = 1, the result follows. B

> 0.
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Theorem 8. Consider the case where m;_1 < 3. Then

a) 3er(1,2) 1V [2,2,Ct,dt,ét,et,xt} >V [1,2,ct,dt,ét,et,xt} Ve, > € (1,2)
and V; (2,2, c1, dy, Oy, 20, Xo| < Vi [1,2, c1, 0y, 0y, 20, Xo| Ver < €5 (1,2).

b) 3 & (2,1) : Vi |2, 1,0, dy, B0, Xo| > Vi1, 1,00,y B, 80, Xo| Ver > 7 (2,1)
and V; [27 Lct?dt?ét,gt?Xt} <V {1, 1,ct,dt,§t7€t,Xt} Ve, < ef (2,1).

c)Ier* (3,my_1):V; {3, Mi_1, ¢, dy, Oy, €4, Xt} >max?_, V; [m, Mi_1, ¢, dy, Oy, €4, Xt}
Ve, > er* (3,my—1) and V; {3,mt,17 e, dy, 9t,€t7Xt} <max?_, V; [m, My_1, Cp, dy, 9t,€t7Xt}
Ve < e7* (3, my—1). )
Proof. a) This follows from the fact that OVi[2,m; 1,cq, dy, 01,6, Xi] /Oy is
bounded from below and above and that OVi[1,my_1, ¢, dy, Oy, €1, X]/Oer = 0.

b) This follows from the same argument.
c) Consider

‘/:‘,* |:37 Myx_1, Cgx, dt*; et* y Et*,y Xt*:| - ‘/:‘,* |:27 Myx—1, Cpx, dt*; et*a Etx, Xt*:|

r*

= Zﬁtit* (ft/ (37 Ct7dt7Xt) - fé (27Ct7dt7Xt)) > O
t=t*
by assumption. There exists a e} (3, m+_1) such that V- [37 Myr_1, Cr, dye, Opr | €, Xt*} >
V;f* [17 Mg _1, Cpx, dt*a ét*a St*vXt*} v525* > S:j (37 mt*—l) and V;f* [37 Myx_1, Cg, dt*a ét*vgt*a Xt*} <
Vi [1,mt*_1,ct*, dy~, 9t*,st*,Xt*} Vep < €5 (3,my=—1) by the previous arguments
about bounded slopes.
Now assume that there is some t' and ;7 (3, my) for my = 1,2 such that

_ ) _
Vit [3727Ct’—i—l:dt’+1a9t’+1a5t’+17Xt’+1} > max;,_; Vi {ma27 Ci' 41, dt'+179t'+1;5t'+1,Xt'+1]

_ ) _
Veppr > S (3,2) and Vyryy {37 2,cpq1,dyry1, 0011, €041, Xt’+1} <max,,_; Vi [ma 2, cpq1,dpy, Oy,
Vepy1 < €51 (3,2). Then

V;f’ {37 my_1,Cy, dt’a et’a &y, Xt'} - V;f’ [27 my—1,Cy, dt’a 915’7 ) Xt'} =

(3.2)
[

max (‘/;5/+1 [mt/+1, 3, Ctr 11, dt’+1; 9t1+1, St’—i-l; Xt/+1
mt’+1€F(3)

fr (370::', dt’aXt’)_ft’ (2a Cyt, dt',Xt')+ﬂLt,+l

max ) (V;:’Jrl [mt’+172;0t’+17dt’+1; 9t’+1,5t’+1,Xt’+1D | Oy, ev, Ct’]¢ (5t'+1 ’ 9t’,5t') dey 1+

my 1 €F(2)
(3.11)
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o —
ﬂ/ [ max (‘/;f'-i-l [mt’+17 3;Ct'+17dt’+1;9t’+1:5t’+17Xt’+1D -
e 1(3:2) my 1 €F(3)

mg%((z) (Vt'+1 [mt’+17 2, cpq1, dyya, 9tl+1,€t'+17Xt’+1D | Op,ev, Ct']¢ (5t’+1 ’ 9t'7€t') dep 1.
mi41

Note that ;7 (3,2) > €}, (1,2) because OVy 11 {mturl, 2, cpy1,dpst, Op i1, €041, Xt'+1] /Oy 11

> 1. Therefore, for any €11 > €;%,(3,2), the agent will choose marriage

whether my_; was 2 or 3. Therefore, the last integral in equation (3.11) is

equal to zero. The integrand of the first integral is bounded from above because

Vi {mturl, 3,¢cpi1,dpyq,0,0, thﬂ} is finite, the partial derivatives of V}/ {mt/H, 3, i1, dysr, Opin,.

with respect to @t/H and e,,1 are bounded from below and above and ¢ (€t'+1 | O, &?t/)
is declining faster than exponentially as €,,1 — —o0. Let the bound be I". Then
the first integral can be written as

BU® (57,1 (3,2) | By, e0) — 0 as ey — oo.

Thus, since the first term in equation (3.11) is positive, there exists a £y where

Vi 3,mt/,1,ct/,dt/,9t/,€,Xt/} — Vi [2,mt/,l,ct/,dt/,ét/,g,Xt/} > 0 for all € > ep.

But there is an €4 small enough such that Vy [3, My_1, ¢y, dy, Oy, €, Xt/} — Vi [2, my_1, ¢y, dy, Op, €, Xy
0 for all ¢ < ey because of the bounded partial derivative of V/ {3, My_1,cp,dy, Op, €, Xt/} .

Thus, because OV} {3,mt/_1, Cy, dyr, 9,5/,6,th} /0e > OVy {Q,mt/_l, Ccy, dyr, 9,5/,6,th} /0e,

there exists a 5" (3,my_1) for my_1 =1,2. W

Theorem 9. Letm; 1 < 3. There exists D3 > Dy and f; (3, ¢;, dy, X¢) > fi (2, ¢, dyy Xy)
where there exist g7* (2,m4-1) < &/ (2, m;_1) such that

V;f [27 my—1, C, dta etv &ty Xt] > nrmnfai}% V;f [mv my—1,C, dt7 etv Et, Xt:|

for all 7* (2,my—1) < &r <& (2,m4-1).

Proof. From a previous, theorem, we know that if f; (3, ¢;, dy, Xi) = fi (2, ¢, dy, X3),
then V; {2, My_1, Ct, dy, Oy, €4, Xt} > Vi [3, My_1, Ct, dy, Oy, €4, Xt} and that there exists

er* (2, my_1) such that V; [2, My_1, ¢, dy, 0y, €4, Xt} >V [1, My_1, ¢y, dy, 0, st,Xt} for

all e, > 7 (2, my_1). We also know that if f; (3, ¢;, di, Xi) > fi (2, ¢, diy, Xy), there

is some g;* (2, m;_1) such that V; {2, My_1,Ct, dy, Oy, €4, Xt} <V {3, My_1, Ct, dy, Oy, €4, Xt}
for all e, > 2" (2, my_1).
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The arguments in part (b) of the previous proof imply that €;* (3,m;_1) is a
continuous function of Af; (¢, dy, Xy) = fi (3, ¢, dy, Xo) — fi (2, ¢, dy, Xy), and we
already showed that £/* (3, m;_1) = oo when Af; (¢, dy, X;) = 0. Thus, for any
D3 — Dy > 0 and any &;* (3, m,_1), there will be a positive Af; (¢;, d;, X;) small
enough. Set £/ (2, my_1) = €;* (3,m4—1) and g;* (2,m;_1) equal to the value of ¢;
where V; [Q,mt,l,ct, dy, @t,gt,Xt} =V {1,mt,1, ct,dt,ét,gt,Xt] |

Lemma 10. Let (s1,62,63)" ~ N [0,Q] where Qj, > 0V j, k. Then

Pr [Cs < (31 | a1 <61 < Q2,092 < §2] > Pr [Cs < (31 | Q13 < Q1,090 < §2]

and
Pr [§3 <ag|ap <6 < 012] > Pr [§3 < a3 | o2 < 61

Proof.

Prics < agi | c1, a0 <<

fo(?jz fgé ¢3\12 (§3 | S1, §2> ¢2|1 (§2 | §1) gbl (§1> dg3dg2

fc(!); fi)ooo ¢3|12 (§3 | S1, §2) ¢2|1 (§2 | §1) le (Cl) dgsdso

fo?:z D312 (as1 | 61,62) (152\1 (2| <1) dsa

Jos @21 (S2 | 51) de2

and

OPr(cs < asi | 61,2 <
S|
/OO [ Pop (S2 | <1) d

o e ez (st | €1,62) +
2 \‘ fa22 ¢2|1 (§2 | §1) dso 01 3‘12( 31 ’ 1 2)

0 (152\1 (s2 | 61) |
— d °
®3)12 (@31 | 1,62) ds1 22 Popn (¢2 | ¢1)dss | 2

We know that 5

a—glq)suz (a3 | s1,62) <0,

SO

© Py (s2 1) o
o 22 a S1:6 dsy < 0.
/0‘22 Jose @211 (S2 | s1) ds2 Oy a2 (@1 | 61, 62) de

18



We can write the second term as*

By (a1 | <1,60) — 0 ¢2\1(§2’§1>
-~ 312 (@31 | 1,62 Be fa22¢2|1(§2|§1 do

)
0 {1—¢2\1 C2’C1}
91 [1 — Dy (022 | 1)

dgo

= _q>3|12 (031 | C1,§2)

} ’0422

o g |1=Pop(s2|c1)| o
+/ [ } — Py (31 | 61,62) do

Q22 8§1 {]_ — (132‘1 (0[22 | §1)} a S2

—®3)12 (31 | §1,62) dea.

_ /00 i [1 — Py (s2 | §1)} 0
az 01 [1 — (132‘1 (0422 | §1)} 9<2

We know that

0
—¢ , <0
ey 3[12 (0431 ’ S1 C2)
and
o [1—®op(sa|1)]
— > 0.
S {1 — $gp (022 | §1)}
So
OPr[ss < asi | 61,002 < 63 <o
S
Now define

H (1) =Priss < asi | 51,002 < <2

as a function of ¢1, and write Pr[¢3 < aigy | aq1 < 1 < a2, e < o] as

/H 1) 9" (1) dsy

where b ()
S1
* pr— 1
g (1) 3 (o) — (o) (11 < 61 < agg

0
u = 319 (a31 | €1,62) = du = —Pg)12 (31 | €1, €2) dea

862
0 —[1= Py (2] e1)]
Oe1 [1 — ©2|1 (OéQQ | 51)]

0 Gap1 (g2 | €1)

dv = ——=
Oer [ o1 (2] €1) de2

deg = v =

19



and Prl¢s < ag1 | ang < 61,90 < 69 as

/H (1) g™ (s1) dsy

where

. ¢ (1)
=——7"1 < <.
g (§1) 1_ CI>(0412) [0412 Cl]
It is clear that G* (¢1) > G*™ (1), and we have already shown that H' (¢;) < 0.
Thus, the result follows by properties of stochastic dominance. The second

condition follows by setting ag, = —o0.

Definition 1. Let P, (k,7) = Pr[my =1 | my =3Vt —1> s> 7+ k,m, =
XNT+k>s>T1,m. =1].

Theorem 11. P, (1,7) > P, (0,7).

Proof. Using the notation from the above lemma, let ¢33 =&, 5,5 =0,1,2. Let
as; =¢€; (1,3), a11 = €5 5(2,1), a2 = 5%, (2,1), age = &%, (2,1). The condition
that all the covariances are positive is satisfied because the two ways in which
early errors affect later errors is through positive serial correlation and through
updates of 8. Thus the result follows. I

Theorem 12. P, (k,7) > P, (k—1,7) V k > 1.

Proof. Using the notation from the above lemma, let ¢33 =¢; s, s = k—1,k, k+
1. Let 3] = 8: (1,3), 1] = 82;2 (2, 1), 12 = EIiZ (2, 1), Qg = gﬁ1 (2, 1) The
condition that all the covariances are positive is satisfied because the two ways
in which early errors affect later errors is through positive serial correlation and
through updates of . Thus the result follows. B

Theorem 13. P, (k,7) > P, (I, 7) ¥V k > L.

Proof. The result follows from the previous theorem.

Assume fi (my, e, di + 1, Xy) > fi (my, e, die, Xy) for all ¢, my, ¢, di, and X;.
Then V; L;,nt, My, Ct, dy, Oy, €4, Xt} >V, [mt, My_1,Ct, dy, Oy, €4, Xt} for all m; and m;_;.
Proof. When m; =1, my_1 # 1,

Vi (1,1, ¢y, Oy, Xi| = Vi [1, i1, ¢4, di, Oy, 81, Xo| = =Dy, > 0.
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When m; =2, my_1 =1 (2 ¢ F (3)),

Vi (2,2, ¢y, Oy, Xo| =Vi [2,1, 0oy, 01,0, X = o (2,000, X)— 1 (2,01, 1, ) > 0.
When m; = 3, my_1 =1,

Vi 3,3, ¢, di, Or, 20, Xo| Vi [3,1, c1, di, Oy, 20, Xo| = o (3,0, diy X0)— 2 (3,04, 1, X) > 0.
When m; = 3, my_1 = 2,

Vi (3,3, co, dy, O, 0, Xi| =Vi [3,2, co, i, By, X = o (3, ¢4, i, Xo)—£2 (3,0, diy X2) = 0.
|

Definition 2. Let

Pilmigr | my, ¢, di] = Prmea [ £,my, cr, di]
f fPI' [mt+1 ’ t, My, Cy, dt, ét, St} ht (ét, Et | My, Cy, dt) détdf‘:t
IS b (étw?t | My, ¢, dt) dfyde,

where h; (@, e | my, i, dt) is the joint conditional density of 0, and ;.
Theorem 14. P, [1|2,¢,d;] > P, [1| 3, ¢, dy.

Proof. This follows directly from the lemma above and the result that €} (1,3) <
ef (1,2).

Conjecture 15. 0P, [1 | 3,¢;,dy] /OD3 < 0
Proof.
P4 [1 ’ 3, Ct*—ladt*—l] = Pr {Vt* {1:?% Ctx, 1a9t*75t*,Xt*} > Vi [3a 3, Ct*adt*aét*:gt*aXt*} | 916*—1,515*—1}

Vi [1,3,¢0,1, 01 21, X
dDs -

and -
a‘/t* |:37 37 Ct*, dt*7 Ht* y Et*,y Xt*:|

0D3
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So 0P (1] 3,¢t,dy] /JOD3 < 0 at t* — 1. At t* — 2,

8‘/1;*—1 {17 37 Cex—1, ]-7 ét*—l: Etr—1, Xt*—l}

=-1
0Ds3
and
a‘/t*fl 3737 Ct*717dt*7179t*717€t*717Xt*71
[ 9D, } = —BP_1 [1 ’ 3aCt*71:dt*71] > —1.
So aB [1 ’ 3,Ct,dt] /8D3 < 0attr—2.
At t* — 3,

OV o |1,3, Coe_, 1,0 g, Ee 9, Xyo_
) — 1=FPe 5 [3] e 2,1] Pey [1] 3,001, 1]

0D
and
a‘/t*72 |:37 37 Cyx_2, dt*727 ét*727 Etx—2, Xt*72:|
0Ds

= —fBPs [1 ’ 3, Ct*727dt*72] - 52]315*72 [3 | 370t*727dt*72] P4 [1 ’ 3, Ct*flydt*fl]

- _ﬁ {*Pt*72 [1 ’ 37 Cyx_2, dt*72] + ﬁ*Plf*fQ [3 | 37 Cix_29, dt*72] *Pt*fl []- | 37 Cex_1, dt*fl]}

> —f.
Therefore,

OV o {173,015*—2, 1aét*—2:5t*—2aXt*—2] OV o [3,3, Cpe—2, dyx—2, ét*—2>5t*—2>Xt*—2} —0
0Ds 0Ds '
So 0P (1] 3,¢,dy] /OD3 < 0 at t* — 3.
At t, let P} (t + s,t) be the probability that a first divorce occurs at t + s
conditional on being married at ¢:

Pl* (t + s, t) = Py [1 | 3, Cits, dt+s] Hf;éPH,, [3 ’ 3, Ciyss dt+s] )

and let P* (t + s,t) be the probability that the kth remarriage occurs at t + s
conditional on being single at ¢t. Then
OV, [1,3,¢, 1,06, X;) OV [3,3,c1,ly, B0, X
0D3 - OD3
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= —1+ {i BPr(t + s,t)}

s=0

00 00 'jfl
DAY I P t+st)Pr(j+tt+s) —

k=1 j=2+k  s=1
% . i1
NP (t+5,t)Y Pt +s+rt+s) P (jHt+st+s+r)}
s=0 r=1

So we need to be able to say something about

j—1 j—1
SN PEt+rt)P(j+tt+r)=T P (t+s, )Y P (t+s+rt+s)Pr(j+t+st+s+r)
r=1 r=1

for all s and j.

Theorem 16. Assume f; (my, ¢, dy, X;) does not depend upon t, ¢, d;, or X;.
Let f, = fi(m,ct,dy, Xy). Then a) OP;[1|3,¢,dy] /OD3 < 0 and b) for t* —t
large enough, OP; [m | my_1, ¢y, dy] /O fm > 0.

Proof. a) Let Pj; (t + s,t) be the probability that a first divorce occurs at t + s
conditional on being married at ¢:

Py (t+5,t) = Piys [1 ’ 3, Ciyss dt-i—s] Hqsﬂ;(l)Pt-H‘ [3 ’ 3, Ctts; dt+s] )

and let P* (¢t + s,t) be the probability that the kth remarriage occurs at t + s
conditional on being single at ¢t. Then

OV [1,3,¢0, 1,060, Xy OVi (3,3, 0.y, B0, X,
0D; - 0D;

- _1+{Zﬁs+lp* t+s,t)}
—Z{ Z WZP** (t+rt) Py (j+tt+r)—

k=1 j=2+k r=1

(3.12)

NP (t+s,t)Y P (t+s+rt+s) Py (j+t+st+s+r)}

So we need to be able to say something about

j—1 j—1
SN PF(t+rt) Py (j+tt+r) ZﬁS“P* (t+st)> P (t+s+rt+s)Pi(j+t+st+s+r)
r=1 r=1

(3.13)
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for all s and j. But given our assumption about no age and children effects,
P (t+nrt)=P*(t+s+rt+s)and Py (j+t,t+r) =Py (j+t+st+s+r)
for all s. Thus equation (3.13) becomes

Jj—1 00
SN PE(t+rt) Py (j+tt+r) [ ZﬁS“P* (t+s,t)| <1=D P (t+s,1).
r=1 s=0

Thus, equation (3.12) is less than

—1+{ZBS“P31 (t+s, t} Z{ Z 512{1—§ﬁs+1P§1(t+s,t)}

s=0 k=1 j=2+k s=1

= — {1 DN (t+s,t)} {1+Z > ﬁj} <0
s=0 k=1 j=2+k

b) If m ¢ F (my_1), then P, [m | my_1, ¢, di] = 0 independent of f,,,, so OF; [m | my_1, ¢, dy] /O fm =
0. Consider the case where m € F (m;_1), and let m’ € F (m;_1). Let P2 (t + s, t)

be the probability that one is in state m at time ¢+ s conditional on having been in

state m at time ¢ (possibly with transitions in between), and P,  (t+ s,t) be the

probability that the first transition into state m occurs at time ¢ + s conditional

on being in state m’ at time t. Then

oV, [m,mt,l, ¢, 1, @t,gt,Xt} B oV, [m’,mt,l,ct, dy, %Q,Xt}

3.14
0 fm Fm (3.14)
t*—1—t £*
= {1+ > BB (4 s, t) + Py (t0,6) Y 57 t}
s=1 s=t*
t*—1—t t*—1 (t+T) r*
Z Poy G+ t) 5701+ > BP (t+r+s,t+7)+ By (t*t+71) Y 87770
s=1 s=t*

Since P (t + s,t) = Px™ (t +r + s,t +r) for all r, equation (3.14) becomes

t*—1—t t**
{1 + 3 BRI (t+st) + P Y ﬂ“} -
s=1

s=t*
Tt £ —1—(t+7) -
S P +r)F {16 X BP0 P () Y p
s=1 s=t*

t*—1—t A
= {1 + Z B° P (t+ S,t)} + P (t*,t) Z ﬁs_t —

s=1 s=t*
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t*—1—t t*—1—(t+r)
Z mE+r )81+ Y P (t+s,t) p —
s=1
t*—1—t t**
Z m T ) FPE () Y BT
s=t*
t*—1—t t**
{H T ST R
s=1 s=t*
t*—1—t t*—1—t
Z P t—l—rt)ﬂ’"{l—l— > 55P;;**(t+s,t)}+
s=1
tr—1—t t—1—t
Z mE+r )8 Y P (t+s,t+r) —
s=t*—(t+r)+1
t*—1—t t**
Z m T ) IR () Y BT
s=t*
t*—1—t t*—1—t
{1+ > ﬁSP;**(t+st}{1— Z t+rt)5}+
s=1

t*—1—t t**
{P;L Z (7 t) P t*t—l—r}ZQSt—l—
s=t*
tr—1—t tr—1-t

Z Py t+rt)s" { > BSP;L**(t—l—s,t—l—r)}.

s=t*—(t+r)+1

The first term is always positive because 1 — St P*, (t+rt)3" > 1 —
St Pr, (t+1r,t) > 0. The last term is positive. The middle term is propor-
tional to the difference between P (t*,t) and the probability that the agent will
be in state m at t* conditional on being in state m’ at ¢t which can not be signed.
But the proportionality constant, ZS LT = gt t**_t* (° — 0 uniformly as
t* —t — oo. Note: this qualification occurs only because t** —t* > 0 which is the
particular way we end lives in this model. B

Conjecture 17. Assume f; (my, ¢y, dy, X;) does not depend upon t, ¢, dy, or X;.
Then € (1,3) > ¢5_, (1, 3).

Proof. £; (1, 3) is the value of ¢, where V; {3, 3, ¢, dy, 04, €4, Xt} =V {1, 3,¢,dy, 0y, ¢4, Xt}.
Given the assumption that f; (my, ¢, di, X) does not depend upon t, ¢, d;, or Xy,
Vi [1, 3, ¢, dy, %Q,Xt} does not depend on t or d;. Thus, the change in €} (1, 3)
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with ¢ can be measured by comparing V;. 4 [3, 3,c,dy +1,0,¢, X} iz {3, 3,c,dy,0,¢, X}
for given values of ¢ and X and for € = €] (1, 3). First consider t* — 2. Since flows
are the same,

Aler 5(1,3)] = Ve [3,3,c,d+1,0,¢,(1,3),X]| = Vi [3,3,¢,d,0,¢}. , (1,3), X]

£

= g:*—l (173) + ﬁE [Z ﬁtit* <f3 + gt) ’ 97815**1 = 5:*—1 (173)] - g:*_2 (173) -

t=t*

P
BE f3+€t* 1+ BY B (fs+e) | 0,ema =g 5 (1,3), 601 > £fey (1, 3)1

t=t*

Pr [gt*,l >eh 1 (1,3) 0,60 0 =¢k o (1, 3)} —
t**

BE fl‘i‘ﬁZﬁt th] Pr[gt* 1< egpq (1, )’9 Ep—2 = €5 (1, 3)}
t=t*

and 0A [ef. 5 (1,3)] /0ef. 5 (1,3) < 0. Evaluating A |ef. , (1,3)] at &, (1,3)
leads to

2 {6:*—1 (173)} - ﬂE Z ﬂt_t* (f3 + gt) ’ éast*—l = 5:*—1 (173)] -

Lt=t*

t**
ﬂE f3+€t* 1—|—ﬂZﬂtt f3+€t)|9€t* 2_€t* 1(1 3) Epx— 1>€t* 1(1 3)]

t=t*

Pr [5,5*_1 >ef 1 (1,3) | 0,600 =l (1,3)] -
$x*

pE f1+525t tfl]Pr[St* 1 <epq(1,3) | 0ep 2 =ef (1 3)}
t=t*

= PE Z B (fs+e) | 061 =epy (173)] -

Lt=t*

t**
ﬁE Z ﬁti(t*il) (fS + E:t) ’ 97815**2 = 8:*71 (17 3) yEtr—1 > 8:*71 (17 3)] d

t=t*—1

Pr[t* 1> ey (1,3) [ 0,600 =l (1,3)] -

£

Z ﬁt_(t*_l)f1:| Pr [gt*—l < 5:*—1 (la 3) ’ éa Epr—2 = 5:*—1 (17 3)}

t=t*—1

= PE lz B (fs+ea) | ber1 =ef (173)] -

t=t*
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—t**
BE|Y B (fs+e) | Oer1=cp 1 (1,3), 60 >ef (1’3)] ¢
Lt=t*

Prlee > ey (1,3) |61 =& (1,3)] —

rg**

98 |50 A Pr e <t (19) 1Bt =i 03]

Lt=t*

< 0.

Thus, €&, (1,3) < &, (1,3).
Now assume that there is a t such that € (1,3) < €, (1,3) for all ¢’ > ¢.
Then

A [5;‘_1(1,3)} =V [3,3, ¢, d+ 1,@,5,’;(1,3),)(] ~ Vi, [3,3, ¢, d,0,e, (1,3),X]
= & (1,3) + BE{Vi1 [3,3,¢,d+ 2,0 (d+2,£011,0) 041, X | €041 > €74, (1,3) 0,
Pr e > €f4 (1,3) | 0,0 = (1,3)] +
BV [1, 3,¢,1,0, 0.1, X] Pr [em <& (1,3) 0,6, =€5 (1, 3)} -
g1 (1,3) = BE{V: [3,3,c,d+ 1,0 (d+ 1,6,,0) &1, X| | & > €} (1,3) 0,61 = £}
Prle; > ef (1,3) | 0,60 = &7 (1,3)] -
BV, [1, 3,¢1, é,st,X} Pr [et <& (1,3) | 0,601 =5, (1, 3)] ,
and A [e7_, (1,3)] /027, (1,3) < 0. Evaluating A [}, (1,3)] at &} (1,3) leads
to
BE{Vii1 [3,3,¢,d+2,0 (d+2,60:1,0) 001, X| | €111 > 11 (1,3) 0,8 = €] (1,3) } o
Pr (e > efy (1,3) [ 0,5 = (1,3)] +
BVia [1,3,¢,1,0,e001, X| Pr e < €7y, (1,3) | 6,60 = &7 (1,3)] —
BE{V,[3,3,c,d+ 1,0 (d+1,6,0) 8, X| | & > ¢} (1,3) 0,61 =& (1,3)} »
Prle; > e (1,3) | 0,01 =} (1,3)] -
BV [1,3,¢,1,0,6, X| Pr e, < & (1,3) | B,6,1 = €] (1,3)]

—~

[what next? worry about 6 (d + 2, 6411, 9) £ (d + 1,401, @) with the difference
not signable|. I don’t think we can prove this. B
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Theorem 18. Assume f; (my, ¢;,dy, X;) does not depend upon t, ¢, d;, or X;.
Then P, [1| 1, ¢, d;] is nondecreasing in dj.

Proof. Since V4 [1, 17Ct+17dt+179t+17€t+17Xt+1] does not depend upon 6,4

and €;,1, Pr [th | my, ct,dt,ét,gt} does not depend upon 6, or &,. Therefore,
P,[1]|1,¢,d) =Pr {1 | t, 1,ct,dt,§t,€t} for any value of 0, and ;.

P1|1,¢,di] = Pr {W+1 [17 1;Ct+17dt+179t+175t+1,Xt+1} > max Vit [m, L cipr, diy1, Oy, €041, Xy
= Pr {‘/;H-l [1: L, ciqr1, diya, 9t+1;5t+1,Xt+1} > Inrllf;?l( Vi [m, L cens diga, Ops €641, X

because none of the 9t+1 or ;41 terms depend upon 0, or ;. But when m; =
1, diy1 = 1 for myyy > 1, and dyyy = min[d; + 1,74] for my; = 1. Thus
MaXy,>1 Vigr [M, 1, ciqr, diyr, Orgr, €041, Xt+1] does not depend on d;, and V34 [1, Lcipr, div1, Org1, €041

is nondecreasing in d; because V;; [1, 1,01, dir1, 01, €041, Xt+1] depends on d;

only through fi 11 (1, ¢ip1,di + 1, Xy 1) and B, ¢, {maxmt+2€F(1) (Viga [Stv2, Xiga]) | Ct+1}
both of which are nondecreasing in d;.
|

Theorem 19. Assume f; (my,c;,d;, X;) does not depend upon t, ¢, d;, or X;.
Assume t* — oo. Then P;[3|3,¢,d] > P13 | 3,¢,dy — 1] as t,d; — oo (with
t* —t — 00).

Proof. Consider the case where d; > 74; at such a point, there is no more learning
about . Therefore, €} (1, 3) is not changing with d; or t (call this level €% (1, 3)).
Consider the distribution of ¢; conditional on other (fixed) state variables (and
explicitly on 6):

U lw|6] = Prle <z (3.15)
= Pr {9+p(€t,1—9) +n, <m}
faZ(l,?)) Pr [9 +p (et_l — 9) +n, <z | et_l} dV,_, (et_l | @)
1= W, e (3) | 6]
1200 @ [ 4w, (=00 16)
1= W, [e5,(1,3) | 0]
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(the distribution is truncated at € (1,3) because anyone with ¢,y < &% (1,3)
divorces). Using integration by parts (and defining ¥} [m | 9} =1- 7, [ | },
equation (3.15) can be written as

m—@—p(gt,l—é)

w [a: | 9} _ 6 a:—l—p(soo(l,B) 9)}_p/oo v, [é?tq | 9]_ ifb [
o 3 Wy [e5, (1,3) | 6] o

(3.16)

Let T {\If’{,l} be defined by equation (3.16); i.e., ¥ =T {\IJLI}. Consider two

potential distribution functions, ¥* and ¥**. Then it is straightforward to show

sup[ Y {0 |2 6]} =0 {w [z 6]} =

which is the (contraction mapping) condition necessary for the existence of a
unique asymptotic conditional distribution, U* [:v | 9} and for the asymptotic con-

vergence of Uy [:v | 9} to U™ [ZE | 9}. Note that

[:B | 9} oU* [ZE | 9} . ov* [ZE | 9} 9% (1,3)

v {x|9} — {x|9”

df 06 oe*, (1,3) 06
Consider first
ov* {a: | @}
—
9, [9—x+p(5;(1,3)—é)]
06 o
0 o0 v {&4 | 9} z—0—p (€t71 — é)
—I—ﬁp e (13) P [ (1,3) | 9} 0,7¢ [ o ] de; 1

9, F—m—i—p(ezo(l,fﬂ)—ﬁ)
86

On

S [&1!9} 1 x—é—p(é?t_l—é)
—i—p/ (1,3) 89{ [ (1,3)] 6 }U_n¢[ o }datl

00 \If*[et_llﬂ 10 :v—é—p(et_l—?)
+p /&(1’3) . [g,&) (1,3) | é} U_nﬁﬁb [ ] des—1

29

On

]d



9, {9—x+p(5;(1,3)—9)_
06

e 1] 0] 1 [z—0-p(c1-0)
+/ (1,3) 89{\11*{ (1, )’@ U_n¢ o de-1
00 [5t1|9] 1 0 m—é—P(ﬁtﬂ—@)
_(1—0)/520(13)\11*[ 1.3) ] }Un(%t 1¢ . des_q

(1_p)¢{§—x+p(€§o(l,3)—§)]

On On

o0 0 v [€t71 | é} 1 —0—p (&5—1 - 9)
o’ /a:;ou,s) a0 {\y 2, (1,3) | 9] } o’ [ Ty } e

1 [m—@—p(e’go(l,?))—H)

—(I—P)U—Cb

n On

o0 o9 Wlaall] 1 [t-0-p(a1—0)
—(1—p) /530(1,3) D21 U [6;0 13| 9} P [ ] dey

S

03 00 | W ez, (1,3) | 6]

o0 o Wleald 1 [e—0-p(e1-0)
—(1=) /5;;0(1,3) Oey_1 P {&?:o (1,3) | 9} U_n¢ [ o ] deis

The second term is a weighted average of O¥* {81:—1 | 9} /0ei_1 over g,_1 which

. . .. . . . . OU*|er 110
is negative, so it is negative (times a negative). If 1nfl[gt(;—ll1 > 0, then

inf %@ > (. Since there is a unique solution to ¥* [ZE | 9}, there is a unique
solution to 8&;5@1_ Thus O¥* [m | @} /00 > 0. Also,

o; [z 1 0]
oe*_ (1,3)
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oex. (1,3) o ]

0 o0 tl[etllﬂ 1 m—é—p(et_l—é)
) oo [ (13)1 a_f! ]d
P @—x+p(5;(1,3)—9)

N U_n¢ On
p r—0— ,0( (13)—9) o0 o
+a_,7¢ oy }—p/* 1,3) 0g%, (1, 3)

e D Vi lea 6] |1 foo0
o _'O/s;;o(l,?)) O3, (1,3) { -1 [5;0 (1,3) | 9] } 0_,,¢ [

_ /°° Wiy {51:—1 | 9] ov; {620 (1,3) | 9] 1
B (1,3) {\IJ*

{ * (1,3) | 9”2 oex. (1,3) oy

- pP (St—l — 9)] dey
On
RO P
On

and 9¢*_(1,3) /00 < 0 (because OV;[my,1,¢c;, 1,0, ())&, X;]/00;, > 0, an agent
is willing to tolerate worse €’s as  increases) Thus, d¥* [:v | 9} /df > 0 which

implies that d¥* [, (1,3) | 0] /df > 0.
The unconditional distribution is

:/\p;; 18] a3, (9)

where 3 (9) is the distribution of 8 at t,

The reciprocal of 3 (@) is

[0 e (1,3) | ) dSi (2)
[ Wi e, (1,3) [ 2] dS 1 ()
L N (13) [ 2]dS ()




J57 W a5 (1,3) 1 6] dSis (2)

S0 W3 [e2, (1,3) ] 0] dSi-s ()
+\I/;[* (1,3) 6] {1 =31 ()}

Ui [ex,(1,3) 6] 1 (0)

-9 ()} 1

S, (0) S (6)
Therefore ;1 (@) > Gy (9) Since W [m | @} is converging to U* [a: | @} with
AV [m | 9} /df > 0 and S (@) is decreasing in ¢ (shifting toward larger values of

0), W} [x] is increasing in t. The probability of divorce is then W, [¢*_ (1, 3)] which
is declining in ¢. B

= 1+

Conjecture 20. Assume f; (my, ¢y, dy, X;) does not depend upon t, ¢, dy, or X;.
Assume t* — oo. Then P, [3 | 3,¢;,dy] is asymptoting to a probability greater
than zero from below as t,d; — oo (with t* —t — 00).

Proof. m

Conjecture 21. Assume f; (my, ¢y, dy, X;) does not depend upon t, ¢, d;, or
Xt. Assume t* — oo. Then a) Pt+l [3 ’ 3, Ct,dt + ].] > Pt [3 | 3,Ct,dt] and b)
Pt+l [2 ’ 2act7dt+1] > 1315[2 ’ 27Ctadt]

Proof. Next, consider the case when d; < 74.
ffPI' {3 | t: 37 Ct, dt7 étvgt] ht (étvgt ’ my, C, dt) détdgt

P 313,c,dy] = 2 2
I [ hy (9t7€t ’ my, Ct, dt) df,de,

where
Pr(3t,3,¢,d,0,c] = Pr{Vis1 3,3, corr,dipn, Orin, 01 Xoga | > Vigr [1,3, 040, 1,01, 8011, X
= Pr [atﬂ >erq (1,3) | e @t,gt} :
By the same argument,
Pr [3 | t+1,3,¢c,d + 1,@,5} = Pr [5t+2 > ety (1,3) c,é,s} .

Since there are no children, age, or duration effects to flows, ... [Things to show:
a) €;,5 (1,3) > €7, (1,3); b) selection effect leads to decrease in exit probability
if €75 (1, 3) not changing in t; effect (b) dominates effect (a).] W
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4. Numerical Methods Issues

1) 0, and &, are continuous state variables. First consider the case when m; #1
and d; < t5. When evaluating V; [S;, X,
E{maX (Vi1 [Seq1, Xeqa]) | 9t75t,ct} is

Zﬂ/_o:ofﬁ (sm - [(1 ; p) 0y + pé?t}) { max Vi [Sm} } dey 1 H4.1)

Oy mi1E€F (my)

1 —pr1 [ €41 — {(1 —p) 0, + pst}
2o i T8 Vit [520]

if m; # 1 where StlJrl = (th,mt,c’{tH, 1,dt+1,9t+1,5t+1) is the vector of state

variables conditional on a birth, S?H = (th, M, Ct, Coyp 1y Qg1 Ortt, 5t+1)is the
vector of state variables conditional on no birth,

Clyyr = min (e +1,7,), (4.2)
Coryr = min(co + 1,7¢,),
div1 = min(dy+ 1,89) 1 (my = my U (myy =30my = 2)) +

1(mypr #my N (Mg #£3Umy #2)),

is relationship duration implied by m;.; (note that this definition implies that
duration of relationship does not start over if a couple moves from cohabitation
to marriage), and 0, is given by equation (7.9). Note that, because ,,; is de-
termined once €11 is given, there is essentially only one continuous state variable
to integrate over. The integral in equation (4.1) can be written as

/00 1 —-1 rtﬂ - {(1 —p) 0+ Pgt]

exp { — H e de 4.3
e 077\/% p 5 o [ t+1] t+1 ( )
where B
H [€t+1] = max Viy [mt+17 0,000 0, (€t+1) ,€t+1] . (4~4)
mt+1€F(mt)

Equation (4.3) can be written as

Un\/%/ exp { [77;;11 } H [(1 — p) ét + pg¢ + 77t+1} d77t+1 (4_5)
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which, with a change of variables (u = n,,,/V20, = du = dn,,/\/20,), can be
written as

% /_O; exp {—uz} H [(1 —p)0; + pei + \/ianu} du. (4.6)

This can be approximated using Gaussian quadrature as
Z a; H { p)0; + pe; + \/_O'UU]} (4.7)

where (a;, ﬂj)j.il are K-point Gaussian quadrature weights and points. But, since
H [e] was not evaluated at (1 — p) 0; + pe; + v/20,1i;, it must be interpolated. Let
6 = (91, 0,, .., éK) and & = (21,89, ..,Ex) be a grid of K? (Gaussian quadrature)
points at which to evaluate V; [Sii1, Xi11]. Let y; = (1 — p) 0y + pe; + ﬁanﬂj or
Yj = p+4/2 (O’% + U%)ﬁj (depending on the case) and z; = ;11 (y;). Then each
H [e] term in equation (4.7) can be interpolated as

Z[J]Jrl [j]+1

L [ ] k=[j] Z~1=1j] MmaXm, ;1 €F(m:) V;H—l [mt—i-l: 0,0,0,0, ékza gl} R [ék — Zjs & — y]}
Yj - -
’ S S R [0 — 25,80 —
(4.8)
where 12
. 3 . 2 -
R |0 — 2,2 — ] = [(9k —z) +E- yj)z] : (4.9)

and [j] is that value of k (or [) such that Oy < z; < 041 (or & < y; < Ej1e1)-
Alternatively,
- ~ it D .

R [Qk — Zj,{:“l — yj} = ‘Qk/ — Zj‘ |5l’ — yj|p, (410)
where k' = [j] if k = [j]+ 1 and ¥’ = [j] + 1 if £ = [j] (and !’ has a similar
definition), and 1 < p < 2. The second definition is better because it is continuous
and differentiable at seems (where 0 = z; or & = y;) while the first definition is
neither. A problem with the second is that the derivative of h [y;] at seems is zero.
A way to avoid this is to set p = 1. There is no way to have nonzero derivatives
that are continuous at seems when only 4 points are used to evaluate h [y;].

Now consider the case when m; # 1 and d; = t;. When evaluating V; [S;, Xi],
E{max (Vi1 [Sii1, Xoa)) | Op, 81, s

Pt /_oooo 5 (6t+1 - {(1 (—T p) 6 + Pgt]) { max Vi [SHI] } degyq (4.11)

0'77 mt+1EF(mt)
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I —pi1 /‘: & (&H—l - {(1 ;np) 0 + Pgt} ) { max Vi [St-l-l} } deiiq

0'77 mt+1€F(mt

where StlJrl = (th, My, Cryyrs L, digr, 0,, €t+1) is the vector of state variables con-
ditional on a birth, St0+1 = (th, Mg, Cpy Copp1s Aig1s 0,, 5t+1)is the vector of state
variables conditional on no birth (note that S}, ; and S?,, depend on 6, instead of
0;11 because § = 6, is treated as known), and cj,,, ¢35, and dy4; are defined in
equation (4.2). Note that, because @ is treated as known, there is essentially only
one continuous state variable to integrate over. The integral in equation (4.11)
can be written as

2

[ 5 [gtﬂ il (CO R3]\ ) PR P

exp il —
—oc0 0V 2T P 2

On

where

H [€t+1] = mtfllle%}%mt) ‘/;5+1 |:mt+1, 0,0 .0 0 ét; €t+1:| . (413)

Equation (4.12) can be written as

Un\/% / exp { [77::1] } H {(1 —p) Oy + pey + 77t+1} dny i (4.14)

n

which, with a change of variables (u = 1,,,/v20, = du = dn,,,/v/20,), can be
written as

% /O:o exp {—uQ} H [(1 —p) 0, + pe; + ﬂanu} du. (4.15)

This can be approximated using Gaussian quadrature as
Z a;H { p) 0; + pe; + \/_anu]} (4.16)

where (a;, ﬂj)]il are K-point Gaussian quadrature weights and points. But, since
H [e] was not evaluated at (1 — p) 0, + pe; + /20,1, it must be interpolated. Let
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y; = (1—p)0; + per + V20,70; and 2; = 0;. Then each H [e] term in equation
(4.16) can be interpolated as

K K N = N ~
Zk:l Zl:l maxmt+1€F(mt) ‘/t+1 |:mt+17 0,0,0,0, 9k7 E:l:| R |:9k: - ij gl — yj:|

S T R (B — 2.8 -y

hly;] =

(4.17)
where ék and &; were defined for the previous case and R {ék — 2j,&1 — yj} is defined
in equation (4.9) or (4.10).

Now consider the case when m; = 1.When evaluating V; [S;, X/,
E {max (V}+1 [St+17Xt+1]> ’ O, €t Ct} is

_ Pty / Ety1 — M
max Vi |S degi1 + (4.18
/0-727 + O' ( 0-2 +0- ) {mt+1€F(mt) ol [ t+1}} o ( )
AT Pi1 / Et+1 — U v S d
,/02 + 02 ( o2 —l— o3 ) {mtﬁle%f)%mt o [ t“} st

where S}, = (mt+1,mt,c’{t 415 1,dt+1,9t+1,6t+1) is the vector of state variables

conditional on a birth, S?H = (Muyg1, My, ¢, Cp g, digt, 0,41, 6t+1)is the vector of
state variables conditional on no birth, ¢}, ,, ¢35, , di+1 and are defined in equation
(4.2), and 6, is given by equation (7.9) when d, = 1. Note that, because 0,
is determined once €, is given, there is essentially only one continuous state
variable to integrate over. The integral in equation (4.18) can be written as

2

1| e -
/ eXp — t+21 K H [e441] degia (4.19)
97 02 + 09 oyt 09
where
H [5t+1] = max Vi {mt+1; e,0,0, ';ét+1 (et41) 75t+1] . (4.20)
myp1€F (my)
Equation (4.19) can be written as
2
—1 My

H [N + 77t+1} dnyiq (4.21)

Vo240
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which, with a change of variables (u =1, ,/4/2 (0727 + 03) = du=dn,.,/y/2 (0’% + 03)),

can be written as

%/_o:oexp{—ﬁ}[{ [uﬂ/z(a%w%)u] du. (4.22)

This can be approximated using Gaussian quadrature as
1 X _ /3
— H (1 —p)0; + pey + V20,0, 4.23
NG ]E_l a; {( p) 0 + pey O'WU]} (4.23)

where (a;, ﬂj)j.il are K-point Gaussian quadrature weights and points. But, since

H [e] was not evaluated at p + /2 (O’% —l—ag)ﬁj, it must be interpolated. Let
Yj = p+4/2 (0’% + az)ﬂj and z; = 6,41 (y;). Then each H [e] term in equation

(4.23) can be interpolated as

K K 5 > .
Dkt 21 MAXy, e F(my) Vi [mt+17 0,00 0 0, 51} R {Hk — 2j,& — yj}

SN R B — 25,80 -y

hly;] =

(4.24)
where 9k and &; were defined for the first case and R {ék — 2j,E1 — yj} is defined
in equation (4.9) or (4.10).

2) We can save a lot of time by not evaluating each person’s value function
matrix for each draw of u. Create N representative people with different values
of X. For example, if X includes race (2 values), religion (2 values), education
(3 values), and region (4 values), and we discretize p with 5 values, then there
are N = 2-2-3-4-5 = 240 representative people (instead of I = 6000 times
number of draws of p people). Once we have evaluated value function matrices
for these N representative people, we can interpolate only those value functions
actually needed for frequency evaluation for the I people-draws in our sample.
For those characteristics in X that are discrete and where all relevant values
were included (e.g., race, religion, region), no interpolation is necessary. In the
other dimensions, we can use a kernel-based interpolation method. Let X¢ be
the continuous elements of X that need to be interpolated over, let X¢ be the
discrete elements of X that do not need to be interpolated over, and let X =
(X ‘ X d) be the values of X = (X ©X d) corresponding to representative people.
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Let ¢ {X c_ X < Qw} be a normal kernel function with bandwidth matrix €2,. Let

e (X)) be some function (such as frequencies or derivatives of frequencies) that we
need to compute. Then the interpolated value of e (X) is

POMEE (Xd = Xd) 1) [XC — XC;QI} e (X)
SN (X = X g [Xe - X0,

(4.25)

5. Path Probabilities

Let m = (mq, ma,..,mr) and b= (b1, b, .., br) where T is the last period of data.
The path probability can be written as

Pr Vi (me, S7°,61,60) > Vi (4,517, 0p,80) Vi € F (my 1) 3b, V2 <t <T| (5.1)

where S* = (my_1,c};, 1,d;) is the set of state variables, excluding m,, 6;, and
€, conditional on a birth at ¢ and S9* = (my_1,ci_1,Ch,dy) is the set of state
variables, excluding my, 6;, and &;, conditional on no birth at ¢. [Note that

S = (mt, S0, Et).] Equation (5.1) can be written as

MLy Pr(Vi (me, S77,0 (21,6:1) 1) > Vi (5,7%,0 (20,001) ve0)  (5:2)
Vi € F(mi—1);b:| 5t—1aét—1] °
Pr {‘/2 (mg, Sg*, 9 (52) ,52) Z ‘/2 (j, Sg*, é (52) ,62) \V/j el (ml) ;bg}

where 6 (gt, @t,l) determines 6, as a function of &, and 6,_; according to:

Case 1: my_1 # 1, dyq < tg: x =0,.

Case 2: my_1 # 1, di_y = tg: v = 0,_ because 0 (= 0,_,) is treated as known
at t — 1.

Case 3: m;_; = 1: x = 6, where 0, is defined by equation (7.9) when d;,_; = 1.
Each of the transition probabilities in (5.2) can be written as

0o &t — — 91571 Et—1
A e | ¢( 0=t })@3)

O'n —00 0'77

1[Vi (k. SP, 00 20) > Vi (5,507, 0n,84) Vi € F (my1)] dey.
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The path probabilities can be simulated using a modified GHK algorithm. The
complete algorithm is described below, and then issues associated with each step
are discussed:

a) Compute Pr [mg, by] using equation (5.3);

b) Draw &g | mo;

c¢) Compute 0, = 0 (e5);

d) Set t = 2 and P = Pr [mg, by);

) Set t =t+1;
f) Compute Pr [mt, b | €41, 9,5_1};

g) Set P = P Pr [mt, b | &1, 915,1];

h) Stop if t = T

i) Draw &, | my, -1, 0;_1;

j) Compute 6, = 6 (et, 915,1);

k) Go to (e).

Issues:

Issue f) Evaluating equation (5.3) can be done in two parts, p? (1 — p;)" "~ and
everything else. The first part is completely straightforward. For the second,
consider a two dimensional space with one axis for €, and the other for 6,. Then,
conditional on 6;_1, 8, = 0 (et, 91&-1) is a curve in that space. Consider dividing up

¢}

1-b

that space into rectangles whose vertices are the grid points where V; (k, S0, et)

is evaluated. Then any value function, V; (k, S 0, st), is a weighted average of
the value functions at the four adjacent grid points. We need to find all values
e* where V, (k, S0 (5*, 91&—1) ,6*) =V Ek’, S0 (g*, 9,5_1) ,5*) for some k # k'
so that we can determine at which values of ¢, each choice is the best. The most
straightforward way to do this would be to consider all (or almost all) values
of ¢, and which value function is the greatest. But that would be very expen-
sive. Instead, consider the following algorithm for each rectangle in (et, @t) that

{st,é (et, @t_l)} passes through:
a) Define the vertices of the rectangle as (él, 91), (él, 92), (ég, 91), and (ég, 92);
b) Compute V; (k, S0, é?t) Vk and for vertex;
c) If V; (lc7 Sf*, 6,, é?t) >V (k’, Sf*, 0,, é?t) VE' £ k at each vertex, then assign

1 e 5 (&s - {(1 —p) 01+ pgt—l} ) e, (5.4)

0-77 €1 0'77
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to choice k (see theorem 1 and proof below for why this is valid) and go to next
rectangle; 5

d) Otherwise, consider new vertices where &; and &; do not change and 6; =
é(él,ét_l) for [ =1,2.

e) Compute V; (k, S0, et) Vk and for vertex;

) If V, (k7 S0, é?t) >V, (k’, S @t,gt) VEk' #£ k at each vertex, then assign
the probability in equation (5.4) to choice k (see theorem 2 and proof below for
why this is valid) and go to next rectangle;

g) Otherwise, let &, = (&1 4+ &3) /2 and consider four new vertices, (51,91),
(51792),(52,91); and (5‘2792);

h) Compute V; (k:, S0, é?t) Vk and for vertex;

i) If V; (k:, S @t,&?t) >V (k/, S 9t,€t) Vk' # k at each vertex, then assign
the probability in equation (5.4) to choice k (see theorem 2 and proof below for
why this is valid), redefine &; = &; and &5 = the ¢ value of the rectangle one was
in, and go to (e);

Note: There should be a value g5: if &5 — &1 < €5, one interpolates instead of
returning to (g).

Theorem 1. Let (51,91), (51,92), (572,91), and (52,92) be four vertices in (&tt,@t)—
space. If Vt(kz, Sf*,@t,gt) > Vt(k’, Sf*,@t,gt) Vk' # k at each vertex, then
Vi (k. SV, 00 60) > Vi (K, S2, 01, 60) VK # b V (€1,0;) where

¢
Q)
¢

VANVAN

2, (5.5)

2.

1 t

0,

D¢
IA A
¢

1

Proof. Define V, (k:’,Sf*,@t,st) =V (k:, Sf*,@t,gt) -V (k’, Sf*,@t,gt). Then
vV, (k/, S0, é?t) > 0 at each of the vertices, and V; (k’, S0, gt) is a weighted
average of the V, (l{:/ , S 9,:,&)’5 at the vertices for any other value of (et,ét)

satisfying equation (5.5). Since a weighted average of positive numbers is positive,
the proof follows. W

Theorem 2. Let (él,él), (51,92), (52,91), and (ég,@g) be any four points in
=0 (&

(et, 9t)—space within a rectangle where 0, ( l @t_l) forl =1,2. ItV (l{:, Sf*, 6,, et) >
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V; (l{:/, S0, et) Vk' # k at each vertex, then V; (k, S0, st) >V, (l{:/, S0, et)
VK £k V (st, 9,5) satisfying equation (5.5).

Proof. V} (k’ , Sf*, 6,, é?t) is monotone in both &, and 6, because we are just chang-
ing the weights associated with the function monotonely. Since V, (k’ LS00, é?t) >
0 at the points, V; (k:’ , S0, é?t) > 0 at any point satisfying equation (5.5).

Issue i) From step (a), we know that m; is the best choice in the intervals
(£11,€12), (B21,892), -, (Enr1, Enr2) [Note: hopefully near the true value of the param-
eters, M = 1]. Since we know the distribution F' (st | -1, 9,5_1) of &, | €4-1,0,_1,
we know the distribution of &; | €;,_1, 0,_1,my: Let k: &4 < e < &ko. Then

F (€t | 5t—1aét—1amt) = {Zl [F (5“]2 | ¢ 1,915—1) - F (5]‘1 | gt—laét—l)} +5.6)
[ (é?t | €11, 0, 1) - F (ém | €t71,§t71)]}/
> |F

(532 | ei-1,0: 1) F (5]‘1 | gt—laét—l)} .

M:

<.
Il
=

Then we can simulate &, | my, &,1,0;_1 as

e | er1,0i1,my = 1{2 [ (€j2 | 5t7179t71) - F (53'1 | 5t7179t71)] u5.7)

k:

F (ékl | 5t7179t71) [F (éjZ | 5t7175t71) - F (éﬂ | 5t7179t71)]}-
1

<.
[l

|

Unfortunately, because of the ordered nature of the ¢ error, most (if not all)
values of the parameter vector have the property that there are two observations, ¢
and j, where observation ¢ includes a period of cohabitation with zero probability
of occuring and j includes a period of marriage with zero probability of occuring.
The two conditions together suggest that it would be difficult to find a parameter
vector where the likelihood function was positive. One way to fix this problem is
to replace Pr [m; = k, b, = b] in equation (5.3) with

pr(1=p)' P [(1 =) P+ Q] (5.8)
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where

P — i o 5 (& - [(1 —p) 0 1+ P&l}) . (5.9)

Oy J—oo Oy
L[V (k, P, 0060) = Vi (4, S, 008) Vi € F (my1)] dey,

Q; is a probability function such that 0 < );, and ¢ is a small number. Note that
if ¢ = 0, equation (5.8) reduces to equation (5.3). Thus, equation (5.8) should
be thought of as an approximation to equation (5.3) that avoids the problems
associated with equation (5.3) equalling zero. In particular, ¢ should be chosen so
that 0 < @); and so that the partial derivative of (); with respect to the parameter
vector is informative about the direction one should change the parameter vector
to increase P;. One can choose (); tobe a multinomial logit-type probability to
satisfy these conditions. In particular, let

1 yoo exp {V;: (ja Sp*, 0y, St)} (&: — {(1 —p) 01+ pgt—l} )
Qt = — dSt
On J—o0 ZkEF(mtfl) exp {‘/t (k7 Sg*uehgt)}

On
(5.10)
for an observation where choice j is chosen at time t. Note that 0Q;/0V; (j , S0, st) >

0 and 0Q,/dV; (kz, Sf*,@t,et) < 0 for all kK € F(my_1) # j as desired. Equation
(5.10) can be approximated without losing any of its nice properties using Gaus-
sian quadrature over ;. Note also that one can count the number of observations
where P, = 0, so one can see how dependent the likelihood function is on the
inclusion of Q;. I would suggest fixing ¢ as a very small number (e.g., 107*) so
that it can be argued that a) this is just a small deviation from the model or
alternatively b) it can be argued that there really is a small extreme value error
in the model but that its size is so small that it has no appreciable effect on value
functions.

The other issue here is that one must draw &; conditional on m; which be-
comes more complicated. Let the extreme value random variable associated with
multinomial logit probability be called &. First, let’s derive the distribution of ¢,
conditional on m;. The joint density of £; and m; is

g — [(1— étq Et—1
Pr[m; = j,&] = gifb( G -pbii+r }) (5.11)

On

n
(1= )1 [Vi (5,57 0rree) 2 Vi (k. SV, Bere0) Yk € F ()|
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exp {V;: (], Sf*, 01, 5t) }
Sker(me ) P { Vi (k, S, 0,0) }

Consider three cases for the conditional distribution:

1) When P, in equation (5.9) is relatively large, the multinomial logit term in
equation (5.11) becomes insignificant and we are back to the conditional normal
distribution for &, | m; = j.

2) When, conditional on £ = 0, there exists no value of &, where V; (j, S0, gt) >

Vi (kz, S0, et) Vk € F (my_1), then equation (5.11) simplifies to

1.

+<

Prim, = j,e)) =c—¢
ag

1 (st — {(1 —p) 01+ patl}) exp {Vt (j, S0, st)}

” oy ZkeF(mtfl) exp {V} (k, Sé’*,@t;fft)}
(5.12)
and Prle;, < x| my = j]
L (a it pm}) SRS UL
—o0 Oy op D keF(mq_y) €XP {V;f (k7 St ’et’gt)}

de

o 1 [e— (1 —p) 01+ Pst_l: exp {V} (j, Shx, 915,5)}
/ oy ) 2okeF(mi_y) XD {Vt (/f7 Sy, 04, 5)}
_ /w igb £ — (1 —p) 01+ Pst_l: ) exp {V} (j, S 915,5)}

>_keF(m;_y) XD {Vt (k, Sy, 01, €

One can simulate ¢; | my = j by inverting equation (5.13). The way to do this is
to:

a) Draw a standard uniform » and multiply it by Qy;

b) Define

pk _ zk: ﬂgb (él - [(1 —p) 0,1+ ,0€t1}) exp {V} (37 Sf*, 91575[)}
1=1 97

—00 U") 0'77

)}de/Qt.

—0o0 0'77 0'77

o Z S kermy) P { Vi (k, 8P, 0,,8)) }
(5.14)
where q; are the Gaussian quadrature weights;
c¢) Find the first Gaussian quadrature value &; such that B, > Quu;
d) Interpolate:
e = Eut (Qu VP'“) (G — &), (5.15)

Py — P4
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3) When P, in equation (5.9) is positive but small enough so that the multi-
nomial logit term is not insignificant, then a modification of method (2) can be
used:

a) Draw a standard uniform u and compare it to

(1-9) P,
(1_§)R€+§Qt'

b) If u is less than equation (5.16), let

(1-=9)n
u<—u/ [(1 — PR +§Qt] (5.17)

(5.16)

and then use u in a GHK step;
c) If u is greater than equation (5.16), let

(1_§>Pt SQ:
v [“_ (1—<>Pt+<@t]/[(hc)ﬂﬂ@j (5.18)

and use v in the algorithm described for case (2) with equations (5.14) and (5.15).

6. Storage and Computation Requirements
S, = (mt, My_1,Ct, dy, 0y, é?t) =storage requirements of M = N -8 -7, - fieq - tq - K2

If, for example, N = 240, n. = 4, fga = 5, g = 5, and K = 7, M = 9,408, 000.
This may be feasible.

7. Old Updating Rule

Let
a-t oy (7.1)
Et - Es .
d s=t+1—d;
Then
EE|0) = 0, (7.2)
1 t
Var (g, 10) = Var|— Y &0
dt s=t+1—d;



2
1 t
= —B| X -0 0 (7.3)
dt s=t+1—d;

_ Eﬂa< ij i:(@—eﬂa—90|4. (7.4)

S=t+17dt T‘=t<‘r17dt
Note that the
E((Ss - 9) (57" - 9) ’ 9)

s—1

o 2 r—s+21
= Iy Z p ’
i=t+1—d;+max{0,s—r}

So equation (7.2) becomes

0.2 t t s—1
_n r—s+2i
2y oy Y,
t s=t+1—d r=t+1—d¢ i=t+1—d;+max{0,s—r}
0.2 t t s—1
_ _n r—s 21
oy oy >
i s=t+1—d; r=t+1—d; i=t+1—d;+max{0,s—r}
o2 t t s—1—[t+1—d¢+max{0,s—r}]
_ _n r—s 2[t+1—d¢+max{0,s—r}] 2
NS S o >
t \s=t+1—dy r=t+1—d: i=0
2 t t _ A 2[s—t—14dit—max{0,s—r
= ﬂ Z Z 2[t+1—d¢+max{0,r—s}] 1 P [ { J
d.2 P 1_ 2
t \s=t+1—d; r=t+1—ds P
2 t t 2[s—max{0,s—r
T Sy pelors) [
d.2 P 1_ 2
U \s=t+1—dy r=t+1—dy p
2 t t 2min{s,r
-y v {05 1 = P2
d.2 P 1_ 2
U \s=t+1—dy r=t+1—dy p

oy [di+1 1= pHdt)
L=p*  (1-p?)°

n
9t |gg ~ N —Tigt T (7’2 + 7'2)_1 (7.5)
T3 + 75 d 0 ’ '
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Define

2 = 2
= TgEt + Tl
0, = L—-—— (7.6)
7_2 + 7_2
dy 0
—2 _ 2 2
dt - Tdt + 7—9'

We can now write an updating rule for §, and 7,4, in terms of 6,1, 7"171, Tﬁt, dy,

and ¢;. Note that

di —1)&_1+¢ .

g = (di= Ve +e if dy > 1, (7.7)
dy

Et = & if dt = 1,

and B
Eio1 = {Gt_ﬁflt_l — Tg,u} /73, (7.8)
Plugging in gives
_ (di — 1) 0,173 +Top+ 736

0, = ! ift; >d, >1 7.9
t dt%gt I 1gq t ) ( )
3 3.6+ Th1 "
T T2 2 if dy =1,

dy 9

and 6, = 0,_, if d; > t4. Note: the derivation for equation (7.9) is

2 [(de=1)&t_1+4et 2
_ T4, |:—dt } + Tolt

9, = 7.10
! T3, + 73 (7.10)
(di— 1)t_1dt*1_+5t
Tgt dtdt + T%M
- ™, + 73
[ 0: 172 —T2p
Tgt (dt — ].) Ld;dtl—g -+ €t:| + dtTgILL

d; (Tgt + 7'3)
(dy — 1) (ét_ﬁ'gt,l - Tgu) + 75,60+ dyTop
d, (Tflt + 73)
(dy—1)0,_ \To, 1+ Ton+ Tdtgt
dtTdt
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