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A Bayesian Updating Rule for /Q\dt
Letiy, =( 1 1 .. 1).Then
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In the Section 3.3, it will be necessary to write édt recursively in terms of &;
and 64,—1. Equation (1) is difficult to use for this purpose because the weights

for g;, t > i > t+1—d;, vary over i. However, one can write a simple, recursive
formula for 04, in terms of 64,1 and ¢, as

—2 —2
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where As and A3 are constants defined as

A =04 = [20- )+ (e~ 1) (1- 7]

It is necessary to write édt recursively in terms of €; and 9(1t_1. Equation (1) is
difficult to use for this purpose because the weights for ¢;, t > i >t + 1 — dy,
vary over i. However, one can write a simple, recursive formula in terms of
a newly defined variable that, together with ¢;, determines édt‘ In particular,
define ¢; =0,

2 (1—p)et+i-d,,

t—1

(1=p)eryroa, +(1—p)? > eifd >2.
i=t+2—d¢

Sd;

Then
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o, “E0+0c_“e .
-4 - —5 —5 i if dt =1
o o9 toy

04, = 0y 2 B0+ [ca, +(1-p)ei] (4)
— 1 = ifdy >1
o5 oz [201=p)H(di=2)(1-p)’]

and

2 = i+ (1—p)ei, (5)
Sd, = Sd—1+(1-— p)2 gi—q if dy > 2.

Thus, at age t, we can define the state variables as ¢4, and ¢, we can write édt
in terms of the state variables (and Ff), and we can define a recursive formula
for ¢4, .

Now we can define a recursive rule for 4, in terms of the state variables
from the period before, édt,l and ¢;_1, and &;. Define

Ar =yt = [20= )+ (4 =) (1= ).



From equation (4), we get
Sde—1 = U%édt,1A3 — O'?I(J'(;QEQ — (1 — p) Et—1

and, from equations (4) and (5), we get equations (2) and (3).

B Existence and Boundedness Theorem Proof

Proof. (Theorem 4.1)
For this proof, we suppress the following arguments of the value and utility
flow functions for brevity of notation: ¢;_1, di, and X;. Let
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which implies that
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Note that m; = my« for all ¢ > t* by the definition of ¢*. If my = 1, then
equation (6) is identically zero. If my > 1, then, since &; is positively serially
correlated, equation (6) is positive. But, since 1 > 0F [5t | gdt*,et*} /O,

= 1(mt*>1)+1(mt*>1)
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If my= = 1, then equation (7) is identically zero. If mg« > 1, then, since the
mean of & (for t > t*) is increasing in 6g,., equation (7) is positive. But it is
bounded by B;« because 1 > 0F [et | gdt*,st*} / 8§dt*. Finally,

o
Vvt* [mt*vmt*flvovo] = Zﬁtit*‘ft (mt) +
t=t*
.

L(mp>1) Y B E[e|0,0]

t=t*+1

which is finite because F [e; | 0,0] is finite.
Now assume that there exists a ¢’ such that

~

8‘/}/[7711/, m¢—1, adtv Et]/agt = 0Oand
OVilme,mi—1,04,,:) /00, = 0 ifmy=1;
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By

>
By >
for all ¢ > #/; t* — 1 is such a age. Then

OVylmy,my_1,04, v (8)
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881/

= 1(mt/>1)+/3

from equation (3.6) in the paper. The first term on the right is positive if
my > 1, and it is zero if my = 1. Consider the second term:

8‘/tl+1 [Stq,ﬂ /8€t/+1 =0 if my = 1,

Byy1 > OVig1 [Sprga] /Oy > 1 ifmy > 1
by assumption. Therefore

By >0  max  (Vyy1 [Spqr, Xeqa]) /Oepy1 >0
mt/+1€F(mt/)

everywhere the derivative exists. Therefore, since ¢y and €447 conditional on
ep are independent, ¢; is positively serially correlated,
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My 4 EF(my)



and

By > 0F, | { max (Vg1 [Sp41]) | /édt,,eft', Ct’} /8/9\(1t, >0
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for all ¢y11 (because the mean of €441 is increasing in gdt,) which implies that

v
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Therefore, since the first term in equation (8) is always unity if m; > 1 and
Bi =1+ BBy41,
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Vi [Si) /084, = O ifmy=1;
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The first term is finite. Consider

E., . { max (Ve [Sva]) | o,o,cy} (9)

Myr g GF(mt/)

= / [ max Vg [St”rl]:l ¢ (err+110,0) depr 11
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where ¢ (etr+1 | /H\dt, , at/) is the (normal) density of €11 conditional on /édt, and

€. Since maXy,, , eF(m,) Ve+1 [S¢r+1, Xp+1] grows linearly and ¢ <€t/+1 | 04, , é‘t/)

declines faster than exponentially, equation (9) is finite implying that

Ect,,st/“ { max (Vt’+1 [St’+1]) \ 0,0, Ct1}

myr 1 €EF(myr)

is also finite. Thus Vi[my,my—1,0,0] is finite. m



C Reservation Value Proofs

For the proofs in this section, we suppress the following arguments of the value
functions for brevity of notation: ¢;_1, d;, and X;.

Proof. (Theorem 4.2)

Vi1, 1,§dt (et) ,e¢] is finite. From Theorem 4.1, OV4 [Sy] /Oep =0 if my =
1. Then, also by Theorem 4.1, since OVi [Sy] /Oep > 1 if my > 1, the result
follows. m

Proof. (Theorem 4.3)
Vi[1,mi—1,04,, €] is finite for all 84, and e, and OVi[mi—1,my_1,04,,c¢] /0t >
1. The result follows. m

Proof. (Theorems 4.4 and 4.5)
One can show that

Vi [&mt*fl,@dt*,&*} - Vi {th*fl,adt*,&*} =0
because f: (3) = f:(2) and no choices can be made beyond ¢*. Assume that
there exists a ¢ such that Vi [2,mtr_1,/9\dt,,at/} > Vi [3,mt1_1,§dt,,5tr} for all

t >t (except when my_; = 3). Then
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= BE, Vi1 S, Oa,c0,
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Vi [z,mt,edt+1,5t+1:| > Vigr [S,mt,OdHl,sHl} and show that, for each value,

the relevant part of equation (10) is nonnegative and, for some parts, it is
negative. Thus equation (10) is negative. The proof for Theorem 4.5 has the
same structure. m

Proof. (Theorem 4.6)
At ¢,
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= Vi (33,04 80| = Vir [2.2,040 00| + D3 = Dy >0



which implies that, at &%, (1,2), V- [3,3,5@*,5“} — Ve {1,3,%*,54 >0=
et (1,3) < £&. (1,2) (because 9V;- [3,3,5@*,54 Oepe > 0). At t* — 1,
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which implies that, at €% _; (1,2), Vi_1 [3,3,%*71,5“_1} VA [1,3,5@*71,&*_1} >

0=¢er_41(1,3) <efu_q(1,2) (because OV _q [3,3,5@*71,&*_1} [Oeg—1 > 0).
Now assume that 3¢ : V [3,3,5%,,54 - Vy [2,2,5%,,51‘/} > B(Ds — D3)
and € (1,3) <&y (1,2) V' >t. Then
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and
{v; {3,3,5@,54 v, [1,3,%,4} -
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which implies that, at €7 (1,2), [3, 3,%,&] —v, [1, 3,%,&] >0=er(1,3) <
5 (1,2) (because 0V; [3,3,5@,54 /0 >0).m

Proof. (Theorem 4.7)
Let m; > 1. Then, by equation (3.6) in the paper,

X/Q[mt,mtA,ad”*ft]
= fi(my) +1(my>1)ep +

BE., [/ max  Vigy [Sipa] p ¢ (41 | Or,61) depia+
5f+1(17mt) myp1 €F(my)
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@ (62(4,-1 (1amt) ‘ étygt) %[1amt7070] | Ct71]7
and its partial derivative is

8W[mt7mt—17§d”€t]/agt =1+

oo 09 (e O;,e
/8Ect [/ max ‘/t*‘rl [St+1] Md€t+l + (11)
e (Lme) | M1 €F (me) Os;
mep17#1

o (sz‘ﬂ (1,my) | gdt JEt
8€t

%-‘rl [1a mg, 07 0} ‘ Ct—l]'

Note:

8¢ (5t+1 | /édtagt) 8¢ (5t+1 ‘ gd”ft)
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Thus, the integral in the second line of equation (11) can be written as

max Vit1 [St+1] B degt1
1 (Lmy) | 1 €F(me) €t+1

Mi41 ;ﬁl

. /oo O (5t+1 | g(h,et)



which, through integration by parts, can be written as

) 9 .
,0/ ) max Vit1 [mt+17mt79dt+175t+1} o (12)
er i, (1me) Et+1 | mep1€F (my)
77Lt+1#1

0] (5t+1 | /édtagt) d5t+1

+p max Vi {mt+17mta9(lt+1752(+1(Lmt)} J
myi+1 €F(my)
mt+17$1

¢ (ctin (Lm0) [ By,

The last term in equation (11) can be written as

—~p6 (stia (1ma) | 9a,,20) Vi [1,m, 0,0 (13)

Combining equations (12) and (13) leads to

e o ~ ~
P/ B max W+1 {mt+1’mt79dt+1y5t+1} ¢ (5t+1 ‘ ed”5t) d5t+1
Et*+1(1’mt) Et+1 myy1E€EF(my)
mep17#1
(14)

(the second term in equation (12) cancels with equation (13) by the definition of
€141 (1,my)). The integrand in equation (14) is the same for m; = 2 or my = 3,
but, since 7, (1,3) < €7, (1,2),

a‘/t [37 mt,17§dt ) gt] . a‘/t [23 mtfla/édt ) gt]

8€t 851‘,
€:+1(172) 8 ~ ~
P/ max Vi [mt+17mt79dt+175t+1} ¢ (€t+1 \ edt,ﬁt) degr1 > 0.
er.1(1,3) Oei41 mt;;GF(mt)
t+1

By a similar argument, we can show that

6‘/; [37 mt,17§dt ) gt] . a‘/t [Za mtfla/édta gt]

= = > 0.
69dt aadt

Therefore, since 8§dt /0g¢ > 0 when d; = 1, the result follows. m

Proof. (Theorem 4.8)
a) This follows from the fact that 0V;[2, ms_1,04,,¢]/0es is bounded from
below and above and that OV;[1,m;_1,04,,e:] /0 = 0.



b) This follows from the same argument.
¢) Consider

%* |:37mt*—1a9dt*7€t*:| - ‘/t* |:23mt*—170dt*a5t*:|

= S TG - £(2)>0

t=t*

by assumption. There exists a e} (3, my=—1) such that Vi« [3, mt*_l,gdt* , 5t*} >

Vi 1,mt*—1,9dt*,€t*} Ve > eff (3, my»—1) and Vi [37mt*—179dt*75t*] < Vi [Lmt*—l,@dt*,&t*
Ve < g5 (3, my«_1) by the previous arguments about bounded slopes.
Now assume that there is some ¢’ and €}, ; (3, my) for my = 1,2 such that

—~ 5 —~
%'-‘rl |:33 27 0dt’+1 ) 8t'+1:| > maxrm:l %'-‘rl |:ma 2a 9dt’+1 9 5t'+1:| vgt/-‘rl > 6:’2_1 (37 2)

~ 5 ~
and Vi1 [3, 2, edt,+1 R St/+1:| <max;,— V41 {m, 2, edt,+1 R St/+1} Vepq1 < 8;:_1 (3, 2)
Then

Vi |:37mt’—179dt/78t’:| - Ve |:27mt’—179dt/78t’:| =

i1 (3.2) R
fer (3) = fir (2) + 5/ [ max (V1‘/+1 {mt’-&-la 3,9dt,+1,€t/+1D -
— 0 mt/+1€F(3)

max (Vt'+1 [mtr_H, 2, Hdt,+1,€tf+1]) | O0a, e, cor—1] (5t’+1 | edt,,ﬁt') dey 11+
My 4 eFr 2)
(15)

5/ [ max (th+1 |:mt’+1737/9\dt/+17€t’+1:|) -

5:/11(372) My €F(3)

max (Vt/+1 {mt/+1,2,9dt,+1,€t’+1D | Gdtu&uct’—ﬂéf’ (5t'+1 | adtmgt’) depq1.
mey1€F(2)

Note that e}, ; (3,2) > €}, (1,2) because OV 4 [mt/_H, 27§dt/+175t’+1} /0ep 41

> 1. Therefore, for any 441 > €;%,(3,2), the agent will choose marriage
whether my 1 was 2 or 3. Therefore, the last integral in equation (15) is equal
to zero. The integrand of the first integral is bounded from above because

Vi 41 [my 41, 3,0,0] is finite, the partial derivatives of Vi 41 |:mt/+1, 3, @dt,ﬂ , 5t/+1}

with respect to 9t/+1 and €411 are bounded from below and above and ¢ (5t/+1 | 5@ , 5t/)

10



is declining faster than exponentially as ey 41 — —o0. Let the bound be I'. Then
the first integral can be written as

o1 K (st,ﬂ (3,2) | Odt,, /) — 0 as gy — oo0.
Thus, since the first term in equation (15) is positive, there exists a e where
Vi [3 mt/,l,gdt,,s} — Vi [2 mt/,l,gd ,,s} > 0 for all € > . But there is an
¢ small enough such that V;. [3 my _1, th,, } Vi [2, mt/,l,gdt, , 5} < O for all
€ < ¢ because of the bounded partial derivative of V., |3 mt/,l,gdt, , 5} . Thus,

because OV {3 my_1, dw ] /0 > Vi {2 My _ 179dt” ] /Oe, there exists a

e (3,my_1) formy_1=1,2.m

Proof. (Theorem 4.9)
>From Theorem 4.4, we know that if f; (3) = f; (2), then V; [2, mt,l,@\dt , at} >

V; {3,mt,1,§dt,€t] and that there exists g7* (2, m;_1) such that V; [Q,mt,l,gdt,at} >
Vi {1,mt_1,§dt,€t] for all e > g7* (2,m¢—1). We also know that if f; (3) >

f+ (2), there is some g;* (2, m;_1 ) such that V; [2, mt_l,gdt,at} <V [3, mt_l,gdt, 54

for all e, > &;* (2, my—1).
The arguments in part (b) of the proof of Theorem 4.8 imply that £5* (3, m¢—1)
is a continuous function of Af; = f; (3) — f: (2), and we already showed that
3,my—1) = oo when Afy = 0. Thus, for any D3 — Do > 0 and any
*(3,m¢—1), there will be a positive Af; small enough. Set &;* (2,m4-1) =

7 (
i .
e (3,my—1) and gf* (2,m¢—1) equal to the value of e; where V; [2, me—1,04,,ct
_v,

1,mt,1, adt,é‘t . A

D Marital Instability Proofs

For the proofs in this section, we suppress the following arguments of the value
functions for brevity of notation: c¢;_1, di, and X;. The following lemma is
used in the proof.

Lemma 1 Let (s1,52,63) ~ N [0,Q] where Qj >0V j, kb Then

Prics < asi | a11 <1 < a1z, a2 < 2] > Priss < as; | a1z < 61, a2 < ¢2)

and

Priss < agi | a1 <61 < auz] > Priss < asi | aua <1

INote that (c1,62,63) is totally unrelated to the ¢ variables in Appendix A.

11



Proof.

Prlss < asi | 51, o2 < 62
f(;); ffié ¢3\12 (s3]s1,52) ¢2|1 (2 | 1) ¢ (1) dsads
f;; ffooo ¢3|12 (s3] 51552) ¢2\1 (s2 | s1) @1 (S1) dsadsz
S @312 (az1 | S1,62) dopy ($2 | <1) ds2

f:; ¢2\1 (2] s1)ds2

and

OPrlcs < a3y | 61,00 < 9]
051
/°° [ Panls2fs) 9

— P390 (31 | S1,62) +
o LT o (s 1) dez Os1

1o (s | ¢ g)i Gop (S2 | 51) ]
3112 (@31 | §1,62 91 f;; ¢2|1(§2|§1)d§2 ]

dC 2.
‘We know that

0
— as1 | 61,62) <0,
e, 312 (@31 | 61,62)

SO

/"O Pap (2| <1) 0

— D312 (31 | $1,62) dsa < 0.
55 3112 (@31 | §1,62) dSa

22 f(mz ¢2\1 <§2 ‘ §1) dsz 961

We can write the second term as?

/"O o) Pap (2 | <1)

®3)10 (a31 | 61,62) 75—
vy ! 7 06q f;; Pop (S2 | 61) ds2

0 [1— o (s2]1)]
= _Q) , v go
3|12 (a31 |€1 Gz) 91 [1 _ ‘192|1 (ovgz | <1)] | 20
* 0 [1*@2|1(§2 |§1)] 0
- 51 =@ as1 | S1,62)ds
22 961 [1 - q>2‘1 (a22 ‘ gl)] 059 3|12< 31 ‘ 1 2) 2
9 [1—®(s2]61)] 0
ds1 —— 312 (31 | <1, 62) dea.
an 051 [1 = Popy (azo | 61)] 062 sz (st | 61,62) dea

G2

o
u = Pypz(as|e1,e2) = du= o Pypip (as1 | €1,62) dez
2

9 b1 (62 | €1) 8 —[1— Py (e2 | e1)]

dv = — deo = v=—
Oe1 j:; $o)1 (2 | €1) de2 de1 [1— o1 (22 | e1)]

12



‘We know that

13
=—®312 (@31 | 61,62) <0

)
and
1—-@

0 21 (s2 | s1)] 50,

951 [1 — Doy (a2 | <1)]
So

OPr(ss < aszy | ¢1, 02 < §2 <.
S}

Now define

H(¢1) =Prlcs < asi | <1, 22 < <2

as a function of ¢1, and write Pr¢3 < a1 | 11 < 61 < @12, o2 < G2 as

/H(cl)g* (s1)ds1

where

¢ (s1)
® (a12) — @ (a11)

G* (s1) is its distribution function, and Pr[¢3 < as1 | @12 < 1,02 < G2] as

g (1) = 1a11 <61 < aag],

/ H (1) g™ (s1) des
where
g7 (c1) = %1 [a12 < ¢1]

and G** (¢1) is its distribution. It is clear that G* (¢1) > G** (¢1), and we
have already shown that H' (¢1) < 0. Thus, the result follows by properties of
stochastic dominance. The second condition follows by setting aos = —00. B

Proof. (Theorem 4.11)

Stepl: Show that P (k,7) > P (k—1,7) V k> 1.

Using the notation from Lemma 1, let ¢35 =¢;_s,s =k —1,k,k+ 1. Let
Q31 = 62‘ (1,3), 11 = 62‘_2 (2, 1), 12 = g;jQ (2,1), o2 = g:il (2, 1). The
condition that all the covariances are positive is satisfied because the two ways
in which early errors affect later errors is through positive serial correlation and
through updates of #. Thus the result follows.

Step2: The theorem follows from induction on the previous step. m
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Proof. (Theorem 4.12)

There are two differences between cohabitation and marriage: a) e} (2,1) <
;7 (3,1) (by Theorem 4.7) and b) €7 (1,2) > f (1,3) (by Theorem 4.6). Condi-
tion (a) and Lemma 1 alone would imply the result. Condition (b) would also
imply the result. The two together strengthen each other. m

Proof. (Theorem 4.13)

For this proof, we suppress the following arguments of the value functions
for brevity of notation: ¢;_; and Xj.

a) Let Pg (t+ s,t) be the probability that a first divorce occurs at ¢ + s
conditional on being married at ¢:

Py (t+5,t) = Py [1] 3, dig | IEZ5Peyy [3 | 3, diys]

and let Pf* (t + s,t) be the probability that the kth remarriage occurs at ¢ + s
conditional on being single at t. Then

OV, [1,3,1,00,,c:|  0Vi[3,3,d:.04,, 2]

< — - . 16
0Ds3 0Ds3 (16)
= 1+{Zﬁ5+1P§‘1 (t+s,t>}
s=0
—Z{ZﬁJZ (t+rt) Py (j+t,t+r)—
k=1 j=2+k r=1
0o j—1
SO (t45,0) S P (b4 s+t 8) Ph (G-t +s,t+s+7)),
s=0 r=1
So we need to be able to say something about
Z *t+rt)Ph (4t t+r) — (17)

Zﬁsﬂpgl (t+st)Y P (t+s+rt+s) Pl (j+t+st+str)

for all s and j. But given our assumption about no age and children effects,
P*t+rt)=P*(t+s+rt+s)and Py (j+t,t+r) =P (G+t+s,t+s+r)
for all s. Thus equation (17) becomes

oo
ZP (t+rt) P (G+tt+r) [1= 8Py (t+s,1)
s=0

< 1=3 B8P (t4s,1).

s=0

14



Thus, equation (16) is less than

j—1 e’}
1+{Zﬁs+1p31 (t+s, t} Z{ Z 3 {1Zﬁs+1P§1(t+s,t)}

s=0 k=1 j=2+k s=1 s=0

= {1§:BS+1P§‘1(t+s,t)} 1+§: i 573 <.

s=0 k=1j=2+k

b)Ifm ¢ F (my—1), then P; [m | my—1,d;] = 0 independent of f,,, so OFP; [m | m—1,dt] /O fm =
0. Consider the case where m € F (my_1), and let m’ € F(my_1). Let

P (t + s,t) be the probability that one is in state m at age t + s conditional

on having been in state m at age ¢ (possibly with transitions in between), and

Px,. (t+ s,t) be the probability that the first transition into state m occurs at

age t + s conditional on being in state m’ at age t. Then

oV, [m,mt,l, 1,5@,54 oV, [m’,mt,l,dt,adt,st}

- 1
oFm 9 18)
t*—1—t t**
— {1+ Z BRI (t + s,t) + P (t*,t)ZBSt}—
s=t*
tr—1—t t*—1—(t+r)
N Pt 1+ Y BB (s ttr)
= s=1

e
+P;:L** (t*,t+’f') Z /Bs—t—r} )

s=t*

Since P (t + s,t) = PX** (t+r + s,t + r) for all r, equation (18) becomes

t*—1—t t**

s=t*
tt—1—t
Z o (L +1,) 3"
t*flf(t+’r‘) t**
14+ Z ﬁSP:;L** (t+ S,t) + P:;L** (t*,t+T) Z ﬁsftfr

s=1 s=t*

15



which can be written as

t —1—t t —1—t
('S rr e} LTS
s=1
t -1t
{p;;**(t*,t) > Phn (t+rt) PRt t+r}258 t4
r=1 s=t*
t —1—t t —1—t
Z m’'m t+r7t) /B/r. Z /Bbp;';b**( +8714;4»7/')
s=t*—(t+r)+1
The first term is always positive because 1 — Zt tpr t+rt)3 >1-

m’m

S 71 YPr, (t+rt) > 0. The last term is positive. The middle term is
proportlonal to the difference between P*** (t*,¢) and the probability that the
agent will be in state m at t* conditional on being in state m at ¢t which can not
be signed. But the proportionality constant, Zs Bt =5 Tt S Mft G’
— 0 uniformly as t* — ¢t — oo. Note: this quahﬁcatlon occurs only because
t** —t* > 0 which is the particular way we end lives in this model. m

Proof. (Theorem 4.14)

Stepl: Derive the functional describing how the distribution of ¢;
is changing over age.

Consider the case where d; > 74; at such a point, there is no more learning
about 6. Therefore, e} (1, 3) is not changing with d; or ¢ (call this level %_ (1, 3)).
Consider the distribution of ; conditional on other (fixed) state variables (and
explicitly on 0):

v, [x|9} - Pr[at<x|9} (19)
= Pr [9—}-,0(&,1 —9) +n, <:c}
fso’;,(lﬁ) Pr [9 +p (st,l - 9) +n, <z st,l} A, 4 (5t,1 | @)

1= 0y [e (1,3) )

f;’;(l,iﬁ) [} {—x_e_p((jtl_e)} dW;_q (5t—1 | é)

n

1= 0y [o5 (1,3) 1)

(the distribution is truncated at % (1, 3) because anyone with e;_1 < X (1, 3)
divorces). Using integration by parts (and defining ¥} [:v | é} =1- 7, [SB | é} ),

16



equation (19) can be written as

Q—x—&—p(a;(l,?))—@)

o [:c | 9} - & - (20)
oo Nt [&—1 \ é} 1 x—0- p (5t—1 - é) J
- /s;o(m o, [a;o (1,3) | 9} o oy e

Step 2: Derive the asymptotic (steady state) distribution of ;.

Let T {¥;_,} be defined by equation (20); i.e., 7 =Y {¥;_;}. Consider
two potential distribution functions, ¥* and U**. Then it is straightforward to
show that

1]} 1 (3 1]} < o

which is the (contraction mapping) condition necessary for the existence of a

o [x|é]f\p** [;ué”

sup
xr

unique asymptotic conditional distribution, ¥* [:v | 9} and for the asymptotic
convergence of U} [:v | é} to U* [:v | é}

Step 3: Show that d¥* [:B | é} /df > 0.
Note that

17



Consider first

—
P F_“p(gé"“’?’) ‘9)}
Bl o
9 ™ U e 0] [e-0-p(e1-0)
"o e2,(1.3) U [e;o (1,3) | Z)} U_'rld) { o } der—

a0 oy

* 9 v [Ef’_l | é} 1 z—0—p (5t—1 - é)
o /e::ou,:*)) 0 { e [e;o (1,3) | 9] } P { 7 ] der—1
+,0/OO P {&71 | 9} igd) [:c —0—p (at,l - 9)} o
e5.(1,3) U

s (1,3 18] 7 96 Z

P F_“p(%’g)‘é)}
00 oy

o0 9 U+ {sf,_l | 9} 1 z—0—p (6t_1 - 9)
+,0/Eéo(173) 90 { o [530 (1,3) | 9} } U_n¢ [ o, ] deg_1
- /:O P {st,l | é} 1 9 i’ [x —0- p (6t,1 — 9)] e

5 (1,3) U [ego (1,3) | 9} oy 0241 7

_ 2@ F:Uer(ezo(l,S)@)}

18



(1*P)¢ 9—%‘4—,0(5;0(1,3)—9)

oy oy

0 9 P* {Q,l | 9} 1 x—60—p (et,l - 9)
o /e:;ou,:s) 9 | v [e2 (1,3) 1 4] P z e
B
o0 D) w* [&—1 | é} 1 r—0— p (5t_1 — 9)
—(1-p) /620(173) Osi_1 U* [8;0 (1,3) | @} U_n oy der—1
o0 2 U* {5,5,1 | é} 1 r—0— p (5t,1 — @) ;
/s:;ou,s) 0 | w [ex (1.3) 0] | o o o
00 9 P* [Q_l | 9} 1 r—0— p (5t_1 - 9)
—(1-p) /5’50(173) Dep_1 g {5*00 (1,3) | é} U_"¢ o, dei_y

The second term is a weighted average of JU* [5t_1 | 9} /0ei_1 over g;_1 which
. . .. . . . . OU*|e 1|0
is negative, so it is negative (times a negative). If inf —[;;—1‘1 > 0, then

. OU*[z|0 : . . . . P .
inf —0[;—‘1 > 0.2 Since there is a unique solution to W* [:B | 0}, there is a

3The argument that is being made here conjectures a property of equilibrium,
. O *[es 110 o P OV * (x| . . .
inf M > 0, and shows that it implies inf & > 0. Since the contraction mapping
argument implies a unique equilibrium, the result follows.
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unique solution to Oi;@. Thus O¥* [m | 9} /00 > 0. Also,

o [x | é}
0, (1,3)

_ 9 (I)Ferp(ezo(l,ii)é)}
e, (1,3) oy

L(L3) UF [ego (1,3) | e] oy

id) lé—x—i-p(azo(l,?))—@)}

P9 (1,3) o 7

0 /°° vy {5#1 | é} 1 p [x —0- p (€t71 - é)] desy

oy o
) x—a—p(g;(1,3)—9)
+L
oy o
/<>O 0 Wiy |1 \9 1 s —x—é—/)(ft—l—@)_
—p - L I 1
€%, (1,3) 660@ (173) \Ijzk,1 |:5§O (173) | 9} On On
/°° 0 Ui |et—1 \é 1 s —T/*é*P(é?t—l*é)_
= —p " = — —_
ex (1,3) Oe5, (1,3) vr [e’go (1,3) | 9} In In

/°° Nt {at,l ‘ é} ovy_y 5*00 (1,3) | 9}
) Lo e 0]} P )
iﬁf) [»T s (&71 _ é)] dey_1

On

< 0
and de*_ (1,3) /00 < 0 (because OVi[me, 1, ce—1, 1,0 (g)) ,6t,Xt]/89 > 0, an
agent is willing to tolerate worse &’s as @ increases). Thus, dU* |z | 6| /df >0

which implies that d¥* [53;0 (1,3) | ?)} Jdd > 0.

Step 4: Use the effect of unobserved heterogeneity on duration
dependence to prove the result.

The unconditional distribution of &; is

U [2] = / v [x | E)} S, (9)

20
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where 3 (9) is the distribution of 6 at t,

SH (9) fé Ui lel (1,3) | 2] dSi—a ()
L7 U [ex (1,3) | 2] dSe—1 (2)

The reciprocal of 3 (9) is
f U [ex, (1,3) | 2] dSS¢—1 (2)

f U [ex, (1,3) | 2] dS¢—1 ()
f(?OO\II [ (1,3) | 2] dS¢—1 ()

Therefore ;1 (9) > 3y (9) Since Uy [m | 9} is converging to U* [m | 9} with
av* [m | 9} /df > 0 and S (9) is decreasing in ¢ (shifting toward larger values

of 0), W [x] is increasing in t. The probability of divorce is then Wy [¢*_ (1,3)]
which is declining in ¢. m

E Numerical Methods for Evaluating the Value
Functions

gdt and &; are continuous state variables. Consider the case when m; > 1
and d; < t4 (all other cases are simpler versions of the same method). We
suppress X1 from utility flow and value functions for notation brevity. When

evaluating V; [Sy], F {max (Vit1 [St+1]) | gdt,st, Ct—l} is

T (Eﬁl -|a 5 :) 8, + pa}) { max Vi [SHI]}deH](’d’l)

Oy J—co my41 €F(my)

_ o0 - 1-— /a\(t +
ﬂ/ ¢(5t+1 {< p)0a pﬁ‘l){ max Vis1 [SHI]}datH

On —co On my1 €F(my)
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if my > 1 where Stlﬂ = (th, my, ¢y, 1, dega, 9dt+1,€t+1) is the vector of state

variables conditional on a birth at ¢, S?H = (mt+1, My, Ct—1,Chys dt+17/0\dt+1 , 5t+1) is
the vector of state variables conditional on no birth, ¢j;, ¢3;, and d;41 move ac-
cording to equations (3.5) and (3.4) in the paper respectively, and gdt L+, is given
by equation (1). Note that, because gdt ., is determined once €4 is given, there

is essentially only one continuous state variable to integrate over. The integral
in equation (21) can be written as

~ 2
o q —1 | €t+1 — [(1 —p) 04, + pes - . -
exp { — € e
| ey - enlden (22)
where
Hep]= max Vi [mtﬂ,‘,"’a’,@dtH (€t+1) ,5t+1] . (23)
miy1 €F(my)

Equation (22) can be written as

2

/]7 ~

e { { ;H] } H [(1 —p)0a, + per + 77t+1} dniyr (24)
n

opV2lm
which, with a change of variables, can be written as
1 [ 9 ~
—= [ exp{-uw’}H [(1 —p) 0a, + pet + ﬁanu} du. (25)
VT Joo

This can be approximated using Gaussian quadrature as
Za] [ th + pet + \/_Un } (26)

where (a;,9; )JK

since H [e] was not evaluated at (1 — )th + pe¢ + V/20,9;, it must be inter-
polated. Let 6 = (91,92,..,9;() and & = (&1,2y,..,8x) be a grid of K? (Gaus-

, are K-point Gaussian quadrature weights and points. But,

sian quadrature) points at which to evaluate V; [S¢q1]. Let y; = (1 —p) /édt +
per + V20,9, or y; = EO + /2 (024 03)9; (depending on the case) and

zj = gdt +1 (yj). Then each H [e] term in equation (26) can be interpolated
as

ZkH[;] Z?”ﬁ MAX 3 €F(my) Vil [mt+17 0,0,0,0, 91@75‘1} R {ék — Zj; €1~ yg}

hly;] = -
Zk:l Z{; R [ak —2j,€1 — i‘/j}
(27)
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where
~ ~ ~ 5 - E
R Hk — Z5,& — yj} = ’9]@/ — Zj‘ |5l’ — yj\ y (28)

where k' = [j]if k = [j]+ 1 and ¥ = [j] + 1 if & = [j] (and I’ has a similar
definition), and 2 > £ > 1. Note that R [e, ] is continuous and differentiable
at seams (where 0, = z; or & = y;). A problem is that the derivative of h [y;]
at seams is zero. A way to avoid this is to set £ = 1. There is no way to have
nonzero derivatives that are continuous at seams when only 4 points are used
to evaluate h [y;].
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