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Abstract

1. Model

Let y; be a binary indicator for labor force participation: y; = 1 iff ¢ works. Let
w; be the wage ¢ would get if she worked, and let r; be her reservation wage. It
is assumed that y; = 1 iff w; > r;. Let

W; = Guw (Xiﬂwa di: Ez) + UZU

where d; is a binary indicator of i’s disability (d; = 1 iff ¢ is disabled), E; is a
continuous measure of i’s education, X; is a vector of other observed variables
affecting w;, g, (®) is an unspecified function with g, (e) > 0, gu2(e) < 0,
and g3 (e) > 0, and u}’ is an error with finite mean and variance.  Define
w; = Juw (Xiﬁw, di, E1>
Similarly, let
ri = gr (X, ds, E;) + uj

where g, () is an unspecified function with g,; (e) > 0 and g, (¢) > 0 and u] is
an error with finite mean and variance. Define 7; = g, (X;0,,d;, E;).

The joint density of (u¥,u}), f(u,ul), is unspecified beyond the moment
restrictions already stated.



2. Identification

The goal is to estimate 6 = [3,,5,, 9w (®),g-(e), f (8)] or that part of 6 that
is identified. The data consists of {y;, w;y;, X;,d;, E;}_,. Assume temporarily
that there are no restrictions on ¢, (X;0,,d:, E;) or g, (Xi0,,d;, E;). Then, for
observations where w; < r;, we observe only y; = 0, while, for observations where
where w; > r;, we observe y; = 1 and w;. Define

Pl = [ f (o) du,

1)

and
F*(u*) = Prluy —ul <u]
= / / ") dudu”.
Py (ul, uf) F* (u*) > 0. Then the likelihood contribution

for 7 is

Fl (wl — Juw (Xiﬁun di7 EZ) , Wi — Gr (Xiﬁw di7 El)) if Yi = 1 ) (21)

F* (gr (XiB,, diy Ei) — guw (XiBy, diy E;)) if y; =0

Now define

Sy [w, X By, XB,,d, E] = Fi (W — gy (XB,,d, E),w—g.(X0,,d, E)) (2.2)

and
S* [X By XBy,d, E] = F* (9: (XB,,d, E) = gu (X By, d, E)) (2.3)
nonparametrically. Define
XiB,
X.
Ej
Then ;7 and &* can be estimated as
1 wi;—w ' —1
~ =Sy |==— K (2, —2) Q" (2, — 2
Sy 5] - 2 P K (5 =27 (35— 2)] 25)

S K (25— 2) Q1 (2 — 2)]



and /
. S(1—y)K|(z;—2) Q7 (2 — 2
g ) [u/ ) O (25 - 2)] 2.6
S K (25— 2) Q1 (2 — 2)]
where K [o] and H [e] are kernel functions, 2 is a bandwidth matrix, and o is a
bandwidth.
Then, note that

Su = Fu+ Fi, (2.7)
S12 = —Fugu,

Sz = —F12gr,

37 = —FYg,1, and

35 = FYg.

ThUS, (Fllu F12, F*/, Juwi, grl) is identified by (%11, %12, %13, %T, %;) Next, note
that

S = Fiagra — Fliguw2 and (2.8)

Cx J—
S5 = Fiagrs — Fliguws.

Assuming that Fj; and Fjo (already identified) are not colinear as w changes,
(gra2, guw2) is identified by 4 and variation in (Fiq, Fi2) with w, and (g3, guws3) is
identified by 35 and variation in (Fyy, Fio) with w.

Note that there are also many overidentifying restrictions. Most obviously,
because

%3 = F*/ [gr3 - ng] 9 and
Sy = P [9r4 — Gua) ,

there are restrictions on (3%, 37%). Also, any two values of w identify (g3, gus)
and (gr4, gwa); all other values of w provide overidentifying restrictions. Finally,
I think that there might be some restrictions placed on variation in structural
functionals as (w, X(,, Xf,,d, E) varies, but I haven’t convinced myself I am
right, much less what they would be.

One needs to anchor the relevant functionals. For example, define g, (0,0,12) =
a, and g, (0,0,12) = a,.' Once g, and g, are anchored, F; (w — a,, w — a,) and
F* (a, — a,) are identified.

! This is equivalent to assuming the mean of the errors or not including a constant in g, and
Jw-



Note that one can estimate (3, and 3, without making any functional form
assumptions. A nonparametric estimator of 3 = (3, 3,) is

~

[ = arg mgxz:yi log S [wi, 2 (8)] + (1 — y;) log $* [2i (B)] (2.9)

7

where S [w;, 2] and $* [z] are defined in equations (2.5) and (2.6) (with sums
over j # i) and z; (8) is defined in equation (2.4). What are the statistical
properties of 37 Once [ is estimated, we can infer the unspecified functionals
(F1, F*, gw, gr) (see appendix for suggestion).

3. Estimation Strategy

3.1. Adding Restrictions

We know that equation (2.2) holds. The restrictions we want to add are g—f} > 0,
2gr_ >, % >, 2w >, Yu < (), and %‘E& > 0. Equation (2.2) implies that

0Xp, ’ 0d ’ 0XB, ' od
8%1 8F1 8F1 Ggr
= = — < : .
09X 3, 0XB,  ow 0XB, — 0 (3.1)

@ aFl __(9F1 8gw_8F1%'
od od — Our 8d  Ouw dd’
03, OF, _ 0F | OF,

Ow ow ouv  Our

and

(&3 x . . . . . .
% and 88—‘;1 impose no restrictions because we can not sign g—ﬁ‘;. But, in regions

where the estimate of g—ﬁ; is nonpositive, %};l < 0, and, in regions where the

estimate of 2& is nonnegative, 22 > (. Thus imposing restrictions on the esti-
ou ) Qw p

mates of structural functions, F; and g,, implies restrictions on the nonparametric
function 3.
Similarly, equation (2.3) implies that

o03* oF* 0g,
g > * .
0X.0, ou* 0X,0, — 0 (3:2)
o03* OF* 0g,
9X,5,, o o5, = O and
o3* _ OF™ | 0g, B 09w > 0.
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Thus imposing restrictions on the estimates of structural functions, ™, g,,, and
gr, implies restrictions on the nonparametric function .

The next issue is whether restrictions on &7 and &* implied in equations
(3.1) and (3.2) imply restrictions on Fy, F*, g,, and g,. Note that the third
restriction in equation (3.1) restricts ‘35 L. Given that restriction, the first two

restrictions in equation (3.1) restrict 8—?527 and %95. These, together with the
OF*

first restriction in equation (3.2), restrict %~. Then, the second restriction
in equation (3.2) restricts -2, Finally, the last restriction in equation (3.2)

9X B, "
restricts %% — %% > (0. But this implies only that %% < %% which is a much
weaker restriction than %’ﬁ < 0. In fact, there is no obvious way to impose

restrictions on the nonparametric functions, &; and &%, such that they will imply
that dil < 0. Note, however, that, even though we can’t restrict dil <0, we
can still identify %%.

3.2. General Estimation Problem: Nonparametric Estimation of a Con-
ditional Density

The general estimation problem consists of estimating two conditional density
functions. Consider the generic conditional density function f (e | £), and consider
estimating f (¢ | £) using local regression methods. In our problem, when y = 0,

fe16) =3[
with ¢ =y and ¢ = 2, and, when y = 1,
fe1€)=S[w,z]
with e = y,w and ¢ = z. Define
f(u|t) = exp {p(u,e,t,)} (3:3)
at (u,t) near (e, &) with
pluse,t,€) = ace + b, (u—e) + b (t =€) + (u—e) Co(u—e) + (t =€) Ce (t = &)

and

0
8a56p(u7€7t7£) - ]-7




0 (U,é‘,t,f) = (u—g);

an.”
0 t = (t ;
a_bgp(u’€7 ag) - ( _5)7
Sepet) = (o) u—e)s
SElme ) = (t=9(t-9.
Note that
log f(e|§) = ax; (3.4)
0
%logf(s | f) = b
0
8_§1ng(€ &) = be
Define -
log f (e |§) :arga::lin {1})1511 L (g, §,a.,0, C’)} (3.5)
where
L (g€, a.,0,0) (3.6)

L1010 72 5 Ke (€ — & Q) K (51— £9) plein .60, ©)
L1072 5 Ke (€ — € Q)
192U S S Ke (8= & Q) Ko (u— &3 Q.) exp {plu, e, t,€)} dudt
Q6|72 [ Ke (t — & Q) dt '

Define
W (5i56) = 177 Ko (si = 53 Q) exp {b (5 =€) + (i =)' Cc (s — <) }
for ¢ =€, and

with



Then equation (3.6) can be written as

L(e&,a,b,C) =

£ 10610 E 5K (6= 690 K (o0 — 50 plew = 8

L1072 Y Ke (€ — 69%)
A AL ACY

The partial derivatives are

0 p— wlQel P10 25 K (G §Q) Ko 2 610) ey, ¢y, (o)
8a5§ % |Q5|7§ > KE (51 - & QE)
(3.8)
iL _ 1 ]Qg!fé |Q€’7% > Ke ng — &) K. (60 —6;9) (60 —¢) (3.9)
b, 1977 205 Ke (6 — %)
— e W, (£) / (u— &), (u,e) du;

o B ]Qéré i Ve (e, 6) Ke (& — &) (& =€)

e X Ve (€,6) (310
e, (e) / (t — ) ve (1,€) dt;
0 . AOTTE W (6 O K (e — 5 Q) (e — &) (e e
ot T 150 (€,6) &1
e (£) / (w—-¢)(u—e) 1. (uc)du;
and

. |Q§|_% i Ve (ei,8) Ke (6 — &) (6, — (& =) 3.19
anL a > ‘Pé (fzag) ( . )

e (o) [ (£ €) (¢ =€) b (1, €) dt.

log f(e

Also, note that, from equation (3.4), we can get a consistent estimate of %ﬁ

as 66 and of Bloga—j;(d{) as Bg.



Now, let

with

v=R'(v—x)
and

R.R. = Q..
Then,

1 _1 v'v Y ~
Y (v,5) = Ner Q|72 exp{—T}eXp {bgRgv—i—U'RgC’gRgv} (3.13)

oy

1 1 / ~ ~1 ' ~
— ﬁ|ﬂ§’ QeXp{_T‘i_bgRgU‘i_ngCgRgU}

1 _1 1~ / ~ / ~
:.jﬁu%ymm{—aup—z&aﬁ4v+QRw}

We assume that I — 2R;C§R§ is positive definite. Note that, asymptotically,
R, — 0, and it is likely that C¢ is small. Then equation (3.13) can be written as

0 (609) = = 0 Fexp {5 (1 a)) [ -2RCR] -0 +1.} (14

where
a, = [I-2R.CR] "Rb;
1 ! ! _1 !
v, = #uﬁp—z&QRJ Rb,

Then equation (3.14) can be written as

_1 ’ 1 .
¢4u¢=4myzﬂphg¢<p—2&aﬁ4qv_%0
with ¢ () being the standard multivariate normal density function. Note that

V(o) = [ (v.9)dv = exp {1}

1
2

/wg (v,6) (v —¢)dv =exp {7} [I — 2R;C’<Rg} Qg
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and

/wg (v,6) (v—75) (v —25) dv = exp {7} [I — 2R.C.R, -

Define
T = e*¢ exp {75 + 78} .

Then equations (??) through (3.12) become

0, _ w1970 5 Ke (€ — & Q) Ke (1 — Q)

o 1 -1
Dace 110 7E Y Ke (6 — & Q)
iL _ %’Qd_% |Q€’_% i K (& —& Q) Ke (65— ;%) (g5 — €)
o 110 y Ke (6 — & Q)
—Y [T - 2R.C.R.| * o
iL — %’95’_% ’Qar% SiKe (€, —& Q) Ko (6, — ;%) (€, — €)
o 11O F Y K (& — € Q)
—Y [T = 2RC¢Re| * a;
iL _ %|Qa’7% > i \ij (Szag) K. (5i—5;Qa> (5i_5)(5i—5)/
0C: 15 0e (€,
T[T -2R.CeRe]
and
0 RS Y (e ) Ke (6 — 600 (6= (& — &)
an > ‘Ijé (fmg)

~T[1-2R.C.R] .



3.3. Estimation Procedure Without Restrictions

Estimation of 0 = [3,,, 5,, 9w (®), g- (e), f (e)] follows from above. We consider
the minimization problem analogous to equation (2.9):

B = arg mﬂaXZyi log 1 [ws, 2 (B)] + (1 — ;) log $* [ (B)] (3.15)
where
log 31 [w;, z; ()] =arg min {mg% L(g,&, a,b, C’)} (3.16)
Qg ag,0,

from equation (3.5) with ¢ = (y,w) and £ = 2z ((); and

log $* [2; (8)] =arg min {mg% L(e,& a,b, C’)} (3.17)
ag,b,

Qe

withe =1—yand { = 2 (8). _ We can get consistent estimates of the partial
derivatives of 9 [w;, z; ()] and $* [2; ()] using our estimates of b from equations
(3.16) and (3.17). We can stack first order conditions in equations (3.1) and (3.2)
to estimate the structural functionals. Details are described in the appendix.

3.4. Estimation Procedure With Restrictions

Let Hf be a guess of §. Using equations (3.1) and (3.2), we can evaluate Y [w;, 2]
and $* [z;] and their partial derivatives at every point (w;, z;). This implies values

of (a’g, af, b¥, b’g) for both 3y [w;, 2] and $* [z] in equations (3.16) and (3.17). In
particular, for example for I [w, 2],

b () = Olog §1 [wi, zi] /Ow;

bg (§) = 0log3 [wy, 2] [0z;

ak, (e,€) = /gb’;(u)dqu/éb’g(t)dt.

o M

A similar set of equations apply for &* [2;]. The values of (afg, b, b’g) for & [w;, 2]

and 3% [z;] can be plugged into equation (3.15) and then maximized over 3. This is
equivalent to solving a constrained maximization problem that imposes the struc-
ture implied by # on the nonparametric log likelihood function. It is also straight-
forward now to impose monotonicity constraints on the structural equations in
that they correspond to imposing nonnegativity (nonpositivity) constraints on
some elements of 6.
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5. Appendix: Proposal to Solve for Structural Functionals
Nonparametrically

The set of restrictions in equations (2.7) and (2.8) can be approximated by a
Taylor series expansion as

Sy = Fy+ P, (5.1)
Sz = _M_&(gwl_w)_M(Fﬂ_&)a
S = —Fuogn —Fio (9 — gn) — g0 (Fe — Fia).
Su = M+&(gr2—@)+@(ﬂ2—@)
~Fuguz — Fu (uz — gu2) — guz (Fur = Fu)
Sis = Fuages + Fia (903 — gua) + o3 (Fr2 — Fia)
—M—&(Qws—w)—w(ﬂl—i),
S = Fu +F (g — gn) + gn (F" = F), (5.2)
Sy = —E9u1 — E7 (gur — gur) — gu (F" = E),
S5 = EYgo+F” (g2 — gpa) + gea (F¥ — E7)

FY g0 — F (ng —@) — gu2 (F" — F), and
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S7 = Egs+F7 (grs — gus) + goa (F¥ — E7)
~Fgys ~ F” (gus — gus) — gus (F” — E7)

where underlined variables are evaluated at a fixed point. These equations can
be written in matrix form. Let

S — FuFio
Si2 + Fliguw
Sz + F1agn
S14 — Fiagr2 + Fiigue

W(w,2z)=| S5 — Fiagrs + F11gws |,
- FYgq

3%+ F¥gun
S5 — Eg *lﬁ + g */L?’
S — FYgr3 + Fgus

1 1 0 0 0 0 0 0 0
—Guwt 0 0 —F; 0 0 0 0 0
0 —9r1 0 0 0 0 —Fp, 0 0
Guw2  gr2 0 0 —& 0 0 & 0
A (wvz) = —GJuw3  9r3 0 0 0 —Fi; 0 0 &
0 0 gn 0 0 0 F* 0 0
0 0 —Guwl _F_*, 0 0 0 0 0
0 0 gra—gus O —F" 0 0 F* 0
0 0 9r3 — 9wz 0 0 o 0 F
and
Fu—Fn
F12 - F12
F*
w1l — Guwl
Q (UJ, Z) = Guw2 — Guw2
Gw3 — Guw3
gr1 — @
9r2 — gr2
9r3 — Gr3

Then the Taylor series approximation in equations (5.1) and (5.2) can be written
as

W(w,z)=A(w,z)Q (w,z) (5.3)
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for each combination of (w, z). One might approximate the structural functionals
by
1) Make an initial guess of (Fy, F™*, g, g-) satisfying initial conditions and set
k= 0.
2) Evaluate (Fy, F™*, gy, gr)(k) and use it to evaluate W) (w, z) and A® (w, ).
3) Solve for QY (w, ) using
-1

QWY (w, 2) = {A(k) (w, z)} W® (w, z).

4) Using the definition of @ (w, 2), solve for (Fy, F™*, g,,, gr)(kﬂ) given QF+Y) (w, 2).

5) Check for convergence. If not, increment k& by 1 and go to (2).

Note that this algorithm does not put restrictions on (Fy, F*, g, g.) that occur
across different values of (w, z). Such restrictions are that

By (w® = g0 w® - gM) = F (w® - ¢@, w® - g@) if

w® — g = w® _ @ ang
wh) — g — @ _ @

r

and

Fr(gW—g) = F* (g% —gD) if

gV =gl = g —gD.

Once the algorithm has converged, we can stack the equations in equation (5.3)
over all values of (w,z) as W = AQ and write restrictions (given estimates of
gw and g,) as BQ = 0. Putting these together, we want to solve the first order
conditions for the Lagrangian equation

£=(W—AQ) (W — AQ) + \ (BQ).

The solution is .
Q- (AA)'B [BAATB| (BQ)
(I think). Note that this involves inverting (A’A) (which is easy because it is

block diagonal) and [B (A'A)! B’} (which is not block diagonal but is pretty
sparse, so it may not be that hard).
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