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1 General Methodology
Consider the general problem where we have a set of agents indexed by i, each
with a utility function

Ui (vi, P )

with choice variables vi and some (government) policy variable or environmental
characteristic P . In general, we can solve for the derivatives of choice variables
with respect to policy in the following way: Let v be the m−vector of choice
variables, let ε be the m−vector of errors in the model, and let the set of Þrst
order conditions be written as

D0
n (ε)

mr×m

·
ε

m×1
− ψ
m×1

µ
v

m×1
, P

¶¸
= 0 (1)

where Dn (ε) is a matrix that pulls the mr rows of ε − ψ (v, P ) corresponding
to interior solutions of Þrst order conditions (conditional on ε) for family n.
Conditional on ε, we can differentiate equation (1) to get

0 = D0
n (ε, P )
mr×m

·
ψv
m×m

Dn (ε, P )
m×mr

D0
n (ε, P )
mr×m

dv
m×1

+ ψP
m×1

dP

¸
⇒ D0

n (ε, P )
dv

dP
= −

·
D0
n (ε, P )
mr×m

ψv
m×m

Dn (ε, P )
m×mr

¸−1 ·
D0
n (ε, P )
mr×m

ψP
m×1

¸
.

Now we are interested in

E
dv

dP
=

Z
· · ·
Z
D0
n (ε, P )

dv

dP
f (ε) dε (2)

where f (ε) is the joint density of ε. Note that we do not have to worry about
the term associated with ∂Dn (ε, P ) /∂P because the relevant term is

∂Dn (ε, P )

∂P
v (ε, P ) f (ε)
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which is zero because v (ε, P ) = 0 at values of (ε, P ) where Dn (ε, P ) changes.
We need to simulate equation (2) and in such a way that we �oversample�

from that part of the support of ε where dv
dP 6= 0. Write equation (2) as

E
dv

dP
= Ek

dv

dP
=

Z
· · ·
Z

eεk
Z
εk

D0
n (ε, P )

dv

dP
f (ε) dεkdeεk

where Ek dvdP reorders the order of integration in equation (2) so that the inner-
most integral is over the kth element of ε and eεk = (ε1, .., εk−1, εk+1, .., εm)0 is
the (m− 1)−vector of ε excluding εk. Note that

E
dv

dP
= Ek

dv

dP
∀k.

Then we can write equation (2) as

E
dv

dP
=

1

m

mX
k=1

Ek
dv

dP
(3)

=
1

m

mX
k=1

Z
· · ·
Z

eεk
Z
εk

D0
n (ε, P )

dv

dP
f (ε) dεkdeεk

=
1

m

mX
k=1

Z
· · ·
Z

eεk
Z
εk

D0
n (ε, P )

dv

dP
f (ε) dεkdeεk.

Let

Ak (eεk) = {εk : v (ε, P ) > 0 | eεk}
and

Bk (eεk) = {εk : v (ε, P ) = 0 | eεk} .
Then equation (3) can be written as

=
1

m

mX
k=1

Z
· · ·
Z "Z

Ak(eεk)D
0
n (ε, P )

dv

dP
f (ε) dεkdeεk

eεk
+

Z
Bk(eεk)D

0
n (ε, P )

dv

dP
f (ε) dεkdeεk# .

It can be simulated as

1

mR

RX
r=1

mX
k=1

"
D0
n

¡
εrAk , P

¢ dv ¡εrAk , P¢
dP

Pr (εk ∈ Ak (eεrk) | eεrk) (4)

+D0
n

¡
εrBk

, P
¢ dv ¡εrBk , P¢

dP
Pr (εk ∈ Bk (eεrk) | eεrk)

#
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where εrAk is a draw from f (·) conditional on the kth element εrAkk ∈ Ak (eεrk)
and εrBkk is a draw from f (·) conditional on the kth element εrBkk ∈ Bk (eεrk).
In practice, one uses the following algorithm to simulate equation (4):
For each draw r = 1, 2, .., R:
1) Draws εr from f (·).
2) For each k = 1, 2, ..,m:

a) Pull out eεrk from εr;
b) Find the boundary along εk between Ak (eεrk) and Bk (eεrk) and call it

ε∗k;
c) Compute Fk (εk | eεrk) analytically and assign appropriate probabilities

to Pr (εk ∈ Ak (eεrk) | eεrk) and Pr (εk ∈ Bk (eεrk) | eεrk);
d) Simulate εrAk and evaluate dv

¡
εrAk , P

¢
/dP ;

e) Simulate εrBk and evaluate dv
¡
εrBk

, P
¢
/dP ;

f) Plug the simulated values of dv
¡
εrAk , P

¢
/dP and dv

¡
εrBk

, P
¢
/dP

into equation (4) and add;
3) Divide by mR.

2 Application
In our application, the utility function is

Ui (Q,Xi, Li, ti)

where Q = (Qm, Qf ), Li = (Lim, Lif ) if i = 0 and Li = (Lic, Lis) if i > 0,
and ti = (timf , tifm) if i = 0 and ti = (timc, tims, tifc, tifs) if i > 0. We are
interested in the effects of some policy P on all of the choice variables, quality
of life, on utility, on probability of offering informal care, and probability of
offering Þnancial help for formal care. We can think of them as

dUi
dP

=


∂Ui
∂Xi

dXi

dP +
Pf
j=m

h
∂Ui
∂Qj

dQj

dP +
³
∂Ui
∂tijj0

− ∂Ui
∂Lij

´
dtijj0
dP

i
if i = 0Pf

j=m
∂Ui
∂Qj

dQj

dP +
Ps
j=c

h
∂Ui
∂Xij

dXj

dP + ∂Ui
∂Lij

dLij
dP +

Pf
k=m

∂Ui
∂tijk

dtijk
dP

i
if i > 0

;

dQj
dP

=
∂Qj
∂t0jj0

dt0jj0

dP
+
∂Qj
∂X0

dX0
dP

+
X
i>0

"Ã
sX
k=c

∂Qj
∂tijk

dtijk
dP

+
∂Qj
∂Lik

dLik
dP

!
+
∂Qj
∂Xi

dXi
dP

#
;
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dPr

·
∪
j,k
tijk > 0

¸
dP

= −
dPr

·
∩
j,k
tijk = 0

¸
dP

= −
d
Q
j
Pr

·
∩
k
tijk = 0

¸
dP

= −
Y
j

Pr

·
∩
k
tij0k = 0

¸ dPr ·∩
k
tijk = 0

¸
dP

with

dPr

·
∩
k
tijk = 0

¸
dP

=
X
i0

∂ Pr
·
∩
k
tijk = 0

¸
∂Xi0

dXi0

dP

 ;

dPr [Hi > 0]

dP
=
∂ Pr [Hi > 0]

∂t0jj0

dt0jj0

dP
+
X
i0>0

"
sX
k=c

∂ Pr [Hi > 0]

∂ti0jk

dti0jk
dP

+
∂ Pr [Hi > 0]

∂Li0k

dLi0k
dP

#
+Q

where j0 = m if j = f and j0 = f if j = m. Using equation (1) from the other
paper, we can substitute in

∂Qj
∂t0jj0

= α0jj0 (1 + 2γt0jj0) ;

∂Qj
∂X0

= −pX0µ

q
;

∂Qj
∂tijk

= αijk (1 + 2γtijk)− wikµ
q

eHi;
∂Qj
∂Lik

= −wikµ
q

eHi;
∂Qj
∂Xi

= −pXi
µ

q

to get

dQj
dP

=
∂Qj
∂P

+ α0jj0 (1 + γt0jj0)
dt0jj0

dP
− pX0µ

q

dX0
dP

+ (5)

X
i>0

"Ã
sX
k=c

µ
αijk (1 + γt0jj0)− wikµ

q
eHi¶ dtijk

dP
− wikµ

q
eHi dLik
dP

!

−pXiµ

q

dXi
dP

¸
.
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Using the corner conditions for formal and informal help, we can substitute in

∂ Pr

·
∩
k
tijk = 0

¸
∂Xi0

=

( P
kBk (τ1, τ2)

τk
Qj

∂Qj

∂Xi0
−PkBk (τ1, τ2)

τk
Xi
1 (i = i0) if i > 0P

kBk (τ1, τ2)
τk
Qj

∂Qj

∂Xi0
if i = 0

;

∂ Pr [Hi > 0]

∂ti0jk
= φ

 log β1iµpXiXiQ
β2iq

σηX

 1

Q

∂Q

∂ti0jk
;

∂ Pr [Hi > 0]

∂Li0k
= φ

 log β1iµpXiXiQ
β2iq

σηX

 1

Q

∂Q

∂Li0k

where

τk =

(
β2iεxis

∗
iwik

pXiXi
− β1i

Qj
αijk + β4ijk if i > 0

−β1i αijkQj
+ β4ijk if i = 0

and Bk (τ1, τ2) is the derivative of the bivariate normal distribution with respect
to the kth argument.
In order to compute dv/dP , we need all of the derivatives of each of the Þrst

order conditions with respect to each of the choice variables and the relevant
policy variables. The Þrst order conditions and derivatives are listed below:
Condition for εxi:

εxi − β1iµpXiXiQ
β2iq

= 0.

Derivatives:

Xi0 : − β1iµpXiQ
β2iq

1 (i = i0) +
β1iµpXiXi
β2iq

fX
j=m

δj
Q2j

∂Qj
∂Xi0

;

Li0k0 : − β1iµpXiXi
β2iq

fX
j=m

δj
Q2j

∂Qj
∂Li0k0

;

ti0j0k0 :
β1iµpXiXi
β2iq

δj
Q2j0

∂Qj0

∂ti0j0k0
.

Condition for εLik if Hi > 0:

εLik − β1is
∗
iwikLikµQ

β3ikq
= 0.

5



Derivatives:

Xi0 :
β1is

∗
iwikLikµ

β3ikq

fX
j=m

δj
Q2j

∂Qj
∂Xi0

;

Li0k0 : − β1is
∗
iwikµQ

β3ikq
1 (ik = i0k0) +

β1is
∗
iwikLikµ

β3ikq

fX
j=m

δj
Q2j

∂Qj
∂Li0k0

;

ti0j0k0 :
β1is

∗
iwikLikµ

β3ikq

δj0

Q2j0

∂Qj0

∂ti0j0k0
.

Condition for εLik if Hi = 0:

εLik − β2iεxis
∗
iwikLik

β3ikpXiXi
= 0.

Derivatives:

Xi0 :
β2iεxis

∗
iwikLik

β3ikpXiX
2
i

1 (i = i0) ;

Li0k0 : − β2iεxis
∗
iwik

β3ikpXiXi
1 (ik = i0k0) ;

ti0j0k0 : 0.

Condition for εtijk if Hi > 0 or i = 0:

εtijk − β1i
·
µs∗iwikQ

q
1 (i > 0)− αijk

Qj
(1 + 2γtijk)

¸
− β4ijk = 0.

Derivatives:

Xi0 : β1i

µs∗iwik
q

1 (i > 0)

fX
j=m

δj
Q2j

∂Qj
∂Xi0

− αijk
Q2j

(1 + 2γtijk)
∂Qj
∂Xi0

 ;
Li0k0 : β1i

µs∗iwik
q

1 (i > 0)

fX
j=m

δj
Q2j

∂Qj
∂Li0k0

− αijk
Q2j

(1 + 2γtijk)
∂Qj
∂Li0k0

 ;
ti0j0k0 : β1i

"
µs∗iwik
q

1 (i > 0)
δj0

Q2j0

∂Qj0

∂ti0j0k0
− αijk
Q2j

(1 + 2γtijk)
∂Qj
∂ti0jk0

1 (j = j0)

+2γ
αijk
Qj

1 (ijk = i0j0k0)
¸
.

Condition for εtijk if Hi = 0 and i > 0:

εtijk − β2iεxis
∗
iwik

pXiXi
+
β1i
Qj
αijk (1 + 2γtijk)− β4ijk = 0.
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Derivatives:

Xi0 :
β2iεxis

∗
iwik

pXiX2
i

1 (i = i0)− β1i
Q2j
αijk (1 + 2γtijk)

∂Qj
∂Xi0

;

Li0k0 : − β1i
Q2j
αijk (1 + 2γtijk)

∂Qj
∂Li0k0

;

ti0j0k0 : − β1i
Q2j
αijk (1 + 2γtijk)

∂Qj
∂ti0jk0

1 (j = j0) + 2
β1i
Qj
αijkγ1 (ijk = i

0j0k0) .

In order to evaluate partial derivatives with respect to policy variables, we
must Þrst decide what the policy variables are. Consider the following six
policies:

1. Provide a subsidy of qF to each parent that must be used for formal care
(formal care stamps). This changes This changes the Q function to

Qm = α0mf
¡
t0mf + γt

2
0mf

¢
+

MX
i=1

sX
k=c

αimk
¡
timk + γt

2
imk

¢
+µ

"
F +

MX
i=0

Hi

#
+ Zm;

Qf = α0fm
¡
t0fm + γt

2
0fm

¢
+

MX
i=1

sX
k=c

αifk
¡
tifk + γt

2
ifk

¢
+µ

"
F +

MX
i=0

Hi

#
+ Zf .

It changes Þrst order conditions and therefore derivatives in the following
way: The condition for εxi is

εxi − β1iµpXiXiQ
β2iq

= 0

with derivative

β1ipXiXi
β2i

µ
µ

q

¶2 fX
j=m

δj
Q2j

(because only Q changes). The condition for εLik if Hi > 0 is

εLik − β1is
∗
iwikLikµQ

β3ikq
= 0

with derivative

β1is
∗
iwikLikµ

β3ikq

fX
j=m

δj
Q2j

µ

q
.

7



The condition for εLik if Hi = 0:

εLik − β2iεxis
∗
iwikLik

β3ikpXiXi
= 0

with derivative zero. The condition for εtijk if Hi > 0 or i = 0 is

εtijk − β1i
·
µs∗iwikQ

q
1 (i > 0)− αijk

Qj
(1 + 2γtijk)

¸
− β4ijk = 0

with derivative

β1iµ

q

µs∗iwik
q

1 (i > 0)

fX
j=m

δj
Q2j

− αijk
Q2j

(1 + 2γtijk)

 .
The condition for εtijk if Hi = 0 and i > 0:

εtijk − β2iεxis
∗
iwik

pXiXi
+
β1i
Qj
αijk (1 + 2γtijk) + β4ijk = 0

with derivative

−β1i
Q2j
αijk (1 + 2γtijk)

µ

q

(because Qj increases by µ/q). Note that, in equation (5), ∂Qj/∂P = µ.

2. Provide a subsidy of F to each child for each unit of time they provide
informal care. This changes the child�s budget constraint to

max [Y ∗i , Y
∗∗
i ] ≥ pXiXi + qHi − F

X
j=m,f

sX
k=c

tijk.

It changes the Þrst order conditions and therefore derivatives in the fol-
lowing way: The condition for εxi if tijk > 0 and i > 0 is

εxi − β1iµpXiXiQ
β2iq

= 0

with derivative zero. The condition for εxi if tijk = 0 or i = 0 is

εxi − β1iµpXiXiQ
β2iq

= 0

with derivative zero. The condition for εLik if Hi > 0 is

εLik − β1is
∗
iwikLikµQ

β3ikq
= 0
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with derivative zero. The condition for εLik if Hi = 0 is

εLik − β2iεxis
∗
iwikLik

β3ikpXiXi
= 0

with derivative zero. The condition for εtijk if Hi > 0 or i = 0 is

εtijk − β1i
Qj

·
αijk (1 + 2γtijk)− µs

∗
i (wik − F )Q

q
1 (i > 0)

¸
− β4ijk = 0

with derivative

−µ
q

β1i
Qj
s∗iQ1 (i > 0) .

The condition for εtijk if Hi = 0 and i > 0 is

εtijk − β1i
Qj

[αijk (1 + 2γtijk)]− β2iεxi
Xi

(wik − F )
pXi

− β4ijk = 0

with derivative

β2iεxi
pXiXi

.

3. Provide a subsidy of F for each dollar spent on formal care. This changes
the child�s budget constraint to

max [Y ∗i , Y
∗∗
i ] ≥ pXiXi + (q − F )Hi.

It changes the Þrst order conditions and therefore derivatives in the fol-
lowing way: The condition for εxi if tijk > 0 and i > 0 is

εxi − β1iµpXiXiQ
β2i (q − F )

= 0

with derivative

−β1iµpXiXiQ
β2i (q − F )2

.

The condition for εxi if tijk = 0 or i = 0 is

εxi − β1iµpXiXiQ
β2i (q − F )

= 0

with derivative

−β1iµpXiXiQ
β2i (q − F )2

.
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The condition for εLik if Hi > 0 is

εLik − β1is
∗
iwikLikµQ

β3ik (q − F )
= 0

with derivative

−β1is
∗
iwikLikµQ

β3ik (q − F )2
.

The condition for εLik if Hi = 0 is

εLik − β2iεxis
∗
iwikLik

β3ikpXiXi
= 0

with derivative zero. The condition for εtijk if Hi > 0 or i = 0 is

εtijk − β1i
Qj

·
αijk (1 + 2γtijk)− µs

∗
iwikQ

(q − F ) 1 (i > 0)
¸
− β4ijk = 0

with derivative

−β1i
Qj

µs∗iwikQ
(q − F )2 1 (i > 0) .

The condition for εtijk if Hi = 0 and i > 0 is

εtijk − β1i
Qj

[αijk (1 + 2γtijk)]− β2iεxi
Xi

wik
pXi

− β4ijk = 0

with derivative zero.

4. Provide a lump sum of F to the parent. This changes the Þrst order
conditions and therefore derivatives in the following way: The condition
for εxi if tijk > 0 and i > 0 is

εxi − β1iµpXiXiQ
β2iq

= 0

with derivative zero. The condition for εxi if tijk = 0 or i = 0 is

εxi − β1iµ [pXiXi + F1 (i = 0)]Q
β2iq

= 0

with derivative

−β1iµQ
β2iq

1 (i = 0) .
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The condition for εLik if Hi > 0 is

εLik − β1is
∗
iwikLikµQ

β3ikq
= 0

with derivative zero. The condition for εLik if Hi = 0 is

εLik − β2iεxis
∗
iwikLik

β3ikpXiXi
= 0

with derivative zero. The condition for εtijk if Hi > 0 or i = 0 is

εtijk − β1i
Qj

·
αijk (1 + 2γtijk)− µs

∗
iwikQ

(q − F ) 1 (i > 0)
¸
− β4ijk = 0

with derivative zero. The condition for εtijk if Hi = 0 and i > 0 is

εtijk − β1i
Qj

[αijk (1 + 2γtijk)]− β2iεxi
Xi

wik
pXi

− β4ijk = 0

with derivative zero.

5. Increase Ψ, the income limit for Medicaid. This is the same as experiment
1 times the density of income at Ψ.

6. Provide a subsidy of F to each parent for each ADL the parent has that
must be used for formal care (formal care stamps). This has the same
effect as experiment 1 multiplied by the number of ADLs.
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