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1 First Order Conditions

FOCs for Children
Cases FOCs

Lik tjik Work Hi Hi tjik Lik
I I I I εXi = T

H
i εtjik = T

t1
ijk (tjik) εLik = T

L1
ik

I I I C εXi ≥ THi εtjik = T
t2
ijk (tjik, εXi) εLik = T

L2
ik (εXi)

I I C I εXi = T
H
i εtjik = T

t3
ijk (tjik, εLik) εLik ≥ TL1ik

I I C C εXi ≥ THi εtjik = T
t3
ijk (tjik, εLik) εLik ≥ TL2ik (εXi)

I C I I εXi = T
H
i εtjik ≤ T t1ijk (0) εLik = T

L1
ik

I C I C εXi ≥ THi εtjik ≤ T t2ijk (0, εXi) εLik = T
L2
ik (εXi)

C C C I εXi = T
H
i εtjik ≤ T t3ijk (0, εLik) εLik ≥ TL1ik

C C C C εXi ≥ THi εtjik ≤ T t3ijk (0, εLik) εLik ≥ TL2ik (εXi)

THi =
β1iµpXiXi
qβ2i

Q

T t1ijk (tjik) = β1i

·
s∗iwikµ
q

Q− αjik (1 + 2γtjik)
Qj

¸
− β4jik

T t2ijk (tjik, εXi) = β2iεXi
s∗iwik
pXiXi

− β1i
αjik (1 + 2γtjik)

Qj
− β4jik

T t3ijk (tjik, εLik) =
β3ikεLik
Lik

− β1iαjik (1 + 2γtjik)
Qj

− β4jik

TL1ik =
β1is

∗
iwikLikµ

β3ikq
Q

TL2ik (εXi) =
β2iεXis

∗
iwikLik

β3ikpXiXi
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FOCs for Parents
Cases FOCs
tjik Hi Hi tjik
I I εX0 = T

H
0 εtj0k = T

t3
0jk (tj0k, εL0k)

I C εX0 ≥ TH0 εtj0k = T
t3
0jk (tj0k, εL0k)

C I εX0 = T
H
0 εtj0k ≤ T t30jk (0, εL0k)

C C εX0 ≥ TH0 εtj0k ≤ T t30jk (0, εL0k)

TH0 =
β10µpX0X0Q

β20q

T t30jk (tj0k, εL0k) = −β10
Qj
αj0k (1 + 2γtj0k) +

β30kεL0k
L0k

− β4j0k

2 Likelihood Contribution

£n =

Pr
h
u0 | fH0, t0i Y

j∈m,p
k 6=j

Pr [tj0k]
a0ka0j

 �
Y

i:fHi=0


Z

ηXi≥ζi

Pr
h
ti, Li | fHi = 0, εXii1(i>0) 1

σηX
φ

·
ηXi
σηX

¸
dηXi

 �
ZZZ
ηXi≤ζi
i:fHi=1

1

 X
i:fHi=1

Hi (ηXi) = H

 Y
i:fHi=1

Pr
h
ti, Li | fHi = 1i1(i>0) �

1

σηX
φ

·
ηXi
σηX

¸
dηXi

Pr
hfH0 = 0i = Φ

"
− log ¡TH0 ¢
σηX

#
, (1)

Pr
h
u0 | fH0, t0i =

Z
· · ·
Z
Pr [u0 | ηX0, ηt0] f

h
ηX0, ηt0 | fH0, t0i dηX0dηt0,

Pr [u0 | ηX0, ηt0] =

 Φ
heU0 (εX0, εt0)i if u0 = 1

1−Φ
heU0 (εX0, εt0)i if u0 = 0

,

eU0 (εX0, εt0) = β0 + β10
X
j∈m,p

lnQj + β20εX0 lnX0

+
X
k∈m,p

β30k lnL0k +
X

j,k∈m,p
j 6=k

¡
β4j0k+εtj0k

¢
tj0k,
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Pr [tj0k] =

 Φ
h
T t30jk(0,εL0k)

σηt

i
if tj0k = 0

1
σηt
φ
h
T t30jk(tj0k,εL0k)

σηt

i
if tj0k > 0

If ais = 0

Pr [ti, Li | ·] =


|Jn (ηXi)|

Q
j=m,p P

t2
ijc (·)a0j 1

σηL
φ
³
log TL2ic (εXi)

σηL

´
if Wic = 1R∞

log TL2ijc(εXi)
|Jn (ηXi, ηLc)|

Q
j=m,p P

t3
ijc (·)a0j 1

σηL
φ
³
ηLc
σηL

´
dηLc

if Wic = 0

If ais = 1,

Pr [ti, Li | ·] =



|Jn (ηXi)|
Q
j=m,pR

22t
ij (·)a0j B12

µ
logTL2ijc(εXi)

σηL
,
log TL2ijs(εXi)

σηL
, ρL

¶
if Hi = 0, Wic =Wis = 1R∞

log TL2ijs(εXi)
|Jn (ηXi, ηLs)|

Q
j=m,pR

23t
ij (·)a0j ·

B12

µ
logTL2ijc(εXi)

σηL
, ηLsσηL

, ρL

¶
dηLs

if Hi = 0, Wic = 1, Wis = 0R∞
log TL2ijc(εXi)

|Jn (ηXi, ηLc)|
Q
j=m,pR

32t
ij (·)a0j ·

B12

µ
ηLc
σηL

,
logTL2ijs(εXi)

σηL
, ρL

¶
dηLc

if Hi = 0, Wic = 0, Wis = 1

|Jn (ηXi)|
Q
j=m,pR

22t
ij (·)a0j B12

µ
logTL1ijc

σηL
,
log TL1ijs

σηL
, ρL

¶
if Hi = 1, Wic =Wis = 1R∞

log TL2ijs(εXi)
|Jn (ηXi, ηLs)|

Q
j=m,pR

23t
ij (·)a0j ·

B12

µ
logTL1ijc

σηL
, ηLsσηL

, ρL

¶
dηLs

if Hi = 1, Wic = 1, Wis = 0R∞
log TL2ijc(εXi)

|Jn (ηXi, ηLc)|
Q
j=m,pR

32t
ij (·)a0j ·

B12

µ
ηLc
σηL

,
log TL1ijs

σηL
, ρL

¶
dηLc

if Hi = 1, Wic = 0, Wis = 1R∞
log TL2ijc(εXi)

R∞
log TL2ijs(εXi)

|Jn (ηXi, ηLc, ηLs)|
Q
j=m,pR

33t
ij (·)a0j ·

B12

³
ηLc
σηL

, ηLcσηL
, ρL

´
dηLsdηLc

if Wic =Wis = 0
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P t2ijc (·) =



Φ
³
T t2ijc(0,εXi)

σηt

´
if tjic = 0, Hi = 0

1
σηt
φ
³
T t2ijc(tjic,εXi)

σηt

´
if tjic > 0, Hi = 0

Φ
³
T t1ijc(0)

σηt

´
if tjic = 0, Hi = 1

1
σηt
φ
³
T t1ijc(tjic)

σηt

´
if tjic > 0, Hi = 1

P t3ijc (·) =

 Φ
³
T t3ijc(0,εLic)

σηt

´
if tjic = 0

1
σηt
φ
³
T t3ijc(tjic,εLic)

σηt

´
if tjic > 0

R22tij (·) =



B
³
T t2ijc(0,εXi)

σηt
,
T t2ijs(0,εXi)

σηt
, ρt

´
if tjic = tjis = 0, Hi = 0

B1

³
T t2ijc(tjic,εXi)

σηt
,
T t2ijs(0,εXi)

σηt
, ρt

´
if tjic > 0, tjis = 0, Hi = 0

B2

³
T t2ijc(0,εXi)

σηt
,
T t2ijs(tjis,εXi)

σηt
, ρt

´
if tjic = 0, tjis > 0, Hi = 0

B12

³
T t2ijc(tjic,εXi)

σηt
,
T t2ijs(tjis,εXi)

σηt
, ρt

´
if tjic > 0, tjis > 0, Hi = 0

B
³
T t1ijc(0)

σηt
,
T t1ijs(0)

σηt
, ρt

´
if tjic = tjis = 0, Hi = 1

B1

³
T t1ijc(tjic)

σηt
,
T t1ijs(0)

σηt
, ρt

´
if tjic > 0, tjis = 0, Hi = 1

B2

³
T t1ijc(0)

σηt
,
T t1ijs(tjis)

σηt
, ρt

´
if tjic = 0, tjis > 0, Hi = 1

B12

³
T t1ijc(tjic)

σηt
,
T t1ijs(tjis)

σηt
, ρt

´
if tjic > 0, tjis > 0, Hi = 1

R23tij (·) =



B
³
T t2ijc(0,εXi)

σηt
,
T t3ijs(0,εLis)

σηt
, ρt

´
if tjic = tjis = 0, Hi = 0

B1

³
T t2ijc(tjic,εXi)

σηt
,
T t3ijs(0,εLis)

σηt
, ρt

´
if tjic > 0, tjis = 0, Hi = 0

B2

³
T t2ijc(0,εXi)

σηt
,
T t3ijs(tjis,εLis)

σηt
, ρt

´
if tjic = 0, tjis > 0, Hi = 0

B12

³
T t2ijc(tjic,εXi)

σηt
,
T t3ijs(tjis,εLis)

σηt
, ρt

´
if tjic > 0, tjis > 0, Hi = 0

B
³
T t1ijc(0)

σηt
,
T t3ijs(0,εLis)

σηt
, ρt

´
if tjic = tjis = 0, Hi = 1

B1

³
T t1ijc(tjic)

σηt
,
T t3ijs(0,εLis)

σηt
, ρt

´
if tjic > 0, tjis = 0, Hi = 1

B2

³
T t1ijc(0)

σηt
,
T t3ijs(tjis,εLis)

σηt
, ρt

´
if tjic = 0, tjis > 0, Hi = 1

B12

³
T t1ijc(tjic)

σηt
,
T t3ijs(tjis,εLis)

σηt
, ρt

´
if tjic > 0, tjis > 0, Hi = 1
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R32tij (·) =



B
³
T t3ijc(0,εLic)

σηt
,
T t2ijs(0,εXi)

σηt
, ρt

´
if tjic = tjis = 0, Hi = 0

B1

³
T t3ijc(tjic,εLic)

σηt
,
T t2ijs(0,εXi)

σηt
, ρt

´
if tjic > 0, tjis = 0, Hi = 0

B2

³
T t3ijc(0,εLic)

σηt
,
T t2ijs(tjis,εXi)

σηt
, ρt

´
if tjic = 0, tjis > 0, Hi = 0

B12

³
T t3ijc(tjic,εLic)

σηt
,
T t2ijs(tjis,εXi)

σηt
, ρt

´
if tjic > 0, tjis > 0, Hi = 0

B
³
T t3ijc(0,εLic)

σηt
,
T t1ijs(0)

σηt
, ρt

´
if tjic = tjis = 0, Hi = 1

B1

³
T t3ijc(tjic,εLic)

σηt
,
T t1ijs(0)

σηt
, ρt

´
if tjic > 0, tjis = 0, Hi = 1

B2

³
T t3ijc(0,εLic)

σηt
,
T t1ijs(tjis)

σηt
, ρt

´
if tjic = 0, tjis > 0, Hi = 1

B12

³
T t3ijc(tjic,εLic)

σηt
,
T t1ijs(tjis)

σηt
, ρt

´
if tjic > 0, tjis > 0, Hi = 1

R33tij (·) =



B
³
T t3ijc(0,εLic)

σηt
,
T t3ijs(0,εLis)

σηt
, ρt

´
if tjic = tjis = 0

B1

³
T t3ijc(tmic,εLic)

σηt
,
T t3ijs(0,εLis)

σηt
, ρt

´
if tjic > 0, tjis = 0

B2

³
T tcijc(0,εLic)

σηt
,
T t3ijs(tjis,εLis)

σηt
, ρt

´
if tjic = 0, tjis > 0

B12

³
T t3ijc(tjic,εLic)

σηt
,
T t3ijs(tjis,εLis)

σηt
, ρt

´
if tjic > 0, tjis > 0

,

B
¡
x1
σ ,

x
σ , ρ

¢
is the standard bivariate normal distribution function,

Bj

³x1
σ
,
x2
σ
, ρ
´

=
∂

∂xj
B
³x1
σ
,
x2
σ
, ρ
´

Bjk

³x1
σ
,
x2
σ
, ρ
´

=
∂2

∂xj∂xk
B
³x1
σ
,
x2
σ
, ρ
´
.
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