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Example: Symmetric random walk

e Consider the symmetric random walk X}, defined as

% Xt + 1 with probability %
t+1 —
" Xt — 1 with probability %

e What is E[Xt ‘ Xy = xo]?




Example: Symmetric random walk

e For this process, E[X; | Xy = z] = 2

e To show this, we use the fact that
E[X¢1| Xe =21, Xo = 20] = 24 (1)

for all zq, ..., x¢

e A random process with the property (1) is called a Martingale

Continuous random variables

e In the previous example, for each ¢

Im(X;) ={...,-2,—-1,0,1,2,...}

e Now we may encounter processes where Im(X¢) is uncountable

e We'll review some basic results for continuous random variables...




Continuous random variables (cont.)

e Suppose, we have a probability model where €2 is uncountable
e Let X : () — R be an RV taking uncountably many values

e We can define the cumulative distribution function (CDF) as
F(zx)=P(X <x)

forall z € R

e From the CDF, we have

P(z; < X <x9) = F(x9) — F(x7)

Continuous random variables (cont.)

e If the CDF is a continuous function of 2, we can define

f(2) = lm L(F(z + o) — F(z))

e—0 €

d
= ﬁF(x)

e f is the probability density function (PDF) of X

e In terms of the PDF, the expected value of X is

E[X] - / o f(a)da

—00




Continuous random variables (cont.)

e For a pair of RVs X and Y, we have the joint CDF

F(z,y) =P(X <z,Y <vy)

e \We also have the joint PDF,

82
0xdy

flz,y) = F(x,y)

e We can construct the PDF of Y from the joint PDF by

friy) = /_ " flay)da

Conditional expectation

e For discrete RVs X and Y, we defined

EX|Y =y = > zPX=z|Y=y)
relm(X)
_ 2aelm(x) TP =2,V =y)
P(Y =y)

e For continuous RVs X and Y, how do we define E[X |Y = y]?

e A problem arises since, in general, P(Y =y) =0




Conditional expectation (cont.)

e When f is continuous, define conditional expectation as

BX|Y = y] = lim E[X|Y € [y,y+¢]

e Fore >0,

[0 [V fa,y)dy
E[X|Y €ly,y+e] =
XY el d] =T e s

e So for any € > 0, the conditional expectation is defined

10
Conditional expectation (cont.)

e We are assuming f is continuous, so for any 6 > 0 we have

Yy+e€

(f(z,y) — O)e < / f(a,y) < (fle,) + 6)e

Y

for all sufficiently small ¢...

e This gives,

E[X|Y =] = lim B[X|Y € [y,y+¢]
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Iterated expectation

e Suppose X, ..., X; are correlated random variables

e We want to find E[f (X, ..., X})]

We can first take the expectation over X¢, then over Xg, ..., X}

That is, let

g(xo, . xp—1) = E[f(Xo, ..., X¢) | Xo =m0, ..., X1 = 241

e Then

E[9<X07 cee 7Xt—1>]

E[E[f(Xo, ..., X¢t) | X0, -, X¢-1]]
= E[f(Xyp,...,Xp)]
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Example: lterated expectation

e Suppose X and Y are RVs both with Im(X) = Im(Y) = {1,2}

o let

0.life=1y=1
02ifx=2y=1
03ife=19y=2
04ifr=2y=2

e Here we can evaluate E[X Y] directly as

E[XY] = 0.1(1) 4 0.2(2) + 0.3(2) + 0.4(4)
=27
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Example: Iterated expectation (cont.)

e We could also first compute E[XY | Y = y],

{%<1>+%<2>—§ fy=1
H2) +7(4) =F ify =2

EXY|Y =y| =
e We then find
E(XY] = E[EXY |Y]]

()

[
~ 0.3
7
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Martingales

e A Martingale is a stochastic process X, X1, Xo,... with
E[Xi1 | Xt =a¢,..., Xy = 20] = 2¢

for all t and x, ..., x¢

e More general definitions exist, but this one will be sufficient for us

e The next theorem shows E[ X} | Xy = z¢] = xg...
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Martingales (cont.)

e Theorem: E[X; | X = 2] = x( for all ¢ and x

e Proof:
e Suppose E[X; 1| Xy = 2] = x¢. Then
E[X;| X0 = 20] = E[E[X;| X1, X¢—2, ..., Xo] | X0 = 2]
= E[X;—1 | Xo = 2]
e Since E[X | X = xg] = xq, by induction for all ¢
E[X¢ | Xo = 20| = z0
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Example: Growth of a stock

e Suppose at time t the price of a stock is X

Let Xy = R X, where Ry, Ry ... are independent...
..and E[Ry] = r for all ¢

e The R; are not necessarily identically distributed

In general we could have Im(R;) = [0, o0)

The process X, X1, ... is not a Martingale...
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Example: Growth of a stock (cont.)

e ...however, the process Y; = (%) Xt is a Martingale

e To verify this,
BV Y = yr. Yo = w0
1
= TBIRY|Yi = yr,. Yo = ul
t
= y—E[Rt]
,
= Yt
e Therefore, E[Y} | Yy = yo] = vo, or
E[X;| Xo = z0] = r'xg

since Yy = x(
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Example: Random walk

e Now consider the random walk X4, defined as

. Xt + 1 with probability p
t+1 = Xt — 1 with probability 1 — p

e This process is not a Martingale...

e However, the process Y; = X; — (2p — 1)t is a Martingale
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Example: Random walk

e To verify that Y} is a martingale, note that

Yi+1— (2p — 1) with probability p
b Yy — 1 — (2p — 1) with probability 1 — p

e Therefore,

E[Y;H-l‘y%zyta"'ayo:y()]
=(m+1-C-1)p+m-1-(2»-1))1-p)
= Yt

e This implies E[Y; | Yo = yo] = yo, or

E[X; [ Xo=zo] =20+ (2p— 1)t
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Example: Absorbing random walk

o If Xy >0, let

. Xt + 1 with probability p
t+1 = Xt — 1 with probability 1 — p

e But now, if X =0, then X3,1 =0
e That is, 0 is an absorbing boundary for this random walk

e Again, X; is not a Martingale...




Example: Absorbing random walk

e For a sample path Xy(w), Xi(w), ..., let
To(w) = inf{t > 0| X¢(w) =0}

be the hitting time to 0

e The process Y, Y], ... defined as
Vilw) = Xi(w) — (2p — 1) min{t, T(w)}

is a Martingale
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Example: Absorbing random walk

e Suppose that p < % E[Ty| Yy = yo] < oo, and
limy—o0 E[X; | X = 0] = 0

e Then

Yo = tlim E[Y; | Yy = v
— 0

= lim E[X; — (2p — 1) min{t, Ty} | ¥y = g
— 00

= (1 =2p)E[Ty| Yy = yo]

e Thatis, E[Ty| Xy = 2] = 1E%p

e Now we'll generalize this example...
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Random times

e Let T’ be an integer-valued random variable

Suppose {w € Q|T(w) =t} is determined by Xy, ..., X;...

e ..then we say that 7" is a random time

For example, consider the hitting time

Ts(w) = inf{t >0 | Xt(w) € S}

This is a random time since
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{weQ|Tsw) =t} ={w e Q| X(w) € S, Xr(w) &S for T < t}

Stopping times

o If P(T' < 00) =1, then T is called a stopping time

e Suppose X, X1,...is a Martingale and 1" is a stopping time

e We can define the stopped process 7;(w) = Xmin{t,T(w)}<w>

e The process Z, Z1, ... is a Martingale
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Stopping times (cont.)

e To show that Zj, 71, ... is a Martingale...

e If T"is a stopping time and T' < ¢, then Z;11 = Z;...
o ...therefore,

ElZi|Zt=2,...,20) = 2| = 2
o Ift<T, then X =Y. fork <t+1..

...therefore,

E[Zt+1|Zt:Zt7"'7Z0:ZO] - E[Xt+1|Xt:Zt,...,XO:ZO]
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Martingale Stopping Theorem

e Theorem: Consider the following conditions:

(i) Thereis K < oo with |Z;(w)| < K for all t and w
(i) There is K < oo with T'(w) < K for all w

(iii) E[T| Xg = xg] < oo and there is K < oo with
E[|Zt = Zi | Ze =21, ... . Zy= 2] < K

for all t and 2z, ..., 2.

If either (i), (i), (iii) holds, then E[ X1 | Xy = xg] = xy.
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Martingale Stopping Theorem (cont.)

e Proof idea: (we'll only show (i) and (ii))
e We know that E[Z; | Zy = 2p] = 2 for all ¢

e If condition (i) holds, then

[E[X7| X0 = 2] — 20| = |E[X7| X0 =20] — E[Z| Zo = 20|
< OKP(t < T)

As t — oo, we have P(t < T') — 0

e If condition (ii) holds, then

lim Zy(w) = Xp(w)

t—o0
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Examples presented in class

e Some examples presented in class:

e Wald's equation

e Expected time for a pattern of coin flips
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Example: Absorbing random walk Il

e Asymmetric random walk with absorbing boundaries @ and b > a
o lfa< Xy <, let

% Xt + 1 with probability p
AR Xt — 1 with probability 1 —p

o Let T'(w) be the time that X;(w) reaches an absorbing boundary

e Using Martingales, we will compute P(X7 = a)
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Example: Absorbing RW Il (cont.)

e Consider the process Y%, defined as

vitw) = (-2 o

p

e Y} is a Martingale. To show this

EYi|YVi=y,..| = (p (%) +(1—p) (tfpyl) Yt

= Yt
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Example: Absorbing RW Il (cont.)

_ 1\ (1=p)’
e —max{ (52)" (52)',
e For this Martingale, | Z;(w)| < K for all t and w

e Condition (i) of Stopping theorem satisfied, so

E[Y7| Yo = yo] = vo
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Example: Absorbing RW Il (cont.)

e We know that

By Y-l = (L) POxr-a

e We can use this to solve for P(X7 = a) and P(Xp = b)




33

Example: Absorbing RW Il (cont.)

e We can solve for P(X7 = a) to find

P(Xr=a)= (%)b — (%) ()

o Also,
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Example: You can’t beat a fair game

e Martingales get their name from a well-known betting strategy

e ldea: Double your previous bet after each loss

e Popular in 18th century France

e Many people believed that this strategy was a ‘sure thing’
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Example: You can’t beat a fair game

e Here's how it works: Start by betting $1...
e ...if we lose, bet $2...
o ...if we lose n times in a row, bet $2" next...

e ...stop when we run out of money or win once

e In many plays, it's very likely that we win once...
e .if we start with enough money, it seems sure that we'll win $1
e However, E[ X7 |x0] = zy...

e ...on average, we won't make a profit
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Submartingales and Supermartingales

e A Submartingale is a stochastic process X, X1, X9, ... with
EXi | Xt =a¢,..., X =20] > 3¢

for all t and z, ..., x¢

e Similarly, a Supermartingale is a process with
EXi1 | Xe =2y, X = x0] <

for all t and z, ..., x¢
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Sub/Supermartingales (cont.)

e Suppose X, X1,...is a Submartingale

e Similar to Martingales, for all ¢ we have

E[X: | X0 = x| > 20

e Suppose X, X1, ... is a Supermartingale

e Similar to Martingales, for all ¢ we have

E[X¢ | Xo = 2] < 2
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Stopping Sub/Supermartingales

e Suppose X, X1,...is a Submartingale and 7" is a stopping time
e Similar to Martingales, if (i), (i), or (iii) on slide 26,

E[X7 | Xy = 2] > z0
e Suppose X, X1,...is a Supermartingale and 1" is a stopping time

e Similar to Martingales, if (i), (ii), or (iii) on slide 26,

E[X7| Xy = x| < 29




Conclusion

e This is the last topic of the course

e Martingales often provide a quick method of analyzing a process...

e However, some ingenuity is often required to ‘find’ the Martingale
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