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Abstract— We consider a problem of managing separate
multicast sessions from a single transmitter. Each ofK sessions
has an associated packet stream, and a single transmitter must
transmit these packet streams to a group of receivers. The
multicast sessions are separate in the sense that each receiver
only wants packets from one of theK streams. We will compare
the maximum stable arrival rates that can be supported with
and without using random linear coding across theK sessions.

Intuitively, it seems that coding across sessions is not bene-
ficial. Coding across sessions appears to introduce unnecessary
additional delay since each receiver does not receive its next
packet until it can decode the head-of-line packets fromall K

streams. However, we show that in many cases the maximum
stable arrival rate that can be supported when coding across
sessions is significantly greater than maximum stable arrival
rate that can be supported when not coding across sessions. We
provide a sufficient condition that indicates when coding across
sessions is preferable. This condition is expressed in terms of
the number of sessions, the number of receivers per session,
and the reliability of the channels connecting the transmitter
to the receivers.

I. I NTRODUCTION

In this paper we consider a problem of managing separate
multicast sessions from a single transmitter. The system we
consider is modeled by a single transmitter with a set of
packet streams to send to a set of receivers. Each stream is
to be multicast to a separate set of receivers. The transmitter
is connected to each receiver by an unreliable channel, so
transmissions are not always successfully received. This is
similar to the systems considered in [12] and [4].

We consider the stability of transmission schemes that
encode packets across sessions. In particular, we will an-
alyze a transmission scheme based on the use of random
linear Fountain codes [10]. Rather than transmitting packets
individually, when using random linear coding we transmit
random linear combinations of the packets awaiting trans-
mission. After a receiver obtains sufficiently many linearly
independent combinations of the packets, it can decode the
received packets to obtain the original packets.

We will explore the benefits of performing random linear
coding across separate multicast sessions. Several recent
papers have considered the performance of coding across
sessions over lossless networks [3], [5]. Here we will ex-
amine not only how the benefits of coding are affected by
the number of sessions and receivers, but also how coding
improves performance over unreliable channels. Specifically,
we will compare two transmission schemes. The first is a
standard retransmission scheme, where unencoded packets
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Fig. 1. Multiple overlapping multicast sessions.K packets are to be
transmitted to a set ofM receivers. There is an edge connecting packet
i to receiverj if packeti must be received by receiverj. In this case, each
packet must be received by allM receivers.

are transmitted until they have been successfully received
by their assigned receivers. The second scheme transmits
random linear combinations of the head-of-line packets in
all streams until each receiver can decodeall of the head-of-
line packets. It will be shown that, surprisingly, the second
scheme can often support higher packet arrival rates than the
first scheme.

To show why the results of this paper are surprising, we
will compare them to known results for some special cases.
The setup considered in this paper is similar to those in [12]
and [4]. In [12], a single queue of packets is considered, and
all of the packets are to be multicast to a common set ofM

receivers. We can consider a similar setup in the framework
of this paper, where instead we haveK queues. Packets from
each session must be received by allM receivers, as depicted
in Figure 1. When coding over theK head-of-line packets,
the maximum stable arrival rate is the same as the maximum
stable arrival rate when coding over the firstK packets of a
single queue, as in [12].

As another case, we could consider a setup where we have
K separate unicast sessions. Here we haveK queues andK
receivers. For alli, receiveri only wants packets in queue
i as depicted in Figure 2. In this case, the maximum stable
arrival rate is always higher if we do not perform coding
across sessions, as noted in [4].

In this paper we analyze the case depicted in Figure 3,
where we haveK separate multicast sessions. Here each
packet is destined forM receivers. However, unlike the setup
shown in Figure 1, each packet is multicast to adistinct set
of receivers. That is, each receiver wants packets from only
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Fig. 2. Separate unicast sessions.K packets are to be transmitted to a set
of K receivers. Packeti must be received by receiveri. In this case, coding
across sessions is never preferable.
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Fig. 3. Separate multicast sessions.K packets are to be transmitted to a
set ofMK receivers. Packeti must be received by receiversM(i − 1) +
1, . . . , Mi. For M > 1, coding across sessions is often preferable.

one of the sessions. Intuition suggests that this is closer to
the unicast setup shown in Figure 2 than the multicast setup
in Figure 1. By coding across allK sessions, it seems that
we introduce additional delay since packets do not leave
the queues until each receiver can decodeall K packets.
While each receiver wants allK packets in the case shown
in Figure 1, this is clearly an unnecessary requirement for the
cases shown in Figures 2 and 3. However, for the case shown
in Figure 3, we will show that coding across all sessions
can still often support significantly higher stable arrivalrates
than when not coding. We provide a sufficient condition that
indicates when coding across sessions is preferable. This
condition is expressed in terms of the number of sessions,
the number of receivers per session, and the reliability of the
channels connecting the transmitter to the receivers.

II. SYSTEM MODEL

The system we consider is modeled by a single transmitter
with K packet streams to send to a set of receivers. Each
packet stream has an associated queue. Time is slotted, and
in each time slot at most one packet may arrive in each
queue. Arrivals are independent and identically distributed
over time. The expected number of packets arriving in a
queue in each time slot is thearrival rate for that queue. In
our model, each of theK queues have the same arrival rate.
The sumarrival rate is the expected total number of packets
arriving in all K queues in each time slot.

The set of receivers is denotedR, and each stream is to
be multicast to some subset of the receivers inR. We let
Ri ⊆ R denote the set of receivers that the packets in queue
i must be sent to. In this paper, we will focus on the case
where|Ri| = M for all i andRi ∩Rj = ∅ for all i 6= j.

The transmitter is connected to each receiver by an erasure
channel. In each time slot, a single packet may be transmit-
ted. A transmitted packet is successfully received by each
receiver with probabilityq, and successes are independent
across the receivers. We will consider the set of sum arrival
rates for which this system is stable for two transmission
schemes:

(a) Retransmission:The head-of-line packet in a selected
session is transmitted repeatedly until it is successfully
received by theM receivers assigned to this packet.
This packet is then removed from the queue, and the
next session in round-robin order is selected.

(b) Random linear coding: In each time slot, we cre-
ate a random linear combination of theK head-of-
line packets by selecting a random subset of these
packets and adding them bitwise. This encoded packet
is then transmitted. Random linear combinations of
the K head-of-line packets are transmitted repeatedly
until all MK receivers can decode allK head-of-line
packets. If some queues are unoccupied when a round
of encoding begins, we only code over the current head-
of-line packets. Any arrivals to those queues during
transmission will not be moved to the head of the queue
until the current head-of-line packets are decoded.

One of the key differences between these two schemes is that
retransmission only requires that each packet is successfully
received by the receivers assigned to it, but random linear
coding implicitly requires that each packet is successfully
received by every receiver. However, we will see that random
linear coding still often supports higher arrival rates than
retransmission.

III. M AIN RESULTS

The goal of this paper is to determine when random linear
coding across sessions can support higher arrival rates than
retransmission. When coding across sessions, letE[T1] be the
expected number of time slots required to transmitK head-
of-line packets. For a given arrival rateλ, we can define the
traffic intensityas

ρ1 =
λE[T1]

K
.

It is well known [7] that the queues are stable if and only if
ρ1 < 0. When coding across sessions, the maximum stable
arrival rate is defined as

λ1 = sup{λ | ρ1 < 1}

=
K

E[T1]
.

Similarly, when not coding across sessions, letE[T2] be
the expected number of time slots required to transmit one



packet. For a given arrival rateλ, the traffic intensity is

ρ2 = λE[T2].

The maximum stable arrival rate when not coding across
sessions is

λ2 = sup{λ | ρ2 < 1}

=
1

E[T2]
.

By the end of this section we will provide a condition that
indicates whenλ1 ≥ λ2. Theorem 1, which provides a lower
bound onλ1, is based on the general inequality in Lemma 1.
The proof of this lemma also appears in [1], but is provided
here to keep our treatment self-contained.

Lemma 1:Suppose X1, . . . ,XN are identically dis-
tributed, but not necessarily independent random variables.
For anyt > 0,

E[max{X1, . . . ,XN}] ≤
1

t

(

ln(N) + ln
(

E[etX1 ]
))

.

Proof: For anyx1, . . . , xN and t > 0,

max{x1, . . . , xN} =
1

t
ln
(

max{etx1 , . . . , etxN }
)

≤
1

t
ln
(

etx1 + · · · + etxN
)

.

Therefore, for the random variablesX1, . . . ,XN we have

E[max{X1, . . . ,XN}]

≤
1

t
E
[

ln
(

etX1 + · · · + etXN
)]

≤
1

t
ln
(

E[etX1 ] + · · · + E[etXN ]
)

=
1

t
ln
(

NE[etX1 ]
)

=
1

t

(

ln(N) + ln
(

E[etX1 ]
))

,

where the second inequality follows from Jensen’s inequality.

Now we provide a lower bound onλ1, the maximum stable
arrival when coding across all sessions.

Theorem 1:The maximum stable arrival rate using ran-
dom linear coding across sessions satisfies

λ1 ≥
−K ln

(

1 − qe−1
)

0.46K + ln(M) + ln(K) + 1.26

Proof: We will start by computing an upper bound
on E[T1], the expected number of time slots required to
transmitK head-of-line packets. LetXi be the number of
transmissions until receiveri successfully receivesK linearly
independent combinations of theK head-of-line packets.

X1, . . . ,XMK are identically distributed, and for eachi we
can writeXi as

Xi = Y0,i + · · · + YK−1,i.

Here, Yj,i is the time for receiveri to receive the next
linearly independent combination after successfully receiv-
ing j linearly independent combinations. Since the chan-
nel connecting the transmitter to receiveri is memoryless,
Y0,i, . . . , YK−1,i are independent. Each transmitted packet
is successfully received by receiveri with probability q.
The combination associated with this packet is linearly
independent of the combinations received so far if it is
not the sum of a subset of thej packets received so far.
After receiving j linearly independent combinations, there
are 2K − 2j linearly independent combinations remaining.
Since each transmitted packet is sampled uniformly from
among the2K possible combinations of the head-of-line
packets,

Yj,i ∼ Geom
(

(1 − 2j−K)q
)

.

Here we will let N = MK. Using the inequality in
Lemma 1, we have

E[max{X1, . . . ,XN}] ≤
1

t

(

ln(N) + ln(E[etX1 ])
)

(1)

for all t > 0. The moment generating function ofX1 is

E[etX1 ] = E
[

et(Y0,1+···+YK−1,1)
]

= E[etY0,1 ] · · ·E[etYK−1,1 ]

=

K−1
∏

j=0

(

(1 − 2j−K)qet

1 − (1 − (1 − 2j−K)q)et

)

.

Therefore,

ln
(

E[etX1 ]
)

=

K−1
∑

j=0

ln

(

(1 − 2j−K)qet

1 − (1 − (1 − 2j−K)q)et

)

= −
K−1
∑

j=0

ln

(

1 −
1 − e−t

(1 − 2j−K)q

)

.

Applying this to (1) gives

E[T1] ≤
1

t



ln(N) −
K−1
∑

j=0

ln

(

1 −
1 − e−t

(1 − 2j−K)q

)



 .

Using t = − ln(1 − qe−1) gives

E[T1] ≤
−1

ln (1 − qe−1)



ln(N) −
K−1
∑

j=0

ln

(

1 −
e−1

1 − 2j−K

)



 .

Since

−
K−1
∑

j=0

ln

(

1 −
e−1

1 − 2j−K

)

≤ −K ln(1 − e−1) −
∞
∑

j=1

ln

(

1 − e−1

1−2−j

1 − e−1

)

≤ 0.46K + 1.26,



this finally gives

E[T1] ≤
ln(N) + 0.46K + 1.26

− ln (1 − qe−1)

=
ln(M) + ln(K) + 0.46K + 1.26

− ln (1 − qe−1)

The maximum stable arrival rate then satisfies

λ1 =
K

E[T1]

≥
−K ln

(

1 − qe−1
)

ln(M) + ln(K) + 0.46K + 1.26

Now that we have a bound onλ1, we would like to
compare this toλ2. The following theorem gives an upper
bound onλ2, the maximum stable arrival rate when not
coding across sessions.

Theorem 2:The maximum stable arrival rate using unen-
coded retransmission satisfies

λ2 ≤
− ln (1 − q)

ln(M + 1) + 0.3

Proof: We will start by computing a lower bound on
E[T2], the expected number of time slots required to transmit
a packet from queue 1. Without loss of generality, we will
focus our attention on queue 1. LetZi be the number of
attempted transmissions to receiveri until it successfully
receives its packet. Since the number of attempted trans-
missions until success for a given receiver is geometrically
distributed,

P(Zi ≤ n) = 1 − (1 − q)n.

The time to transmit a packet from queue 1 is
max{Z1, . . . , ZM}. Since the channels connecting the trans-
mitter to receivers1, . . . ,M are independent,

P(max{Z1, . . . , ZM} ≤ n) = P(Z1 ≤ n, . . . , ZM ≤ n)

= P(Z1 ≤ n) · · ·P(ZM ≤ n)

=
(

1 − (1 − q)n
)M

.

So,

E[max{Z1, . . . , ZM}]

=
∞
∑

n=1

nP(max
i

{Zi} = n)

=

∞
∑

n=1

n
(

P(max
i

{Zi} ≤ n) − P(max
i

{Zi} ≤ n − 1)
)

=
∞
∑

n=1

n
((

1 − (1 − q)n
)M

−
(

1 − (1 − q)n−1
)M)

.

Letting λ = − ln(1 − q),

E[max{Z1, . . . , ZM}]

=
∞
∑

n=1

n
((

1 − e−λn
)M

−
(

1 − e−λ(n−1)
)M)

=

∞
∑

n=1

n

∫ n

n−1

d

dx

(

1 − e−λx
)M

dx

= λM

∞
∑

n=1

n

(∫ n

n−1

(

1 − e−λx
)M−1

e−λxdx

)

≥ λM

∫

∞

0

x
(

1 − e−λx
)M−1

e−λxdx

The inequality above follows from Ḧolder’s inequality. As
shown in [11], the last integral above can be evaluated to
give

λM

∫

∞

0

x
(

1 − e−λx
)M−1

e−λxdx

=
1

λ

M
∑

i=1

1

i

≥
1

λ
+

1

λ

M
∑

i=2

∫ i+1

i

1

x
dx

=
1

λ
+

1

λ

∫ M+1

2

1

x
dx

=
ln(M + 1) + 1 − ln(2)

− ln (1 − q)

≥
ln(M + 1) + 0.3

− ln (1 − q)
.

The first inequality above follows from the fact that1
x

is
decreasing. So,

E[T2] ≥
ln(M + 1) + 0.3

− ln (1 − q)

The maximum stable arrival rate then satisfies

λ2 =
1

E[T2]

≤
− ln (1 − q)

ln(M + 1) + 0.3

Our ultimate goal is to determine when it is preferable
to code across sessions. That is, we want to know when
λ1 ≥ λ2. The following corollary gives a simple sufficient
condition indicating when coding is preferable. After estab-
lishing this corollary we are able to make several general
statements relating the benefits of coding to the parameters
q, M , andK.

Corollary 1: λ1 ≥ λ2 if

0.46K + ln(M) + ln(K) + 1.26

K
(

ln(M + 1) + 0.3
) ≤

ln(1 − qe−1)

ln(1 − q)
. (2)
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Fig. 4. Comparison of the maximum stable arrival rates for 50 sessions
with and without coding. In this case,q = 0.8 and we compare stable rate as
a function ofM , the number of receivers per session. Transmitting without
coding is only preferable for very smallM . For largeM , the maximum
stable arrival rate using coding is more than twice the maximum stable rate
without coding.

This corollary is proven by simply comparing the lower
and upper bounds forλ1 andλ2 that were obtained in The-
orems 1 and 2. Several observations regarding the condition
(2):

(i) Coding is preferable whenM is large. The left-hand
side of (2) is decreasing with increasingM . So, if
coding is preferable for someq, K, andM ′ then coding
is also preferable forq, K, and allM > M ′.

(ii) For all M > 1, there are q and K such that coding is
preferable. As noted in the introduction, coding across
sessions is never preferable whenM = 1. However, for
M = 2, there areq andK such that coding is preferable.
For example, coding is preferable forM = 2, q = 0.2,
and K = 500. From item (i), we also see that coding
is preferable forq = 0.2, K = 500, and allM > 1.

(iii) Coding is preferable whenK is large. The left-hand
side of (2) is decreasing with increasingK. So, if coding
is preferable for someq, M , andK ′, then coding is also
preferable forq, M , and allK > K ′.

(iv) Coding is preferable when q is small. The right
hand side of (2) is decreasing with increasingq, and
approaches zero asq → 1. So, if coding is preferable
for somem, K, andq′, then coding is also preferable
for M , K, and allq < q′. On the other hand, for any
M andK, there isq sufficiently close to 1 such that the
condition (2) fails to hold. This is to be expected, since
as q → 1, coding is not preferable. To see why this is
true, without coding the expected transmission time is
K whenq = 1. With coding, the expected transmission
time is strictly greater thanK for all q ≤ 1 since each
receiver must receiveK linearly independent columns.

IV. CONCLUSIONS

In this paper we considered a problem of managing several
separate multicast sessions from a single transmitter. We
compared the maximum stable arrival rates when using a
standard retransmission scheme and when using a scheme
that performs random linear coding across the head-of-line
packets of the queues associated with theK sessions. Since
the multicast sessions are separate, it seems that coding
across sessions is not beneficial. However, we have shown
that in many cases the maximum stable arrival rate that
can be supported when coding across sessions is signifi-
cantly greater than maximum stable arrival rate that can be
supported when not coding across sessions. We provided a
sufficient condition in terms ofM , K, andq that indicates
when coding across sessions supports higher arrival rates.

The results of this paper immediately raise several ques-
tions. In particular:

• The random linear coding approach requires the trans-
mission of additional overhead information to identify
the random subset of packets used in forming a random
linear combination. What is the effect of this coding
overhead on stable arrival rates?

• Are similar results obtained in a model where there are
an equal number of receivers in each multicast group?

• How does the maximum stable rate we can achieve
through coding compare with the maximum stable rate
that can be achieved using scheduling with channel state
information?

These issues are addressed in the upcoming paper [2].
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