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Abstract—We consider a problem of managing separate 1

multicast sessions from a single transmitter. Each of< sessions
has an associated packet stream, and a single transmitter must

transmit these packet streams to a group of receivers. The °
multicast sessions are separate in the sense that each receiver
only wants packets from one of theK streams. We will compare °

the maximum stable arrival rates that can be supported with
and without using random linear coding across theK sessions.
Intuitively, it seems that coding across sessions is not bene-
ficial. Coding across sessions appears to introduce unnecessary K
additional delay since each receiver does not receive its next
packet until it can decode the head-of-line packets fromall K
streams. However, we show that in many cases the maximum Fig. 1.  Multiple overlapping multicast session& packets are to be
stable arrival rate that can be supported when coding across transmitted to a set o/ receivers. There is an edge connecting packet
sessions is significantly greater than maximum stable arrival i to receiver; if packeti must be received by receivgr In this case, each
rate that can be supported when not coding across sessions. We packet must be received by all receivers.
provide a sufficient condition that indicates when coding across
sessions is preferable. This condition is expressed in terms of

the number of sessions, the number of receivers per session, itted il thev h b full ived
and the reliability of the channels connecting the transmitter '€ transmitted until they have been successfully receive

to the receivers. by their assigned receivers. The second scheme transmits
random linear combinations of the head-of-line packets in
I. INTRODUCTION all streams until each receiver can decatleof the head-of-
ge packets. It will be shown that, surprisingly, the seton

In this paper we consider a problem of managing separalf : ;
multicast sessions from a single transmitter. The system \y&neme can often support higher packet arrival rates tfean th
consider is modeled by a single transmitter with a set di'St scheme.
packet streams to send to a set of receivers. Each stream id0 show why the results of this paper are surprising, we
to be multicast to a separate set of receivers. The traresmitWill compare them to known results for some special cases.
is connected to each receiver by an unreliable channel, 3§€ setup considered in this paper is similar to those in [12]
transmissions are not always successfully received. Ehis @d [4]. In [12], a single queue of packets is considered, and
similar to the systems considered in [12] and [4]. all of the packets are to be multicast to a common set/of

We consider the stability of transmission schemes th&gCeivers. We can consider a similar setup in the framework
encode packets across sessions. In particular, we will afif this paper, where instead we hakiequeues. Packets from
alyze a transmission scheme based on the use of rand§RFh session must be received byldllreceivers, as depicted
linear Fountain codes [10]. Rather than transmitting peeckeln Figure 1. When coding over th& head-of-line packets,
individually, when using random linear coding we transmithe maximum stable arrival rate is the same as the maximum
random linear combinations of the packets awaiting transiable arrival rate when coding over the fifstpackets of a
mission. After a receiver obtains sufficiently many lingarl Single queue, as in [12].
independent combinations of the packets, it can decode theAs another case, we could consider a setup where we have
received packets to obtain the original packets. K separate unicast sessions. Here we hHavgueues and(

We will explore the benefits of performing random lineareceivers. For all, receiveri only wants packets in queue
coding across separate multicast sessions. Several receas depicted in Figure 2. In this case, the maximum stable
papers have considered the performance of coding acra¥sival rate is always higher if we do not perform coding
sessions over lossless networks [3], [5]. Here we will exacross sessions, as noted in [4].
amine not only how the benefits of coding are affected by In this paper we analyze the case depicted in Figure 3,
the number of sessions and receivers, but also how codimghere we haveK separate multicast sessions. Here each
improves performance over unreliable channels. Spedifjcal packet is destined fab/ receivers. However, unlike the setup
we will compare two transmission schemes. The first is shown in Figure 1, each packet is multicast tdistinct set
standard retransmission scheme, where unencoded paclatseceivers. That is, each receiver wants packets from only



The set of receivers is denotéd, and each stream is to
be multicast to some subset of the receiversRinWe let
R; € R denote the set of receivers that the packets in queue
1 must be sent to. In this paper, we will focus on the case
where|R;| = M for all i andR; " R; = 0 for all i # j.

The transmitter is connected to each receiver by an erasure
channel. In each time slot, a single packet may be transmit-
ted. A transmitted packet is successfully received by each
receiver with probabilityg, and successes are independent
across the receivers. We will consider the set of sum arrival

Fig. 2. Separate unicast sessiohASpackets are to be transmitted to a setyates for which this system is stable for two transmission
of K receivers. Packatmust be received by receivérin this case, coding schemes:

across sessions is never preferable.

K

[ ]

(a) Retransmission: The head-of-line packet in a selected
session is transmitted repeatedly until it is successfully
received by theM receivers assigned to this packet.
This packet is then removed from the queue, and the
next session in round-robin order is selected.

(b) Random linear coding: In each time slot, we cre-
ate a random linear combination of th€ head-of-
line packets by selecting a random subset of these
packets and adding them bitwise. This encoded packet
is then transmitted. Random linear combinations of
the K head-of-line packets are transmitted repeatedly
until all M K receivers can decode af head-of-line

o3 S ’ o6 pack . o packets. If some queues are unoccupied when a round

1g. o. eparate multicast sessio .pac ets are to be transmitted to a H H _

set of M K receivers. Packet must be received by receivefd (: — 1) + of gncodmg begms’ we O!’lly code over the current he_ad

1,..., Mi. For M > 1, coding across sessions is often preferable. of-line packets. Any arrivals to those queues during
transmission will not be moved to the head of the queue
until the current head-of-line packets are decoded.

A

one of the sessions. Intuition suggests that this is claser t

the unicast setup shown in Figure 2 than the multicast set§® Of the key differences between these two schemes is that
in Figure 1. By coding across all’ sessions, it seems that retransmission only requires that each packet is sucdbssfu

we introduce additional delay since packets do not lea/&C€ived by the receivers assigned to it, but random linear
the queues until each receiver can decafle kX packets. coding implicitly requires that each packet is succesgfull
While each receiver wants alt packets in the case shown received by every receiver. However, we will see that random
in Figure 1, this is clearly an unnecessary requirementtfer t linear co.din.g still often supports higher arrival ratesrtha
cases shown in Figures 2 and 3. However, for the case shofiransmission.

in Figure 3, we will show that coding across all sessions 1. MAIN RESULTS

can still often support significantly higher stable arrixates T | of thi . d . h dom li
than when not coding. We provide a sufficient condition that " € goal of this paper is to determine when random linear
indicates when coding across sessions is preferable. Tﬁigdmg across sessions can support higher arrival rates tha

condition is expressed in terms of the number of Sessionrgtransmlssmn. When coding across session®;{IEf] be the

the number of receivers per session, and the reliabilithef t e:frl)_ected nkumbeFr of “”?e slots_re?wred to tranjﬁ;ﬁeadh-
channels connecting the transmitter to the receivers. OI-In€ pac e_ts. or a given arrival rafe we can define the
traffic intensityas

II. SYSTEM MODEL _ AE[TY]

| =
The system we consider is modeled by a single transmitter g K

with K packet streams to send to a set of receivers. Ea¢his well known [7] that the queues are stable if and only if

packet stream has an associated queue. Time is slotted, @nd< 0. When coding across sessions, the maximum stable

in each time slot at most one packet may arrive in eacifival rate is defined as

queue. Arrivals are independent and identically Q|§tedyt M = sup{A|p <1}

over time. The expected number of packets arriving in a %

gueue in each time slot is tharival rate for that queue. In = —.

our model, each of th& queues have the same arrival rate. E[T1]

The sumarrival rate is the expected total number of packetSimilarly, when not coding across sessions, Kifl,] be

arriving in all K queues in each time slot. the expected number of time slots required to transmit one




packet. For a given arrival ratg, the traffic intensity is Xiq,..., Xk are identically distributed, and for ea¢lwe
can write X; as
P2 = )\E[Tg]

) ) ) Xi=Yo;+ -+ Yg_ 1,
The maximum stable arrival rate when not coding across

sessions is Here, Y, ; is the time for receiveri to receive the next
linearly independent combination after successfully ikece

A2 = sup{A|p2 <1} ing j linearly independent combinations. Since the chan-
_ 1 nel connecting the transmitter to receivers memoryless,

E[Ty) Yoi,...,YKx_1, are independent. Each transmitted packet

By the end of this section we will provide a condition thatS Successfully received by receivérwith probability g.
indicates when\, > \,. Theorem 1, which provides a lower "€ combination associated with this packet is linearly
bound on\,, is based on the general inequality in Lemma qindependent of the combmathns received so far if it is
The proof of this lemma also appears in [1], but is provide§©t the sum of a subset of the packets received so far.
here to keep our treatment self-contained. After receiving j linearly independent combinations, there
are 2% — 27 linearly independent combinations remaining.
Since each transmitted packet is sampled uniformly from

_Lemma 1:Suppose Xl’:"ZXN are identically d!s among the2X possible combinations of the head-of-line
tributed, but not necessarily independent random vargable
packets,
For anyt > 0,

Y;; ~ Geom((1 —27"5)q).

1
E[max{Xy,..., Xy} < ;(1n(N)+1n (E[e"1])). Here we will let N = MK. Using the inequality in
Lemma 1, we have

: 1
Proof: For anyzy,...,zy andt > 0, E[max{X,..., Xn}] < ;(ln(N) +1H(E[6tX1])) 1)
1
max{zy,...,en} = ;I (max{e™™, ... eV} for all ¢ > 0. The moment generating function &f; is
E tX1 - E t(Yo,1++Yx—1,1)
< lln(etxl_’___._’_et;vzv)’ [6 } [6 ]
t _ E[etyo’l]"'E[etYKil’l]
Therefore, for the random variablés,, ..., Xy we have
K—-1 _ 9j—K t
E[max{X1,..., Xx}] -1 (1 -2"")ge .
1 LI \1-(1-(1-21-K)g)et
< -E [ln (etxl—i-u-—l-etXNﬂ j=0
t Therefore,
1
< ~ln (E[etXl]—l--'-—l—E[etXN]) X P (1—21-K)get
3 In(E[e'*]) = In e
) = 1-(1-(1-2"K)qe
= —In(NE[]) K1
t 1 (1 1—et )
= — n —_— .
1 1 —92i—K
= ;(ln(N)—&—ln (E[etxl})), j=0 ( )4

. . . . Applying this to (1) gives
where the second inequality follows from Jensen’s inegyali

K-1 -
. E[T)] < % In(N) — Z In (1 - (1_€>

Now we provide a lower bound ok, the maximum stable 7=0
arrival when coding across all sessions. Usingt = —In(1 — ge~!) gives
. . . 1 K-1 -1
Theorem 1:The maximum stable arrival rate using ran-g7] < - In(N) _Z ln(l __ e )
dom linear coding across sessions satisfies T In(l—get) o 11—k
N> —Kln (1 — qe‘l) Since
' = 046K + In(M) + In(K) + 1.26 K1

671
Proof: We will start by computing an upper bound  j=o0 =2
on E[Ty], the expected number of time slots required to 00 1 et
transmit K head-of-line packets. Lek; be the number of ~Kln(l—e)=>"In (1_3;)
transmissions until receiveéisuccessfully receivek” linearly j=1 1—e
independent combinations of thE head-of-line packets. < 046K +1.26,

IN



this finally gives Letting A = —In(1 — q),

B[] < In(N) + 0.46K + 1.26 Emax{Zi,..., Zu}]
In(1—ge 1) _ Zn((l _ e—)\n)M (1 _e—/\(n—l))M)
_ In(M) +In(K) + 0.46K + 1.26 n=1
N —In(1—ge 1) - /n d —Az\M
- L- d
| | y 2 ) ap(me)
The maximum stable arrival rate then satisfies n=1 -
\ K = M Z n </ (1 — e)‘””)Mle)“”dx)
1 = m n:;o n—1
—Kln (1 — qe’l) > )\M/ x(l — e*)‘w)Mfle*de
0

>
~ In(M)+1In(K) +0.46K + 1.26 ) ) ) )
The inequality above follows from &lder’'s inequality. As

B shown in [11], the last integral above can be evaluated to
give

Now that we have a bound on;, we would like to o0 M1 g
compare this to\,. The following theorem gives an upper )‘M/Ox(l —e ) e “dr

bound on )y, the maximum stable arrival rate when not

141
coding across sessions. - - Z z
A
Theorem 2:The maximum stable arrival rate using unen- 1 1M ity
coded retransmission satisfies > 3 + 3 / de
=277
\ —In(1-g9q) 11 Mty
" I(M+1)+03 = X+X/2 i
Proof: We will start by computing a lower bound on _ WM +1)+1-In(2)
E[T3], the expected number of time slots required to transmit —In(1-q)
a packet from queue 1. Without loss of generality, we will 1
. M+1 .
focus our attention on queue 1. L&} be the number of > @ +1)+03 14—(1)+)0 3
—In(l—gq

attempted transmissions to receivewuntil it successfully
receives its packet. Since the number of attempted tranBhe first inequality above follows from the fact thét is
missions until success for a given receiver is geometyicalldecreasing. So,

distributed
, In(M +1)+0.3
E[D] In(M +1) +0.3

P(Z;<n)=1-—(1—¢q)". - —In(l—gq)
. : . The maximum stable arrival rate then satisfies
The time to transmit a packet from queue 1 is 1
max{Z1,...,Zy}. Since the channels connecting the trans- Ay =
mitter to receiverd, ..., M are independent, E[T3]
—In(1—gq)
Pmax{Zy,....Zy} <n) = P(Z1 <n,...,Zpy <n) S W(M+1)+03
=P(Z1<n)---P(Zy <n) =
= (1-(1—gm™.
Our ultimate goal is to determine when it is preferable
So, to code across sessions. That is, we want to know when
A1 > A2. The following corollary gives a simple sufficient
Elmax{Zy,..., Zu}] condition indicating when coding is preferable. After ésta
> lishing this corollary we are able to make several general
= X:I”P(m?X{Zi} =n) statements relating the benefits of coding to the parameters

q, M, and K.

I
M8

n(P(max{Z;} <n)—P(max{Z;} <n—1))
’ ' Corollary 1: Xy > \s if

B vy 046K +In(M) + In(K) + 1.26 _ In(1 — ge ™)
; (1-0=-a")" -(1-0-9")7) KO0 103 = wi-¢g @
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T T T T 'Lower bDL‘lnd for cuciing across‘ sessiuns‘ + IV. C O N C L U S | O N S

Upper bound for no coding across sessions -------
In this paper we considered a problem of managing several
08 | 1 separate multicast sessions from a single transmitter. We
compared the maximum stable arrival rates when using a
el ] standard retransmission scheme and when using a scheme
sa that performs random linear coding across the head-of-line
packets of the queues associated with fheessions. Since
04 1 the multicast sessions are separate, it seems that coding
e across sessions is not beneficial. However, we have shown
T that in many cases the maximum stable arrival rate that
21 | can be supported when coding across sessions is signifi-
cantly greater than maximum stable arrival rate that can be
— suppgrted whe_q no_t coding across sessions. We provided a
Number of receivers per session, M sufficient condition in terms of\/, K, andg that indicates
Fa 4 G ] i ) b el rates for 581 when coding across sessions supports higher arrival rates.
i empariacn of lhe masimum stable e ates for saiees , The results of this paper immediately raise several ques-
a function of M, the number of receivers per session. Transmitting withoutions. In particular:
coding is only preferable for very small/. For large)M, the maximum ' Tha random linear coding approach requires the trans-
stable arrival rate using coding is more than twice the maximiaible rate .. . . . . .
without coding. mission of additional overhead information to identify
the random subset of packets used in forming a random
linear combination. What is the effect of this coding
overhead on stable arrival rates?
« Are similar results obtained in a model where there are
an equal number of receivers in each multicast group?
How does the maximum stable rate we can achieve

=50

Maximum stable arrival rate for K:

This corollary is proven by simply comparing the lower
and upper bounds fox; and )\, that were obtained in The-
orems 1 and 2. Several observations regarding the condition.

(2): through coding compare with the maximum stable rate
that can be achieved using scheduling with channel state
(i) Coding is preferable when M is large. The left-hand information?
side of (2) is decreasing with increasing. So, if These issues are addressed in the upcoming paper [2].
coding is preferable for somg K, andM’ then coding
is also preferable fog, K, and allM > M’. REFERENCES
B o 1] R. Cogill. Randomized load balancing with non-unifornskdengths.
(i) Forall M > 1, there areq and K such that coding is In Fourty-Fifth Allerton Conference on Communication, Conmnd

preferable. As noted in the introduction, coding across __ Computing 2007.

. . o ] R. Cogill, B. Shrader, and A. Ephremides. Stable throughfor
Sessions IS never preferable whieh= 1. However, for multicast with inter-session network coding. In preparatio

M = 2, there arg and K such that coding is preferable. [3] A. Eryilmaz and D.S. Lun. Control for inter-session netweoding.

For example, coding is preferable faf = 2, ¢ = 0.2, " 2Utémi_tlted IOAEgEdeaInsaKA“O'\f}IS on Cljnforrgagiothhe?Qg? theagel
. ; . . . Eryilmaz, A. Ozdaglar, M. Medard, and E. Ahmed. On the

f'indK = 500. From item (i), we also see that coding and throughput gains of coding in unreliable networksibmitted to
is preferable fory = 0.2, K = 500, and allM > 1. IEEE Transactions on Information Thegrg007.

[5] T. Ho, Y.-H. Chang, and K. Han. On constructive networldicg for

(iii) Coding is preferable when K is large. The left-hand multiple unicasts. IrForty-fourth Allerton Conference on Communi-
. . . S : : : cation, Control, and Computin@006.

_SIdG of (2) is decreasing with mcr;easmg SO'_ if Cf)dll’]g [6] T. Ho, R. Koetter, M. Medard, D.R. Karger, and M. Effros. h&
is preferable for some, M, andK’, then coding is also benefits of coding over routing in a randomized setting. IEEE
preferable forg, M, and allK > K'. International Symposium on Information TheoBp03.

[7] L. Kleinrock. Queueing Systems, Volume |: Thedwiley, New York,

; ; ; ; ; 1975.
(iv) Coding is preferable when ¢ is small. The right [8] S.-Y.R. Li, R.W. Yeung, and N. Cai. Linear network codinEEE

hand side of (2) is decreasing with increasipgand Transactions on Information Theqryt9, 2003.
approaches zero as— 1. So, if coding is preferable [9] D.S. Lun, P. Pakzad, C. Fragouli, M. Medard, and R. Kaett&n

/ ; ; analysis of finite-memory random linear coding on packet sigea
for somem, K, and¢’, then COdmg is also preferable In Fourth International Symposium on Modeling and Optimizatin

for M, K, and allg < ¢’. On the other hand, for any Mobile, Ad Hoc, and Wireless Networks (WiOptOB)O6.

M and K, there iSq sufficiently close to 1 such that the [10] D.J.C. MacKay. Fountain codes. Fourth IEE Workshop on Discrete
i ; P ; Event Systems (WODES98p98.

condition (2) f,alls .tO hold. This is to be expected, S_m(,: ] S. Ross.Introduction to Probability ModelsAcademic Press, 2007.

asq — 1, coding is not preferable. To see why this is[12] B. Shrader and A. Ephremides. On the queueing delay of sicas

true, without coding the expected transmission time is  erasure channel. IEEEE Information Theory WorkshpR006.

K whengq = 1. With coding, the expected transmission

time is strictly greater thai for all ¢ < 1 since each

receiver must receivél linearly independent columns.



