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Abstract

In this work we analyze the average queue backlog at a soude serving a single multicast flow consisting
of M destination nodes. In the model we consider, the channeleeet the source node and each receiver is an
independent identically distributed packet erasure chlarie first develop a lower bound on the average queue
backlog achievable by any transmission strategy; our bdonditates that the queue size must scale as at least
Q(In(M)). We then analyze the queue backlog for a strategy in whicdomnlinear coding is performed over
groups of packets in the queue; this strategy is an instahtteecandom linear network coding strategy introduced
in [9]. We develop an upper bound on the average queue bad&fothe packet-coding strategy to show that the
queue size for this strategy scales@8n(M)). Our results demonstrate that in terms of the queue backiey,
packet coding strategy is order-optimal with respect torthmber of receivers.

I. INTRODUCTION

In this paper we analyze the size of the queue backlog for anselin which packets are communicated from
source to destination nodes by sending algebraic combmatf a batch of packets. This random linear coding
scheme was introduced in [9] and shown to provide improvesuihput over uncoded transmission for multicast
traffic. While random linear coding has been shown to in@easlticast throughput in many works, the performance
in terms of queue backlog is not fully understood. In this kvete provide an upper bound on the average queue
backlog for random linear coding and show that as the nunmieceivers scales up, random linear coding performs
as well as any other multicast transmission strategy.

A number of recent works deal with queueing analysis for candinear coding schemes. The work in [10]
considers finite-capacity buffers and presents numerisliits on the queue blocking probability and delay. A
bulk-service queueing model for random linear coding isettgyed in [13] and numerical results on queueing
delay are also presented. The work in [16] proposes a newepawknowledgment strategy for random linear
coding based on acknowledging degrees of freedom; a queakdojaanalysis for the policy is provided and the
gueue size is shown to grow more slowly with load factor thapaaeline acknowledgment strategy. The work
in [6] provides analytical bounds on the completion time atable throughput for random linear coding across
multiple multicast sessions; the results indicate thadtcalgh coding across sessions requires unintended reEpien
to decode packets, the coding strategy can provide largenghput than uncoded transmission. Recent work in
[1] shows that while significant delay penalties are incdirfer synchronized coding across flows, asynchronous
coding of packets across flows can reduce the queueing delaywork differs from previous work in that we
present analytical bounds on the average queue backloghamdthat random linear coding is order-optimal with
respect to the number of receivers.

Il. THE PROBLEM
In this paper we consider a problem involving multicast srarssion of data packets from a single transmitter.
We model the transmitter as a single queue, where packate artthis queue according to a Bernoulli process with
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rate \. In each time slot, a packet is transmitted to all of thlereceivers. Each receiver receives the transmitted
packet independently with probabiligy independent of past receptions. This system is depictddguare 1. Our
goal is to devise a transmission scheme that minimizes theated number of packets in the queue in the steady
state.
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Fig. 1. Multicast queueing system.

The problem of minimizing expected queue length is deceftidifficult. To see why this is the case, first
consider the simple scheme that retransmits the head opécket until it has been received by all receivers.
As shown in [6], the expected number of time slots that a pastes/s at the head of the queue is greater than or
equal to

In(M +1)+0.3

1
“T(i—g) M

Therefore, this scheme cannot stabilize arrival ratesfyaty
—In(1—gq) @)

In(M +1)+0.3

This means that the expected queue length becomes atpiteage for arrival rates approaching some value less
than or equal to the right-hand side of (2). In other words,diay A\, one can choos@/ sufficiently large so that
the expected queue length under the retransmission streegbitrarily far from optimal.

Another approach is to view the problem of minimizing expelcjueue length as a purely control theoretic
problem. Rather than simply transmitting the head of linekpa in each time slot any packet in the queue can be
transmitted. When the state of each channel connectingdhenitter to each receiver is known before transmitting
a packet, a controller would use this information, togetiigh the reception history of each packet in the queue
to decide which packet to send next. However the complexity iaformation requirements of such a scheme are
clearly very high. On the other hand, without channel statermation, throughput of such a scheme is no better
than the throughput of the simple retransmission schemeseBowhy this is true, if the system is ignorant of
the channel states before transmitting a packet, the esgheetmber of times a packet must be transmitted before
successful reception still must be greater than or equal)oefen if transmissions are attempted out of order.

It is well known that the queue can be stabilized for all afrrates satisfying\ < ¢ using simple random linear
coding schemes (see [7], for example). These schemes ¢grograrate by collecting large blocks of packets in
the queue, then transmitting encoded packets formed frasnbthck until all receivers can decode all packets in
the block. To stabilize rates approaching;, arbitrarily large blocks of packets must be formed. Thecklooding
operation must create a backlog that grows with the size efblbck. So, it seems that schemes that code over
fixed-length blocks of packets are not well suited for thebgm of minimizing expected backlog.

IIl. M AIN RESULTS

In the previous section, we argued that the problem of miriimyi expected steady state queue length for multicast
is surprisingly complex. In this paper we establish two ltssior this problem:

« We show that the expected steady-state queue length of eatggst must satisfy

o 3/ Aln(M) -1
limin Q)] > <m) |



where@(t) is the number of packets in the queue at tim&his is true even for strategies that exploit channel
state information.

« We show the queue length process of a simple random lineamgsdheme (at packet departure times) satisfies

R A\ A
hmbupn—HkZ:OE[Q(tk)] < 3.121In(M) (q—/\) + (7.35¢/I(M) +5.22) =5

n—oo -

Here,t, is the time at which the-th block of packets departs the system.

So, if the queue length process at departure times corrdsporthe true queue length process, the expected queue
length of the random linear coding strategy is order optimigh respect to the number of receivers.

A LOWER BOUND ON ACHIEVABLE BACKLOG

Here we will present a lower bound on the minimum achievatdady state expected queue length for multicast.
Specifically, we show that backlog must scale at least Itigaically with M, the number of receivers. In the next
section we show that the backlog of the code over queue censtrategy scales logarithmically with!. So, in
this section we show that coding over the queue contentsdisraptimal with respect to the number of receivers.
The theorem that will be proved in this section is the follogi

Theorem 1: Under any strategy

The proof of this theorem is at the end of this section, afémesl supporting lemmas are established.

The lower bound presented in this section makes very fewngssons on the strategy used. We will start by
stating these assumptions in words, then give a more preoisgition that must be satisfied by all policies.
To make the motivation for our assumptions clear, first atgrsa system composed of a single transmitter and

a single receiver. Packets arrive at the transmitter agogrd a Bernoulli process with rate. In each time slot

the transmitter is connected to the receiver with probighilj independent of past connections.

Various strategies could be used to transmit packets togbeiver. Regardless of the strategy used, we always
assume that the system possesses several properties:

(1) At any time, the total number of packets that have beerovesh from the queue does not exceed the total
number of packets that have entered the queue.

(2) At any time, the total number of packets that have beerovech from the queue does not exceed the total
number of time slots where the transmitter has been conhéatthe receiver. So, even if coding is applied,
we do not consider schemes that compress packets. We cartrangmitm packets to the receiver if the
transmitter and receiver have been connected in at leadme slots.

(3) Connections cannot be used to transmit future arrivalsther words, the strategy must bausal. We cannot
send information about a packet that has not yet arrivedengtieue.

(4) The queue starts out empty. Since we are concerned v@Hugtstate queue length, this is without loss of
generality.

To make these conditions precise, we'll introduce sometiwotal et Q(¢) be the length of the queue at time

Let A(t) be the random variable witd(¢) = 1 if there is an arrival at time slatand A(t) = 0 otherwise. LetS(t)

be the random variable with(t) = 1 if the receiver is connected at time slotind S(¢) = 0 otherwise. Finally,

let D(t) be the number of departures from the queue at time

In terms of A, D, and.S, properties (1), (2), and (3) are captured by the followingdition. For allr < ¢, we
require thatD satisfies
t—1 t—1

T—1
STD(k) <Y AR+ S(k). 3)
k=0

k=0 k=1
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Properties (1) and (2) imply this condition fer= ¢ andr = 0, respectively. Showing that property (3) implies
this condition for all otherr is a little less obvious. To show this, consider the set okptcthat arrived in the
system during the intervdD, ¢ — 1]. We can partition this set into two set$; and.A,, where 4, is the set of
packets arriving in the intervdl, 7 — 1] and A, is the set of packets arriving in the intenal ¢ — 1]. The total
number of departures in the intervll ¢ — 1] equals the total number of packets frof that depart the system
in the interval[0, ¢ — 1] plus the total number of packets from, that depart the system in the interyalt — 1].
The total number of departures frody is, by property (1), less than or equal to the total numberawfkpts in

Aj, which is )
> Ak).
k=0

Since all packets ind, arrived on or afterr, property (3) implies that no connection prior tocan be used to
serve a packet itd,. This, together with property (2), implies that the totahwher of departures fromls is less
than or equal to the total number of connections in the i€t — 1], which is

i D(k).
k=T

Finally, summing these upper bounds on the number of deparfoom.4; and A, gives (3).

Using property (3), we have the following lemma. This Lemmsavery similar to a well known result that
obtains a queue length process by applying a reflection mggpia netput process (see Proposition 6.3 in [2], for
example).

Lemma 1: If Q(0) =0, the queue length at timesatisfies

Q(t) = max {Z_;(A(k) — S(k))}

for any service policy with departures satisfying (3). Morer, this inequality is tight when packets depart the
qgueue as services occur.

Proof: At any timet,

Q) = 3" (A(K) - D(k))
k=0
Since t—1 T—1 t—1
S D) < Y AR+ Sk
k=0 k=0 k=1

for all 7 € [0, ¢], the queue length satisfies

QW) = S AR -3 Ak - Stk

k=0 k=0 k=T
— 3 (A(k) - S())
k=1

for all 7 € [0, ¢]. Since this holds for al,, clearly

Q(t) > max {Z_:(A(k) —Sj(k))}
k

T t>r>0



The fact that the inequality is tight if packets depart theupias services occur can be shown by induction.
Since we start withQ(0) = 0,

Q1)

max{0, A(0) — S(0)}

0

= max {Z(A(k) - 5(k)) } :
- k=T

Now suppose&)(t) satisfies

t—1
Qt) = max {Z(A(k) - 5(’6))} :

=7

Then the queue length at timet 1 is
Qt+1) = max{0,Q(t)+ A(t) — S(t)}

t—1
max {0, max {Z (A(k) — S(k))} + A(t) — S(t)}
- k
,nax {;(A(k) —~ S(k))} :

We will now extend these results to the multicast case.4;¢t) be the random variable with;(t) = 1 if the
transmitter is connected to thjeth receiver at time slot, and S;(t) = 0 otherwise. LetR;(t) be the number of
packets received by receivgrat timet. EachR;(¢t) must satisfy the property ((3)). That is, for all< ¢, the total
number of packets received by receiyeup to timet — 1 satisfies

t—1 T—1 t—1
STRi(k) <D A(k)+ Y S;(k).
k=0 k=0 k=T

Also, since packets do not leave the queue until they have begeived by all receivers, the total number of
departures in the interval), ¢ — 1] satisfies

t—1 t—1
S D) :m_m{m(k)}
k=0 R

Under this condition alone, we can establish a lower boundhenachievable expected queue backlog. The next
lemma gives a lower bound in terms of the expected value ofrtimémum of binomial random variables.

Lemma 2: Let Q(¢) be the queue length of the multicast system at timednder any policy,
litm inf E[Q(t)] > sup{A\n — far(n)},
o n>0

where fi;(n) is the expected minimum a¥/ independent binomial random variables, each with paraséjen).

Proof: The total number of packets in the queue at tifrie

t—1

Q1) =3 Ak) - 3 D).
k=0

k=0



Note that for allt > 7 > 0,
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By Lemma 1,Q(t) satisfies

By Jensen’s inequality,

t—1 t—1
EQ(1)] > E|max {Z A(k) = min {Z Sj(k)}H
- =7 ’ k=T
t—1 t—1
> max {E > A(k) — min { Sj(k)H }
- k=1 I k=1

= max {At—7)— fu(t—7)}

t>1>0
= max {An— fu(n)}

where fi;(n) is the expected minimum a¥/ independent binomial random variables, each with paraméjen).
Finally,

V

liminf E[Q(1)] > Mn<mm{hw¢nm»)

t—oo \t>n>0

= sup{in—fu(n)}.

n>0
]
Now we are ready to prove Theorem 1.
Proof of Theorem 1: Recall that for any» > 0,
lign inf E[Q(t)] > An — far(n),
where
fu(n) = Emin{ Xy, ..., X},
the expected minimum o/ independent binomial random variabl&s, ..., X, each with parameterg, n).
Let
. 3 In(M)
M)=|—"_).
2003 (=i 2g)
The proof will proceed by showing that
fu@n) <3 (s @)
MTE ~ 4\ —-In(1-9gq)



for all M > 1. Therefore, for allAf > 1 we will have the lower bound

_ - 3/ Aln(M) -1
M(M) = fu(R(M)) > 1 (m) .

Note that the largest value taken by &gyn) binomial random variable is. To show (4), we will use the upper
bound
Emin{Xy,..., Xy} <nPmin{Xy,..., Xy} > 0).

It is the case thamin{X;,..., Xy} > 0 if and only if X; > 0 for all i. The eventX; > 0 occurs with probability
1—(1-g¢)™ SinceXy,..., X are independent,

P(min{Xl,...,XM}>0) = P(Xl >O)P(XM>0)
= (1-a-o9m"

_ (1 _ enln(lfq))M'

Usingn = n(M) gives

1 M) In(1=q)  _ 1 _ o—=(3/4)In(M)

= 1-M3M1

M1/4

= 1 —_— .

M
Since M4 < M for M > 1, we can use Lemma 3 in the Appendix to obtain
/A M
P(mm{Xl,,XM}>O) = (1_ >
M
< 67 {1/4

To boundfy; (R(M)),

@) < A(M)Pin{ X1, ..., Xy} > 0)
3 IH(M) _agl/4
= 1(—1n<1—q>>e N
3
< =
- 4

(ﬁ) ln(M)e—Ml/zl'

_pML/4
eln(ln(M))e M

Note that

g
=
~—
99
2
N

e(ln(ln(M))—Ml/4)

Sincez'/? > In(z) for > 0 and bothz'/? andIn(z) are monotonically increasing far > 0, M/* > In(In(M))
for all M > 1. Thereforeln(In(M)) — MY/4 < 0 for all M > 1, or equivalentiyin(M)e=™""" < 1 for all M > 1.

So,

fu(R(M)) < % (ﬁ)

for all M > 1, giving the bound

Y

An(M) = fa(n(M))

e

tim inf B{Q(1)

Y



Another interpretation of the bound presented here relateése response time of a parallel fork-join queue as
described in [3]. The fork-join queue is a model employedfarallel processing systems in which an arriving job
or customer is directed td/ parallel, independent servers and service completion ngntake place when alM/
servers have completed the task. In [3] results for a coatisttime fork-join queue are presented and it is shown
that the average response time (or waiting time in the queué)In(A{)). The multicast problem we consider
in this work might also be modeled as a fork-join queue in Wwhéach parallel server represents the process of
transmission to one of th&/ destination nodes. By Little’s Law, the average queue leigequal to) times the
average response time, so our result that the average qeiegid Iscales logarithmically with/ is supported by
the previous results on fork-join queues.

A SIMPLE STRATEGY AND AN UPPER BOUND

Now we will analyze the behavior of the queue under a simpheloan linear coding strategy that we call ‘code
over queue contents’. This strategy sequentially perfaouads of encoding, each of which lasts several time slots.
When a round of encoding begins, all packets in the queueedeeted. LetC' be the total number of packets
in the queue at the start of a round of encoding. Encoded maé&amed from random linear combinations of
these packetg’ are then sent to the receivers. Any arrivals to the queuesiglar round of encoding will not
be considered until the next round of encoding. The roundnabding ends when all receivers can decode& all
packets. Thes€' packets are removed from their queue, then the next roundazfdéng begins.

Each encoded packet is formed by randomly and uniformlyctielg coefficientsa; € {0,1} fori =1,...,C
and taking a linear combination of th& head-of-line packets, where thth packet in the linear combination is
multiplied by a,. Therefore, each encoded packet is a random linear condrinat the C' packets in the current
coding block. A receiver can recover the origidapackets once it has receivétlinearly independent combinations
of encoded packets.

Recall thatQ(¢t) denotes the number of packets in the queue at tinTédne queue length proceéXt) generally
does not evolve as a Markov chain. This is because each roetanding lasts several time slots, and the
distribution of the length of a round of encoding is not meyhess. Although the proces3(t) is not a Markov
chain, the procesQ(to), Q(t1), Q(t2), ... is a Markov chain, where&), t1, ¢, . . . are the starting times of successive
rounds of encoding. Thus, we can apply tools for Markov chamanalyze the average value of tabedded
Markov chain Q(t,). This will provide the steady-state average value of theugueacklog at the start of each
round of encoding.

To analyze the average backlog of the ‘code over queue dshtrategy, we present the following theorem.

Theorem 2: The steady-state average of the embedded Markov ehéip) satisfies

lim sup — Xn:E[Q(tk)] < 3.121n(M) (%) + (7.35y/m(M) +5.22) L/\
0

n—oo n+1k: q— q-—

Proof: Throughout this proof, we will lep = A\/q denoteload factor associated with the queue. To prove the
upper bound, we will use the Lyapunov technique describeddeimma 4 in the Appendix. Specifically, we will

use the Lyapunov function )
x

By applying Lemma 4 we get
r+E[R(Q(tiy1) | Q(t:) =] — h(z) =2+ %ﬁ]_@

whereE[T(x)] denotes the expected time to transmit a coding block cantain packets. By Theorem 3 in the
Appendix,

E[T(z)] < —(z +2/(0.78z + 3.37) In(M) + 2.61).

Q| =



Using this bound orE[T'(z)], we get the upper bound
p(2a(z) —1)—1

o+ Qi) | Q) = 5] - (o) < A2 =Dy
where
alz) = & +2/(0.78z + 3.37) In(M) + 2.61
So,
p(m(f)__pl) L ﬁ (4078 + 337 In(M) + 5.22) — @
< T”p (4\/0.78 n(M)z + 41/3.37 In(M) + 5.22) _z

The value ofr > 0 that maximizes this expression is

z = 3.121n(M) (%)2,

and the associated maximum is

3.121n(M) (ﬁ)z + (7.35\/h1(—JV[)+ 5.22) ﬁ.

Therefore,

S r \ p
limsup —— kZ:OE[Q(tk)] < 3.12In(M) (1—p) + (7.35\/111(M) + 5.22) =

n—oo -

This theorem shows that the average queue length at depairtues for the ‘code over queue contents’ strategy
scales a$)(In(M)).

IV. CONCLUSIONS

In this paper we considered a simple multicast model, whesimgle transmitter sends packets k6 receivers
over lossy links. The transmitter is equipped with a quemel, aur goal was to find a transmission strategy that
minimizes the expected number of packets in the queue. Viihding the queue length minimizing strategy is still
an open problem, here we found a lower bound on achievablerpeance and an upper bound on the performance
for a random linear coding strategy. Specifically, we havenshthat queue length must scale @8n(M)), and
that queue length under the random linear coding strategles@sO(In(M)). Hence, the random linear coding
strategy is order-optimal with respect to the number of ivexrs.
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V. APPENDIX

Here we present a number of supporting results that are wspdove our main results. Most of these results
appear elsewhere [7], but they are presented here to keepeatiment self-contained.
The first Lemma is used in the proof of Theorem 1.

Lemma 3: For allz > a > 0,

Proof: It is well known that .
lim (1 — ﬁ) =e °

xr—00

In the remainder of the proof, we will show thél — %)w is monotonically increasing far > a.
Taking the derivative yields

w05 = (-0 (05 %)
The logarithmic part can be rewritten as

1n(1—%) = —In

For all 2 > 0, clearly z > In(1 + 2). So,

—ln(1+ - )>0
r —a -
for all z > a. Also, an @
(-3) =
xr
for all x > a. So, d
a T
@ 1__) >
da:( T =0
for all x > a. "

The next lemma is used in the proof of Theorem 2.

Lemma 4: Let X (¢) be a Markov chain with countable state spaelet r : X — R be a cost associated with
being in each state i, and leth : X — R, be a nonnegative function oki. Then

n

limsup —— 3 B[r(X (k)] < sup{r() + BR(X(t+ 1)) | X() = 2] — h(z)}.
n—oo M+ 1 0 TeEX
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Proof: Let
B = sup{r(z) + B[A(X(t + 1)) | X(t) = 2] - h(z)}.

zeX
Then for anyn
52 LS B[N + B )] X () - h(X(R)]
k=0
= > (BIrCX)] + B[BCX 6+ 1) X (0] - BRG] )
k=0
1 O 1
= T BN+ g (B 1) B 0)
1 O 1
> B~ B )

The second equality above follows from the telescoping sfirh ®rms. The last inequality follows from the fact
thatE[h(X (n+ 1))] > 0 for all n. Also,

i 1
1m
n—oon + 1

E[h(X(0))] =0.
So,

nmsupn}rlZE[r(X(k))] - 1imsup< LSRR () - — E[h(X(O))])

0.

IN

The next theorem is one of the main results of [7]. This theoprovides an upper bound on the expected
time to transmit a block of packets t& receivers using random linear coding. We use this resulénproof of
Theorem 2.

Theorem 3: Consider the random linear coding strategy. For @y 21 In(M;)—4, the expected time to transmit
C packets from queué satisfies

C+ 2\/(0.780 +3.37) In(M;) + 2.61

E[T;(C)] < min;{q;; }

Proof: Let X;; be the time required for queudo transmitC' linearly independent combinations 6f packets
to receiverj. By Lemma 5 in this Appendix, an upper bound on the expectad for all M, receivers to receive
C linearly independent packets is

ET;(C)] = Emax{Xa,...,Xim}]
1
< n (1n(E[etX“] + -4 E[etxmi])). (5)
EachX;; is a sum ofC' independent geometric random varial#es o, . . ., Y; j c—1, whereE[Y; ; 1] = m
So, the moment generating function associated \Aifh is
c-1 k—C\,,. . ot
E[etXij] _ H (17_ d )gije .
i (1= d = 9)gzet — (et = 1)

12



Fort > 0, this quantity is increases as; decreases. So, denotigg= min;{g;; }, we have the upper bound

c-1
tXij (1 — dk—c)qet
5 < T (o o)

k=0

for all j. By upper bounding the right-hand side of (5) we obtain

E[T;(C)] < %(IH(E[etX“]+-~-—|—E[etXiMi])

% <1D(Mi max {E[X] })>

< {mon-Xn ()

In the upper bound, we will use= — In(1—gz) for some parameter. By Lemma 6 in this Appendix- In(1—gz) >
gz for all 0 < z < 1. So, the right hand side of (5) is less than or equal to

= Z In
qz dk =
Let vy = z(1 — d*=¢)~1. Then

1 ey In(1 — vy)
(- i) S

k=0

IN

A

By Lemma 6 in this Appendix;-< In(1 — v) is convex andim, o — In(1 — v) = 1. So, for0 < v < 1/2,

oy <1t (amE) - 2w

v

This gives
1 iy In(1 — )
Cq = (1=d Oy,
. 102‘11+(41n(2)—2)uk
7 =0 1-df=c
1= 41n(2) - 2
= — + z
q = 1—dk ¢ T —abC)?
1
< S(C+161+ (0780 +3.37)z)

if all v, satisfy0 < v, < 1/2, which holds if0 < z < 1/4. So, this gives the bound
E[T;(C)] < 1 (M
q

z
for all 0 < z < 1/4. Ignoring this constraint oa for the moment, this upper bound is minimized by using

ln(Mi)
0.78C +3.37°

+(O.780+3.37)z+0+1.61>

So, if C > 211n(M;) — 4 thenz < 1/4 and

E[T3(C)] < 2 (c +21/(0.78C +3.37) In(M;) + 2.61) .
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The last two lemmas appear in [6], but are repeated here to &eetreatment self-contained.

Lemma 5: SupposeX;,..., Xy are arbitrary random variables. Provided the moment géingréunction of
eachX; exists,

Efmax{X1,..., Xy}] < %m (B[] + - + Ele¥V]).
for all ¢t > 0.
Proof: For anyzxy,...,xx andt > 0,
max{zy,...,zy} = %hl (max{e™', ... e"N})
< %111(6”1 4o e
Therefore, for the random variablés,, ..., Xy we have
E[max{Xi,..., Xn}]
< B[ (4 )]
< %ln (E[e"™]+ -+ E[e'*V]),
where the second inequality follows from Jensen’s inegyali [ ]

The following lemma is used in the proof of Theorem 3 in thispapdix.

Lemma 6: The function—2 In(1 — v) satisfies the following:
(i) limy—o—1In(1-v)=1
(i) —2In(1—v)>1forallve(0,1)
(i) —<1In(1—v) is convex on(0,1)

Proof: We will show all parts by using the Taylor series expansian fo
—1In(l1 —v) on|0,1):

o0 7

—In(1—v) U—

To show part (i), note that

> i—1

—llnl—l/ ZV

i=1

. = vl
312% 1+2 =1

To show part (i), note that all terms of the series fot In(1 — v) are non-negative for € (0,1). So, for all
€ (0,1) we have

So, it is clear that

—lln(l —v) =
v
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Finally, to show part (iii), note that

|

| =

| =
E
—

|
=

Il

| =
Nk

N

Since all terms of this sum have positive coefficients, itnisréasing with increasing. Hence, by the first-order
conditions for convexityL In(1 — v) is convex. [ |
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