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Abstract

In this paper we consider Markov decision processes with average cost criteria, and
discuss an approach for characterizing the performance loss associated with using a
suboptimal control policy.

Because there are often difficulties associated with computing and implementing
optimal control policies, heuristic control policies are often used in practice. For such
a policy, we would like to be able to compute guaranteed bounds on its performance,
specifically its performance relative to an optimal policy. In other words, our goal
is to produce a systematic approach for evaluating how far a specific policy is from
optimality.

This approach is demonstrated on a simple queuing system with a single server and
multiple job classes. We use the general methods developed in the first part of the
paper to show that for any non-idling policy, suboptimality of the resulting average
queue length is bounded by a factor which only involves service rates.

1 Introduction

Computation of optimal control policies for Markov decision processes is often intractable,
particularly for systems with infinite or very large state spaces. If the general form of
the optimal control policy is known, it still may not be implementable due to certain
difficulties. These include high computational costs required to evaluate the control action
at each time step, requirements that complete state information is known at each time
step, or the fact that control decisions are based on a complete statistical description of
the system. As a result, suboptimal heuristic control policies are often used in practice.
In this paper, we consider Markov decision processes with general state spaces and an
average per-period cost objective. The main contribution of this paper is an approach
for characterizing the performance loss associated with using a suboptimal control policy.
Our goal is to produce a systematic approach for evaluating how far from optimality are
the costs incurred using a specific policy. The methods described in this paper are used
to provide a worst-case ratio between the cost incurred by a specific suboptimal policy
and the cost incurred by an optimal policy.
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The general methods are then demonstrated on a simple queuing model. We consider
the problem of controlling a queue with a single server and multiple job classes. For this
problem, the optimal policy is well known, but its implementation requires knowledge of
the exact service rates for each job class. On the other hand, performance analysis of some
easily implementable policies, such as FIFO, is generally recognized to be quite difficult.
We apply the general methodology discussed in the first part of the paper to show that
for any non-idling policy, suboptimality of the resulting queue occupancy is bounded by a
factor which only involves service rates. This bound supports the intuition that, if service
rates for different classes are reasonably close, then service discipline shouldn’t have much
effect on queue length, regardless of arrival rates.

1.1 Prior Work

The main contributions of this paper are bounds on average per-period cost for general
state space Markov decision processes, and the application of these bounds to the example
problem of controlling a multiclass queue. Extensive work has been done previously both
on bounding costs in Markov chains, and in control and analysis of multiclass queues.

For finite state Markov chains, bounds similar to those in Section 2 of this paper
originally appeared in [9], where they were used for the purpose of proving convergence
of a value iteration algorithm for average cost Markov decision processes. Similar bounds
appeared later in [10], again for the finite state case. For general state spaces, the bounds
in Section 2 are closely related to Lyapunov theorems for Markov chains. For example, a
similar upper bound can be found in Theorem 14.2.2 of [8]. One drawback of the standard
Lyapunov theorems is that, for systems with positive unbounded costs, they are typically
only useful for producing upper bounds. The bounds presented in this paper can be
thought of a generalization of both the finite state bounds and the Lyapunov bounds,
with the particularly attractive feature that they can produce useful upper and lower
bounds for systems with unbounded costs.

The type of queueing system that we consider as an example has been extensively
studied, primarily in the continuous-time case. The optimal control policy for this system
is well known, and is a special case of the cy rule [5]. In the discrete-time case, optimality
of the cp rule was established in [2] and [4]. In [1], the discrete time model is considered
and it is shown that the region of achievable average queue lengths for all policies is a
polyhedron. It is worth noting that it is possible to obtain the bounds of Theorem 5
from this polyhedral characterization, however, we believe that the approach taken in
this paper results in a much simpler proof.

1.2 Preliminaries

In this paper we consider discrete-time Markov decision processes. The systems considered
have a general state space X which is measurable with respect to some given o-field B(X),
and a finite set of actions U available at each time step. Taking action v € U when in
state x € X incurs a cost specified by the measurable cost function r : X x U — R.

Evolution of the system state is specified by the stochastic kernel p : X x X xU — [0, 1].
For each x € X, u € U, and S € B(S)

p(S,I,U) = Pr{Xt+1 S S|Xt =, Ut = U}.

Also, for each S € B(S), p(S,-,-) : X x U — [0,1] is measurable.



We consider the performance of such systems under static state-feedback policies. A
static state-feedback policy is a measurable function p : X — U. The policy p is used to
choose the action in each time step based on the current system state. For convenience,
we define

P={u:X —U| pis measurable}.

Under a static state-feedback policy p € P, the random process describing state evolu-
tion is a time-homogeneous Markov chain (Xg, X1, ...) with transition probability spec-
ified by the stochastic kernel p(S,z, u(z)). Throughout this paper, we will occasionally
simply use the word policy when referring to a static state-feedback policy.

In this paper, we evaluate performance of a system under a particular policy p € P in
terms of the average per-period cost

t—oo

' =
J(p) = limsup n kZ:OE [e( Xk, 1n(Xk))| X0 = 2] .
Here we will define

t—1
. ... 1
JC’Pt = l}IEI;D {htIE»IOI.}f ; k_OE [C(X]w/’('(Xk;))lXO = .’L'] } .

Our goal is to develop tools that will allow us to determine policies which achieve average
per-period cost J(u) close to Jops.

2 Bounds on Average Per-Period Cost

In this section we give a method for determining bounds on the average per-period cost
incurred by a Markov decision process. We will first show how bounds can be computed
for Markov chains without control (or with a given state-feedback control). This approach
will then be extended to provide a lower bound on the average per-period cost incurred
by any static state-feedback policy. By determining an upper bound on the cost incurred
by a given policy and a lower bound on the cost incurred by any policy, we can quantify
how far from optimal the given policy is.

2.1 Markov Chains Without Control

Theorem 1, which is the main result of this paper, is used to establish upper and lower
bounds on the average cost incurred by Markov chains with general measurable state
spaces.

Theorem 1. For any measurable h : X — R, let

Bu = sup {e(@) + E[M(Xi41)| Xy = 2] — h(2)}
B = xlg/fv {c(z) + E[MXt41)| Xt = 2] — h(2)}.

If there exists an € > 0 such that

sup { B[h(Xee)|* (X = 2] = [h(@)]' 7} < oo,
xTE



then

t—1
1
Bu > limsuprE[c(XkﬂXO:m]
t—o00 tk::O
=
B < liggf;;ka)lxo:x]

forallx e X.

Before proving this theorem, we will first establish that all expectations that we encounter
exist.

Lemma 2. For a measurable h : X — R, suppose

sup {e(x) + EIM(Xe)| X = o] ~h(x)} < oo

Inf {e(z) + E[A(Xi41)|Xe = 2] = h(2)} > —o0
and there exists an € > 0 such that

sup {B[|h(Xus1)["T41 X, = 2] — |h(2)]'H} < 0.
ze

Then
|E[e(X4)| X0 = ]| < o0
BlA(X)[""|Xo = 2] < o0
forallt and x € X.

Proof: If
sup {BA(Xew)| X = a] = |h(a)[ "7} = M < o0

then
E[|M(X 1) "X = 2] < M + |h(a)]"

for all z € X. Clearly E[|h(Xo)]'™¢| Xy = 2] < oo for all z € X. Also, if
E[|h(X:)|*T¢| X = 2] < oo for some ¢, then

Elh(Xe)[7F[Xo =2] < M+ E[[h(X)|"[Xo = 2]
< ©oQ.

Therefore, by induction,
E[|R(X)|" | X0 = 2] < 00

for all t and x € X.



Since h(x) < 1+ |h(z)[*T€ for all x € X, we have

E[h(X1)[Xo = ] 1+ E[[h(X)]"+| X0 = 2]

<
< Q.

Also, since —h(x) < 1+ |h(z)[T¢ for all z € X, we have

Eh(X)|[Xo=a] > —1— B[h(X,)|""|Xo = ]

> —0oQ.
If
sup {c(x) + B[(Xe1)| Xy = o] = h(2)} < fu < 00,
e
then
for all x € X, where |E[h(X;41)|X: = 2]| = |E[h(X1)|Xo = z]| < oo as established

above. Therefore,

Ele(X)|Xo =] < Bu+ Blh(X,)|Xo = a] - E[h(X,21)|Xo = ]

<
< o0
for all ¢t and x € X'. Similarly, if

inf {e(w) + EIh(Xe)| X = 2] — h(2)} 2 > —oc,

then
c(x) = B+ h(z) — E[h(Xt41)|X¢ =

for all z. Therefore,

Ele(X4)| Xo = 2]

Y

B+ E[h(Xy)|Xo = 2] = E[h(X41)| Xo = 7]
> -0

foralltand z € X. B

We now are can present the proof of Theorem 1.

Proof of Theorem 1: The definition of (3, implies

t—1
t6, > E Z(ka) + E[h( Xpg1)| Xr] — h(Xk)> Xo = x]
k=0
= Z Ele(Xk)|Xo = 2] + E[h(Xy)[Xo = 2] — h(z).
k=0
Therefore,
% 3 Ele(X3)|Xo = 2] < Bu + 1<h(a:) — E[h(X})| X = x]).

>
Il

0



Similarly, we can establish the inequality

1 t—1

7 ZE[C(Xk)|XO =z| > G + 1<h($) — E[h(X})| X0 = x])

k=0

To complete the theorem, we must show that

lim lE[ hX)|Xo=2]=0

t—oo t

forallz € X. If

SUE{EHh(XtHNHG\Xt:f] [h(z)["F} = M < oo,
S

then
t—1
tM > < (A(Xpgr) [ X5 — |h(Xk)|1+E>‘Xo 17]
k=0
= E[h(Xy)|"|Xo = ] — |h(x)]"F*.
This gives,

ha)|+ (M) > ()| o) ™

1

(E[|n(Xy)|" | Xo =2]) ™

Y

Y

B[|MX)| | Xo = ],

where the last inequality follows from Jensen’s inequality. Therefore,

1 1
limsup 2 B[|A(X))| | Xo =] < lim J (|h( )|+ (M) )
t—o00 —00
= O7
for all 2 € X, implying lim; . + E[h(X¢)|Xo = 2] =0 for all z € X. [ |

2.2 Markov Chains With Control

Theorem 1 is used to establish upper and lower bounds on the average per-period cost
incurred by Markov chains with general measurable state spaces. Since our ultimate goal
is to bound the performance gap between J (1) and Jopy for some specific p1, this result is
now extended to provide a lower bound on the average per-period cost incurred by any
static state-feedback policy.

Lemma 3. For any measurable h : X — R, let

B = Le?l(nieu{c(x u) + E[h(X41)| Xt = 2, Uy = u] — h(z)}.

Any static state-feedback control policy p: X — U such that

sug {E[|h(Xt+1)|1+6‘Xt =a,Uy = p(x)] — |h($)‘1+e} o
z€



has average per-period cost satisfying

t—1

|
O < lim inf n kZ_OE[C(Xk,#(Xk)) | Xo = 2]

forallx € X.
Proof. For any state feedback policy u € P,

B = xe/’ig,lieu{c(x’u) + Eh(X1)| Xt = 2,Up = u] — h(z)}

< ok {ele, p(@)) + EIR(Xer)| X = 2,Us = u(z) = h(o)}

The remainder of the proof simply requires application of Theorem 1. [ |

Note that in order to use Lemma 3 to prove a lower bound on the performance of an
optimal policy, we must show that the expected drift in h'*€ is bounded under an optimal
policy. This is often accomplished, as in the example of the next section, by showing that
the expected drift in A'*€ is bounded for all stable policies.

Summary: We will end this section with a summary of how each of these theorems are
used:

1. For a given policy p, Theorem 1 is used to determine an upper bound (3, on the
average per-period cost incurred by this policy.

2. Lemma 3 is used to determine a lower bound (; on the average per-period cost
incurred by any state feedback policy.

3. We can then use 8,/ as a bound on the worst-case cost ratio between J(u) and
Jopt-

3 Example: Control of a Multiclass Queue

Here we will apply the methods of the previous section to the problem of controlling a
multiclass queue. Our goal is to show that for any reasonable control policy, the average
queue length is within a fixed bound of the optimal average queue length.

A multiclass queue is simply a queue where each job may be a member of one of N
distinct job classes. What differentiates job classes is that jobs of certain classes may
arrive more frequently than jobs of other classes, and jobs of certain classes may require
longer service times than jobs of other classes. For queues with jobs of a single class, the
order in which arriving jobs are served has no effect on certain quantities, such as the
average queue length. Therefore, a simple control policy such as first in-first out (FIFO)
results in the same average queue lengths as a more complex control policy. However, for
systems with job dependent service times, the order in which arriving jobs are serviced
does have an effect on average queue length. For a system with a finite number of job
classes and memoryless arrival and service time distributions, the policy which minimizes
average queue length is well known [2, 4]. In the optimal policy, job classes are prioritized
according to average service time, and jobs with shorter average service times are served
before jobs with longer average service times. Also, if a low priority job is in service, it is



temporarily put aside if a job of higher priority arrives. In other words, this policy assumes
that it possible to distinguish between job classes, requires knowledge of service statistics
for each job class, and allows to possibility of preempting jobs in service. When it is
impractical to implement such a control policy, we need to resort to a simpler suboptimal
control policy. This raises the question, “If I use a suboptimal control policy, how much
longer than optimal may the average queue length be?” We consider the set of all non-
idling policies, which are policies that always serve jobs as long as there are jobs in the
queue. We will show that the queue lengths resulting from any non-idling policy are
bounded by a factor involving only the service rates. The bound we obtain gives a way of
quantifying the intuitive notion that the control policy has little effect on average queue
length if service rates for all job classes are close.

We consider a discrete time model of this queueing system. In time slot ¢, A € {0,1}
jobs of class i arrive in the queue. We assume that at most one job arrives in the queue in
each time slot; that is Y, A7 <1 for all . We also assume that for all ¢’ # ¢, the arrival
vectors A; and Ay are independent and identically distributed. We denote \; = E[AZ],
where this expectation is independent of t. We let X} denote the number of class 4 jobs in
the queue at time ¢, and let X; = (X},..., X}N). We define the control sequence U* such
that U} = 1 if a class i job is being serviced in time slot ¢, and U} = 0 otherwise. If we
are servicing a job of class i in a time slot, then service is completed with probability o;.
This probability is independent of service history, resulting in geometrically distributed
service times. Finally, we let D} = U/I(X})B?, where B is a Bernoulli random variable
with E[B?] = 0; and I denotes the indicator function defined as

I(:z:)_{ 0 ifz=0

1 otherwise

The random variable D! indicates the number of jobs of class i successfully served in time
slot t. The queue length dynamics evolve according to

i1 =Xi + A} - D}

for each i € {1,...,N}.

It is clear that the problem of choosing how to serve job classes in order to minimize av-
erage queue length is a Markov decision process with average per-period cost criteria. For
the model we consider, the state space is X = Zf , the set of possible queue occupancies
for each job class. The action space is

U= {u e{0,1}"

i=1

Here the cost incurred in time slot ¢ is ¢(X;) = Zil X}, the total number of jobs in the
queue. Let g : X — U be a state-feedback control policy, and let (X, X1,...) be the
queue length process under this policy. Then

t—1
T) = timsup + 3 Be(X0)| Xo = 0

t—o0 k=0

is the average queue length under policy p. As mentioned before, we will consider the
class of non-idling policies. A policy p is said to be non-idling if, for any x # 0, u(z) = wu;
implies x; > 0.



We would now like to consider the effect of control policy on average queue length.
Under certain conditions, bounded queue lengths may not exist for any non-idling policy
(i.e., the system is not stabilizable). Therefore, we must identify and restrict our attention
to the cases where the system is stabilizable. The following lemma identifies the cases in
which the system cannot be stabilized by a non-idling policy. This result is standard (see,
for example, [6]), so the proof is omitted due to space constraints. However, we would
like to point out that the methods of the previous section could be used to establish this
result.

Lemma 4. If Zf\;l % > 1, then there is no non-idling policy with bounded average queue
length.

It turns out that, when Zfil % < 1, any non-idling policy achieves bounded average
queue lengths. The following result relates the average queue length of an arbitrary
non-idling policy to the average queue length of an optimal policy.

Theorem 5. Let Py be the set of all non-idling policies. Let p € Py be an arbitrary
non-idling policy, and let

t—1
Jopt = inf {liminfi FE [C(XkaM(Xk))|Xo _ 0] } )

HEPN | tmee T
If vazl % < 1, then J(u) is finite and satisfies

J (1) < max;{o;}
Jopt - mlnl{az}

Proof. To prove an upper bound on J(u), we use

N 2 N
ha(z) = K4 (Z(I) +Kzzg—f :

K2

i=1 i=1
where

max;10;

P (o)
2(1-3X, &)

N

Y

Ky, = 1-2 — .

Let Ay(z) = E[hy(Xi11) | X¢ = ] — hy(x). Using X}, = X; + A} — D}, after some
algebra one can obtain

r(x) + Ay (z) = Z (1 - mxé{"ﬂ}) ri + fmax{o;},

i=1

where

2
N . N A
>im1 (1 + %) ﬁf -2 (Zi:l %)




To prove a lower bound on Jgp¢, we use
hi(z) = K3 (g:lri)Q-FKzixi
iz 7t i=1 7
where
min;{o;}
2(1-2%, %)

K3 =

and K5 is defined as before. Let
Az, u) = Elh(Xeg1) | Xo = 2,Up = u] — hy(x).

N D!
i=1 o;

The choice of u which minimizes r(x) + A;(z,u) has E [Z

whenever x # 0. Therefore,

Xt:x,Ut:u} =1

min{r(x) + A, u)} = (1 - mmj"”) ri-+ fmin{o}.

i=1

To complete this proof, we show that

sgg {E[hu(Xt_H)2 | Xi = 2,U; = p(2)] — hu(2)*} < o0

and
21612 {Eh(Xi11)? | Xi = 2,U; = p(2)] — ly(2)?} < o0
for all non-idling policies p € Pn1. Both h, and h; are of the form
h(y) = K(y* + Kay),
where y = va:l i— Squaring h obtains
h(y)? = K*(y" + 2Ky° + K3y°).
For any non-idling policy, the expected drift
EhXi11)? | Xp = 2,Up = p(x)] — h(x)*
is a third order polynomial with the third order term equal to
"(52-)(E)
iz 71 o)

Whenever the system is stabilizable, this is negative for all z # 0. Hence, the expected
drift in h2 is bounded above for all non-idling policies. This implies that the bounds 3,

and ; are valid and
J(,u) < & _ maxi{oi}
Jopt o Bl mlnz{az}




We would like to point out that this bound is not obtained by simply upper and lower
bounding the average queue length of the multiclass queue by the queue lengths of queues
which serve all job classes at the minimum and maximum service rates, respectively. While
such an approach would provide upper and lower bounds, the gap between these bounds
can be made arbitrarily large for given service rates. In fact, we can show that the bound
produced in Theorem 5 is tight.

The proof of tightness of the bound is left out due to space constraints. Essentially, this
proof considers a system with two job classes and compares the performance of the two
policies which give strict priority to one class. By computing the average queue lengths
under these policies, it is shown that arrival statistics can be chosen so that the the bound
in Theorem 5 can be approached arbitrarily closely.

It is also worth noting that the proof of Theorem 5 does not require any knowledge of
the optimal policy. The lower bound on optimal performance is determined via a much
simpler argument than would be required to derive and evaluate the optimal policy. Also,
it may appear at first sight that the upper bound in the proof of Theorem 5 may not
apply to FIFO, since FIFO is not a state-feedback policy under the current definition of
the system state. However, it is possible to create a countable state space under which
FIFO is a state-feedback policy. Moreover, r and h,, can be interpreted in this new state
space and an identical upper bound can be derived. A similar procedure could be carried
out to verify that the upper bound is also valid for non-preemptive policies.

4 Conclusion

In this paper, we presented a method which can be applied to obtain bounds on costs in
Markov decision processes with general state spaces and average per-period cost criteria.
This method was applied to the problem of control of a multiclass queue to establish a
bound on the ratio between the average queue length achieved by any practical policy
and the average queue length achieved by an optimal policy.
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