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Semiclassical calculation of collisional dissociation cross sections
for N¿N2
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Department of Engineering Physics and Astronomy, Thornton Hall, University of Virginia,
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~Received 5 April 2002; accepted 11 July 2002!

Dissociation and doubly differential cross sections are calculated for N1N2 at near-threshold
collision energies using a semiclassical wave packet method in which the vibrational motion of the
molecule is treated quantum mechanically and the rotational and translational motions are treated
classically. A three-bodied London–Eyring–Polanyi–Sato potential energy surface is used and
results compared to those obtained using a purely repulsive power law potential. For a comparison
of results, cross sections are also calculated using pure classical mechanics. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1504085#
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I. INTRODUCTION

The collision-induced dissociation~CID! of the N2 mol-
ecule by an energetic nitrogen atom is a process of imp
tance in the upper atmosphere of Titan, a moon of Sat
which has a nitrogen atmosphere.1 The energized nitrogen
atoms produced by dissociation populate Titan’s atmosph
corona and can contribute to atmospheric loss. Essentiall
laboratory data exist for this collisional system in the ene
range of interest~;9 eV to ;a few keV!. Previously
Johnsonet al.2 calculated the collisional dissociation cro
sections for N1N2 using classical molecular dynamics an
potentials constructed based on laboratory data for en
transfer in O1N2 collisions.3 They found that for a numbe
of atom–molecule collisions the classical dissociat
threshold using repulsive power law potentials is about th
times the actual dissociation energy. They also conclu
that classical trajectory calculations were reasonably accu
at high energies but poorly describe the effective thresh
Since dissociation can occur down to the true threshold
important to carry out a more detailed calculation in th
regime.

A full quantum mechanical calculation for CID is com
putationally challenging, particularly when such a large nu
ber of rotational channels participate in the collision. Qua
tum mechanical effects become most significant wh
tunneling occurs or when the energy spacings between
quantum states are large. In investigating the system N1N2

→N1N1N, since tunneling plays no role and the rotation
levels of the N2 molecule are closely spaced, we have e
ployed a semiclassical approximation. The vibrational m
tion of the N2 molecule is treated quantum mechanical
using a time-dependent wave packet method, while the r
tional motions and the relative translational motion a
treated classically. This approach has previously been
plied to atom–diatom reactive systems4 and to more complex
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molecule–molecule reactive5 and nonreactive6 scattering
problems.

This paper is organized as follows: The theory beh
the calculation is given in Sec. II, where we introduce t
semiclassical effective Hamiltonian~Sec. II A! and describe
the method of solution~Sec. II B!, including the wave packe
propagation techniques. We also briefly review the equati
for calculating the dissociation cross sections in Sec. II C
Sec. III the computational details of the calculation are giv
along with the results for the total integrated dissociat
cross sections and the doubly differential cross sections
summary of our findings is given in Sec. IV.

II. THEORY AND CALCULATION

A. Semiclassical equation

To study the system A1BC→A1B1C we use the
space fixed Jacobi coordinate system wherer 1 is the vector
joining atom B to C andr 2 is the vector joining atom A to the
center of mass of molecule BC. The Hamiltonian for th
system is given by

Ĥ52(
i 51

2
\2

2m i
F ]2

]r i
2 1

2

r i

]

]r i
1

1

r i
2 S ]2

]u i
2

1cotu i

]

]u i

1

sin2 u i

]2

]f i
2D G1V~r i ,u i ,f i !, i 51,2,

~1!

where the vectorr i is expressed in terms of spherical pol
coordinatesr i , u i , andf i . u i andf i are the angles defining
the orientation of the space fixed vectorsr i . m1 is the re-
duced mass of the molecule BC andm2 is the three-body
reduced mass. IfC is the wave function associated with th
Hamiltonian of Eq.~1!, we can introduce a new wave func
tion c, given by

c5r 1C, ~2!

so that the first derivative inr 1 in Eq. ~1! is eliminated. The
semiclassical Hamiltonian is then obtained by replacing

r-
il:
6 © 2002 American Institute of Physics
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variables associated with the translational and rotational
tions in Eq.~4! with their respective classical counterpar
i.e.,

Ĥsc5
2\2

2m1

]2

]r 1
2 1

Pr 2

2

2m2
1(

i 51

2
1

2m i r i
2 S Pu i

2 1
1

sin2 u i
Pf i

2 D
1V~r i ,u i ,f i !, i 51,2. ~3!

In Eq. ~3!, thePi are the classical momentum associated w
r 2 and the orientation angles. The effective semiclass
Hamiltonian, which is defined as the expectation value of
semiclassical Hamiltonian, couples the classical and se
classical degrees of freedom. It is given by

Ĥsc
eff5

^cuĤscuc&

^cuc&

5ĤQ
eff1

Pr 2

2

2m2
1

1

2m2r 2
2 S Pu2

2 1
1

sin2 u2
Pf2

2 D
1

1

2m1
S Pu1

2 1
1

sin2 u1
Pf1

2 D S 1

r 1
2D eff

1Veff~r i ,u i ,f i !, i 51,2, ~4!

where

ĤQ
eff5

^cuĤQuc&

^cuc&
, ~5!

ĤQ5
2\2

2m1

]2

]r 1
2 , ~6!

S 1

r 1
2D eff

5

^cu
1

r 1
2 uc&

^cuc&
, ~7!

and

Veff~r i ,u i ,f i !5
^cuV~r i ,u i ,f i !uc&

^cuc&
. ~8!

In the above equationŝ& denotes integration over the qua
tal variabler 1 .

B. Method of solution

For the quantal part of the calculation the tim
dependent Schro¨dinger equation is given by

i\
]c~r 1 ,t !

]t
5F2\2

2m1

]2

]r 1
2 1

1

2m1r 1
2 S Pu1

2 1
1

sin2 u1
Pf1D

1V~r i ,u i ,f i !Gc~r 1 ,t !. ~9!

During the propagation of the wave function, the variab
r 2 , u i , andf i , i 51,2 and the momenta,Pu1

2 andPf1
, were

passed from the classical calculation and remained cons
for each time stepDt. The wave packet propagation wa
carried out using the symmetrized split operator~SSO! fast
Fourier transform~FFT! method7 and a finite grid, which is
described briefly in the Appendix. The initial wave functio
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c(r 1 ,t50) in the vibrational statev was taken as a Morse
oscillator wave function. Because we will use the populat
of the bound states below, we eliminate the reactive a
dissociative contributions to the wave function by introdu
ing an absorbing potential,

Vabs5H 2 iV0 Dt~r 12r abs!/\ Dr abs, r abs,r 1<r abs1Dr abs

0, r 1<r abs,
~10!

whereV0 is the height andDr abs the width of the absorbing
potential andr abs is its location onr 1 , which is placed suf-
ficiently far away from the interaction region. This procedu
also prevents any reflection at the boundaries that arise n
rally in the SSO FFT method.8

The classical equations of motion, given by

u̇15
Pu1

m1
S 1

r 1
2D eff

,

Ṗu1
5

Pf1

2 cosu1

m1 sin3 u1
K 1

r 1
2L 2

]Veff~r i ,u i ,f i !

]u1
,

ḟ15
Pf1

m1 sin2 u1
S 1

r 1
2D eff

, Ṗf1
52

]Veff~r i ,u i ,f i !

]f1
,

ṙ 25
Pr 2

m2
, ~11!

Ṗr 2
5S Pu2

2 1
Pf2

2

sin2 f2
D 1

m2r 2
32

]Veff~r i ,u i ,f i !

]r 2

u̇25
Pu2

m2r 2
2 , Ṗu2

5
Pf2

2 cosu2

m2 sin3 u2r 2
22

]Veff~r i ,u i ,f i !

]u2

ḟ25
Pf2

m2 sin2 u2r 2
2 , Ṗf2

5
]Veff~r i ,u i ,f i !

]f2
,

were integrated, for each randomly chosen impact param
b, set of orientation angles,u i andf i , and initial center of
mass energy, using a fourth-order predictor correc
method. Anglesu1 andf1 were chosen in the range 0<u1

<p and 0<f1<2p, respectively. The initial position of the
atom A was chosen to lie along thez axis at an initial dis-
tancer 2 sufficiently large in order for the interaction poten
tial to be negligible. In those cases for which the collision
primarily dissociative or reactive the calculation was term
nated when the norm of the wave function remaining on
grid was negligible. Otherwise the trajectory was termina
when the distance between the atom and the center of m
of the molecule is larger thanr 2max

, where we choser 2max

58 Å.
Due to the lack of accurateab initio potential energy

surfaces for the system N1N2, we used a London–Eyring–
Polanyi–Sato potential energy surface, calculated by Lag´
et al.9 This is likely accurate in describing the three-bo
affects at long range but is probably not very accurate
close collisions between atoms, as discussed later.

The simultaneous evaluation of the quantal and class
degrees of freedom is performed in the following way. Aft
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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setting the initial conditions, the wave function is propaga
through a time step 0.5Dt. This is followed by integrating
the classical equations of motion through a time stepDt
using the wave function calculated halfway through the ti
interval. The wave function is then propagated through a
time step using the classical variables calculated at timeDt.
This sequence is repeated for the rest of the calculation.

C. Transition probabilities and cross sections

The probability of dissociation is calculated by first pr
jecting the final wave function onto each asymptotic vib
tional state to obtain the vibrational transition probabilitie
i.e.,

Pv→v85U E c~r 1 ,t5`!fv8~r 1!dr1U2

, ~12!

wherefv8(r 1) is the Morse oscillator wave function for vi
brational statev8. If a sufficient number of vibrational state
are included, then the probability of the collision being no
dissociative and nonreactive,PNDR, is obtained by adding
together all the vibrational transition probabilities,

PNDR5 (
v850

vmax

Pv→v8 , ~13!

wherevmax is the maximum vibrational state. To determine
a reaction has taken place~i.e., A1BC→AB1C or A1BC
→AC1B) we calculate the kinetic energy and the poten
energy both between atoms A and C and between atom
and B. If the kinetic energy plus the potential energy is le
than zero for either case, then a reaction has taken place.
to the presence of the absorbing potential we place a limi
the maximum separation of the BC molecule,r 1max

. There-
fore when r 1.r 1max

, the calculation ends. We choser 1max

58 Å which is large enough to make a good estimate of
final positions and total energies between all three atoms
is small enough to provide accurate results for the numbe
grid points used in the FFT calculation. For a given orien
tion and impact parameter,PR is either 1 or 0, whereasPNDR

can range anywhere between 0 and 1. Therefore we esti
the probability of dissociation,PD, as follows; if PR51 we
setPD50, otherwise

PD512PNDR. ~14!

This method ensures thatPD is never less than zero. Th
total integrated cross section for dissociation is obtained

sD5E
0

bmax
bP̄D db, ~15!

wherebmax is the maximum value of the impact parameteb

andP̄D is the probability of dissociation averaged over init
orientation. For a more detailed analysis of the system
calculate also the doubly differential cross section, which
given by

d2s

dV de
52p(

i

N
Pi~e,x!bi Db

2p sinx Dx De
, ~16!
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wherePi(e,x) is the probability of the scattering angle bein
in the range (x2Dx/2,x1Dx/2) with final energy in the
range (e2De/2,e1De/2). This is averaged over the numb
of initial orientations for a given impact parameterbi . Here
N is the total number of impact parameters ande is the en-
ergy in the center of mass of the atom–molecule system.
this set of collision partners the net energy transfer from
incident N to the molecule isT51.5@e02e#, wheree0 is the
initial energy in the center of mass.

III. RESULTS AND DISCUSSION

Since the dissociation threshold energy of N2 is 9.91 eV,
the dissociation cross sections were calculated at ener
e0 , between 9 and 40 eV for the ground vibrational statev
50. The wave function was propagated on a grid of 10
discrete points and the maximum value of the N2 separa-
tion was 8.0 Å and the minimum value 0.3 Å. Larger a
smaller values for the grid length and the maximumr2 were
tested to find the best values. The maximum vibratio
quantum number was calculated using the semiclass
approximation,10

S v1
1

2D 2

5
2m1De

\2b2 , ~17!

where De59.91 eV is the dissociation energy andb
52.689/Å, and was found to bevmax567. For the total dis-
sociation cross sections the maximum value for the imp
parameter was taken to be 1.5 Å and for the differential cr
sections was chosen to be 4.0 Å. For each impact param
we integrated trajectories for 100 random initial orientatio
for each energy and we choseDb50.05 Å. For the absorb-
ing potential we choseV05100 eV andr abs51.0 Å.

In Fig. 1 we compare how the probability of dissociatio
and reaction vary with impact parameterb for the semiclas-
sical and classical calculation using the LEPS PES at
center of mass energy 30 eV. Using the LEPS PES at sm

FIG. 1. Top: Probability of dissociation vs impact parameterb in Åusing
semiclassical~solid! and classical~dashed! methods for the LEPS PES
Middle: Probability of reaction vs impact parameterb in Å using semiclas-
sical ~solid! and classical~dashed! methods for the LEPS PES. Bottom
Total probability of dissociation and reaction vs impact parameterb in Å
calculated semiclassically~solid! and classically~dashed! using the LEPS
PES.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



am
n

ig
e
d
ti
lo
ne
be
ll
tio
n
te
en

io
PS
du
,
d
d

tia

al
tte

t
se
N

al
ocia-
ee-
nd
ls
ions
he

ail
ity
ec-
ted
re-

tial
-
n,
be

n
re-

the
tion

e

tio

le

6559J. Chem. Phys., Vol. 117, No. 14, 8 October 2002 Dissociation cross sections for N1N2
impact parameters~,0.5 Å! the probability of reaction
dominates over that of dissociation but as the impact par
eter increases so too does the probability of dissociation u
the peak at about 1 Å.

Collisional dissociation cross sections are shown in F
2 for center of mass energy varying between 9 and 40
These are carried out using the semiclassical method
scribed above and a classical molecular dynamics calcula
both using the LEPS PES potential. Also shown in this p
is the classical calculation using the pair potentials obtai
by Johnsonet al.2 For energies greater than 20 eV it can
seen that the classical and semiclassical results agree we
the LEPS PES. However, on approaching the dissocia
threshold energy~9–20 eV! the semiclassical approximatio
predicts more dissociation than the classical. The pair po
tials are in the form of a repulsive power law potential, giv
by

Vn5
Cn

r n , ~18!

where r is the separation of the atoms andCn and n are
obtained from data extracted from dissociation cross sect
for O1N2.2 The differences between the results of the LE
PES and those of the power law potentials are primarily
to the three-body terms present in the LEPS PES. That is
the incident N approaches, the molecule becomes highly
torted. Because the cross section is very sensitive to the
tails of the potentials in this energy range, accurate poten
are needed.

Finally, in Fig. 3 the semiclassical doubly differenti
cross sections are given for a range of final energies plo
against the center of mass scattering anglex.

IV. CONCLUSIONS

We have calculated the dissociation cross sections,
reaction cross sections, and the doubly differential cross
tions for N1N2 for energies in the center of mass of the

FIG. 2. Integrated dissociation cross sections vs center of mass en
E(eV) ranging from 9 to 40 eV for the semiclassical~solid! and classical
~dashed! calculations using the LEPS PES. Also shown is the dissocia
cross section calculated classically using the repulsive pair potentials~dot
dashed!.
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1N2 system,e0 , in the range 9–40 eV using a semiclassic
method. Because a goal was to better describe the diss
tion probability near the threshold region, we used a thr
body model potential that can roughly describe the grou
state of N3 . This differs considerably from the pair potentia
used earlier. For comparison to our semiclassical calculat
we also carried out fully classical calculations using t
three-body potential.

We find that in the region studied the pair potentials f
dramatically both in describing the dissociation probabil
with impact parameter and the total dissociation cross s
tions. However, using the three-body potential construc
from Morse potentials fails at large energy transfers. The
fore, in the region where the repulsive part of the poten
dominates~.;40 eV!, an appropriate description of the re
pulsive part of the potential is needed. In this velocity regio
excitations within the ground state multiplet should also
included.

Although our goal was to study collisional dissociatio
in Titan’s upper atmosphere, we found surprisingly large
action probabilities for the N1N2 system. However, our
cross sections for reaction plus dissociation channels are
most reliable. The separation into reaction and dissocia

rgy

n

FIG. 3. Doubly differential cross sections plotted against scattering angx
for the final center of mass energye55 eV ~top! and e510 eV ~bottom!,
where the initial center of mass energy is 20 eV.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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cross sections requires that we estimate the position of
dissociated atoms with respect to the incident N. It sho
also be noted that since a finite grid is used it is difficult
accurately calculate the highly excited vibrational eigensta
up to the dissociation limit. Another method would be
calculate the flux and integrate it to obtain the probabi
that the molecule has dissociated. It is seen that for both
dissociation and the reaction cross sections, there is ro
agreement of the classical result with the semiclassical
culation. Because the semiclassical method allows disso
tion when theaveragevibrational state is below the disso
ciation limit, the semiclassical dissociation cross section
larger than the classical result at the lowest energies as
pected. In treating low-energy collisions, the most import
improvements that can be made are the use of a better
tential surface that accurately treats both the binding and
repulsive regions and, where reactions are important, a f
quantal calculation. The cross sections calculated here
now being incorporated in a particle transport code1 to de-
scribe the heating and loss of Titan’s upper atmospher
preparation for the arrival of the Cassini spacecraft at Sa
~see Fig. 4!.

FIG. 4. The same as Fig. 3, but for final center of mass energye515 eV
~top! ande519 eV ~bottom!.
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APPENDIX: THE SPLIT OPERATOR FAST FOURIER
TRANSFORM METHOD

The time propagation of the wave functionc(r 1 ,t) is
carried out using the symmetrized split operator fast Fou
transform method proposed by Flecket al.11 The following is
based on the description by Feitet al.12

If at time t5t0 the initial wave functionc(r ,t0) is
known on the gridr 5@r min ,rmax#, wherer min is the minimum
value ofr andr max is the maximum, then the solution of th
wave function having advanced through a time stepDt is
given by

c~r ,t01Dt !5expF2 i S 2\2

2m

]

]r 2 1V~r ! D Dt

\ Gc~r ,t0!.

~A1!

If Dt is sufficiently small then this can be approximated b

c~r ,t01Dt !5expS 2 i
\ Dt

4m

]2

]r 2DexpS 2 i
Dt

\
V~r ! D

3expS 2 i
\ Dt

4m

]2

]r 2Dc~r ,t0!, ~A2!

which is the symmetrized split operator form.
The solution to the first term in Eq.~A2!,

expS 2 i
\Dt

4m

]2

]r 2D ,

is obtained by using the band-limited Fourier series repres
tation,

expS 2 i
\Dt

4m

]2

]r 2Dc~r ,t0!

5 (
n52N/211

N/2

cn~ t01Dt !e2p in j /N, ~A3!

where

cn~ t01Dt !5S 1

N (
j 50

N21

c~r min1Dr j ,t0!e22p in j /ND
3expF2 i\ Dt

4m S 2pn

L0
D 2G . ~A4!

In Eq. ~A4!, L0 is the length of the grid@r min ,rmax#, N is the
number of grid points, andDr 5L0 /N. The efficiency of this
procedure can be increased by using a fast Fourier trans
algorithm in evaluation of Eqs.~A3! and ~A4!. Accurate re-
sults are obtained by choosingL0 large enough so that th
amplitude of the wave function is negligible at the grid en
and by choosingDr small enough to accommodate the sp
tial bandwidth of the wave function. The time stepDt must
also satisfy the condition

Dt,\/DVmax, ~A5!

whereDVmax is the difference between the highest and lo
est potential values in the Franck–Condon region.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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