Appendixes

A. Delta Functions

To represent the deterministic processes discussed in Chapter 2 we
introduce the concept of a delta function, d(x — x,). By definition,

0, 2
5(x—x0):{ X # Xo
+ o0, X = X,
and
J o(x — xg)dx =1
such that

j S(x)(x — xp)dx = f(xg) (A.1)

=

There are a number of mathematical representations of d(x — x,) using
functions symmetric about x, which have finite widths and which are used
by taking the limit as this width goes to zero, ¢.g.,

1
Ix — xo) == Hm ¢/[(x — xo)* + &°]
n e—=+0
= lim (2rA)" "2 exp[ —(x — x0)%/2A]
A= +0
1 sin L(x — xg)
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An often used expression from Fourier analysis, which we employ in Chap-
ters 3 and 4, 1s

o(x) = L j exp (ikx) dk (A.3)
2n J_ .

For further discussion [see A. Messiah, Quantum Mechanics, Vol. 1, North-

Holland, Amsterdam (1961), p. 468].

The integral property of the one-dimensional delta function for a vari-
able defined on (— 0, + o), as in Eq. (A.1), is often modified in practice to
fw i fwdw — Wy)dw = f(W,), if W, >W, > W_. For the classical col-
lision probability of Eq. (2.31), pag(b. 0) = (1/27)5[cos & — cos O(b)] with
cos 6 defined on (—1, 1), the total collision probability is

1
PLp(b) = 27[[ Pap(b, @)dcosO = 1
-1

B. CM Deflection Function and Semiclassical Phase Shift

In the classical impulse approximation of Chapter 2, Eq. (2.57a), we
have

) d {1 =
Ay~ — iR, {EJ V(R)dZ} (B.1)

e el

in which R? = R§ + Z?, where for distant collisions R, ~ b. Similarly, in
Chapter 3, Eq. (3.52), the quantum impulse approximation or Born ap-
proximation gives the semiclassical phase shift as

je o]

n>(b) =~ — (m/hpy) J V(R)dZ (B.2)
for the straight-line trajectory, Z = p,t/m. Together, Eqgs. (B.2) and (B.1)
confirm the semiclassical relationship, y(b) = (2h/po)dn°S/éb, of Eq. (3.47).
The integral in Egs. (B.1) and (B.2) evaluated for the screened potentials,
V(R) = C,exp(—BR)/R" of Eq. (3.63), becomes

el al~n
J VdzZ =C,(-1)t".2 g K, (pb) for n < 1, n integer (B.3)

—

where K (z) is a modified Bessel function of zero order [see Eq. (D.8)]. For
large impact parameters (b > ') and arbitrary n, we have

o 2Cn TC 1/2 ~
f VdzZ— 1 <%> e pb (B4)
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In the limit § — 0, the simple power-law potentials yield

n—-1
. b

J Viz = —2= .2f dx/(1 + x2)?
0

MJ n> 1 (B.5)

C
o [m/z) T2

bn—l
which is used to obtain Eq. (2.58), with b ~ R, and Eq. (5.1). Here I['(x) is
defined as I'(x) = [§t*"'e ‘dr and has the properties I'(x + 1) = xI'(x),
[(x + 1) = x! for x integer, and I'(1/2) = (n)"/%. For other values, I'(x) is
tabulated.
The exact classical deflection function is most easily evaluated using
the Gauss—Mehler quadrature

f dx SR = x)P2 = Y wi f(x) (B.6)

where x; = cos [(2i — 1)n/2n] and w; = n/n. With the change of variable
x = Ry/R, Eq: (2.55) becomes

ab)=mn— 2ﬂf dx/[1 — (xp)* — V/E]'?, B =b/R, (B.7)
0

which, when V/E is small, is close in form to Eq. (B.6). Using Eq. (B.6) with

f(x) = B{(1 — xH)/[1 — (xp)* — V/E]}* and n = 2m, as f(x) is an even func-

tion, we have

7(b) ~ n[l — 1/m '; f(x,-):| (B.8)

To evaluate the semiclassical action in Eq. (3.50a) or the radial phase shift
in Eq. (3.50b), the integration procedure above may be used or a related
integration expression

n

1
f SO = x) 2 dx =~ 3w f(x)
-1 i=1
with w; = [/(n + 1)] sin? [in/(n + 1)], x; = cos [in/(n + 1)}, and f(x) deter-
mined from Egs. (3.50).
For further information on the modified Bessel functions, the gamma
functions, or these integration techniques, see, for instance, M. Abramowitz
and I. A. Stegun, eds., Handbook of Mathematical Functions, National

Bureau of Standards, U.S. Government Printing Office, Washington, D.C.
(1964).
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C. Collision with an Oscillator

The equation of motion for a harmonically bound charge of mass M,
in the field of a passing atom or ion is

Mi = —M,Ti — kr + F,(t) (C.1)

in which the terms on the right are a damping force, the binding force
approximated as in Eq. (3.73), and the outside force on i, F;(t), due to the
passing particle, A, where r is the position of the bound charge, i, in the
target B. The total work done on the charge by A is

0, = f s F,(t)dt (C.2)

—

which can be evaluated using Fourier transforms. Taking the Fourier trans-
form of Eq. (C.1) and solving for r(w) [the transform of r(t)] in terms of F(w)
[the transform of F(¢)] and substituting these into Eq. (C.2) we obtain

2 0]

Q: = (n/M)) J | Flw) *g(w) do (C3)

> o]

in which g(w) = (1/n){*T/[(0w* — w)* + ©?T?]}, with wg = k/M;. In the
limit that the damping disappears (i.e., [ 0), g(w) becomes a delta func-
tion (Appendix A), 8w — w,). Hence, as I’ — 0, using Eq. (A.1), we obtain

Q; = (n/M)| F(w,) |* (C4)

The force between a particle A of charge Z, and a bound electron on B
is the coulomb force F = —Z, ¢*R —r)/|R —r|* [cf. Eq. (4.4)]. If, in addi-
tion, A is assumed to be moving in a straight line, R? = v2t> + b> and r < R
[asin Eq. (4.10a)], then

F () = (Z, e*/bv)(2/n)" *[(wb/v)K {(wb/v)]
and
F(w) =~ —iZ 4 e*/bv)(2/m) *[(wb/v)K o(wb/v)].

As in Appendix B, the K, are modified Bessel functions and we used

X eiax dX 0 xeiax dx ‘
ﬁ (————1 ) = 20K (2) and ﬁ (“1 n x2)3/2 = — 2iaK ()

Substituting these expressions in Eq. (C.4), we obtain (M;— m,)
27%e* 1
0, ~ mAU‘; =3 [b/e’[Ki(wb/t) + Kiwb/v)] (C.5a)

[
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The asymptotic expressions for K, (cf. Appendix B),

K, 225.rwzpe) ™, v#0

v

Ko(z) —=25 —In(1.123/z)
and
K, (z) =S (n/2z) % e "
when used in Eq. (C.5a), yield
2Z%2e* 1 (1 , wb/v < 1
b, w)— — .
Q. (b, ) m,v> b2 {n(a)b/v)e'z“’b/”, wb/v > 1 (C.3b)

Defining b/v to be the collision time, we see that wb/v < 1 is the classical
BEA limit of Chapter 2 in which the electron’s bound motion is slow
compared to the incident-particle motion, and wb/v > 1 is the adiabatic

limit of Chapter 4.
The energy transfer to the electrons can be used to calculate the stop-

ping power (dE/dx), . That is, using Eq. (2.71), we have
bmax
—(dE/dx), =) fing2n Q.b, w,)bdb (C.6)
i bmin
where f; is the oscillator strength of Egs. (4.19) and (4.20). The integral in
Eqg. (C.6), on substituting Eq. (C.5), yields

—(dE/dx), = ny(4nZ3 e*/m v?) 3 fi[Buin — Brmai] (C.7)

where B = (wb/v)K [(wb/v)K o (wb/v). Estimates for b.;, and b ., can be
made using the arguments in Chapters 2 and 5. Letting b, — oo (ie,
v/w < d, the distance to the neighboring target atom), and b;, < v/w, we
have

—(dE/dx), ~ ng(4nZ% e*/m,v*)In(1.123v/@b,,,) (C.8)

where ngln (hd) = Y, fiIn(hw) ~ Y; f;In(Ig). Comparing this to earlier dis-
cussions, we see that Aic = I is the mean ionization energy of Eq. (5.22).
The quantity b, in Eq. (C.8) is the larger of Z,e*/mv* and h/mv, the
classical and quantum limits in impact parameter.

If A is an incident neutral atom, which interacts with the electrons on
B via a screened coulomb potential V = (Z, e?/R)e”#, then a similar ex-
pression for Q. is obtained. Using the integral

S 2K o(bf)
|

elot gt = (C.9)
v

-
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where "2 = * + (w/v)?, we find that the energy transfer becomes

272 e* |
Q. =" o (FDPKIED) + (@bPKYFD]  (C10)

mev

where we used (6/¢z)Ko(z) = — K (z) [see Eq. (D.8)]. This reduces to Eq.
(C.5) when f— 0. The stopping power now becomes, using b, — o0,

dE dnZ%
—dz = Hg i Z f (ﬂ bmm)K (ﬂ bmln)KO(ﬁ bmm
- %(ﬁbmin)z[K%(ﬂ/bmin) - K(Z)(ﬂlbmm)]} ‘ (Cl 1)

In the limit §'b,,;, < 1,

4n72 e 1123 1 /B\?
S e LY et (N IS

For very fast collisions, § = f#, the term in brackets becomes a constant and
(dE/dx), goes as 1/E (e.g., BEA). Therefore, the screening length acts like a
large b (small energy transfer) cutoff on the interaction as stated at the end
of Chapter 2. Compare these expressions to Egs. (5.18), (5.22), (5.29), and
(2.72).

Additional information on these topics is contained in J. D. Jackson,
Classical Electrodynamics, Chapter 13, Wiley, New York (1963).

dx

IdE

D. Born-Approximation Cross Section and Transition Probabilities

The first Born approximation to the elastic scattering amplitude, f(y),
was given in Eq. (3.59) as

S P00 = Jd3R expliKo — K)-RIVR)  (D.1)

2nh?
If the potential depends only on R, then the angular integrations can be
performed, giving

V(R)R*dR (D.2)

) = 2m Jsin(ApR/h)

h* (ApR/h)

For the screened power-law potentials, V(R) = (C,/R"e #%, the scattering
amplitude scales as

2m{ h P " ® sin x
= -=(=] ¢ “ax D.
JARRVY e <Ap> nL R X (D.3)

where y = Bh/Ap. In the limit 7y — 0O the expression for the power laws in Eq.
(3.61) is obtained. The integrals in Egs. (D.2) and (D.3) are fourier-sine
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integrals which are given in A. Erdelyi, Tables of Integral Transforms,
Volume 1, McGraw-Hill, New York (1954). For the screened potential, for
n < 3andy <0, we have

___2 h 3—n
f %) = hzm <A—p> C, 9,
guy) = T2 — n)]sin[(2 — n)cot ™ (»)]/(1 + y*)* /2 (D.4)

This expression is valid for power laws (i.e., y = 0) only for 1 < n < 3. The
function I'(x) is the tabulated gamma function defined, for x > 0, as

[(x) = Jmt"‘le“dt (D.5)

For x < 0, see p. 255.
The first-order transition amplitudes in the impact parameter method

are given in Eq. (4.51) as

Se)

Cosploc) = %f Veo(R)exp (iw o t) dt (D.6)
with R*=b*+v?r*. Using the wave functions for the H* + H(ls) > H* +
H(2s) transition, the " reader can verify that Vi , = —2%%2.(2 +
3R)e™¥?R/27. Therefore, we are generally interested in potentials of the
form V,, = A, R"#X. Using Eq. (C.9), we see that the coefficients have a
form like that in Eq. (B.3),

2A an+1
‘"(_1)'”'1 a'BrH-l

Ch (o) = ==
o7 () ihv

where "2 = % + (w,o/v)*. The recursion relations for the modified Bessel

functions are

Ko(bf) (D.7)

Bold) _ k9 (D3
oz
KD = =Ky~ Ky 25 K Ky

E. Transport Equations

In Chapters 1 and 2 various transport equations are considered either
with regard to the discussion of collision cascades or to chemical kinetics
and diffusion. These equations are simply conservation equations that ac-
count for all loses and gains in a small volume of the material. The local
rate of change of the density of a species, 0n;/dt, in a given volume element
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is due to the difference in the flow into and out of the volume element and
any production rates (sources), P;, or loss rates (sinks), L;, within this
volume:

on;

P Change due to flow + P, — L, (E.1)
If the flow is uniform, the change in density due to the flow is zero. How-
ever, if there is a gradient (e.g., more “in” one side than “out” the other),
then n; is affected. Writing the flow as n;w;, Eq. (E.1) can be written

an,

:_Vi i Pi_Li E2
Py nw; + (E.2)

where the reader should confirm the negative sign. This is referred to,
generally, as the continuity equation.

The time-independent radiation cascade equation can be developed
from the expression in Eq. (1.1). If the radiation intensity I;(p, z) defined in
the text is used, then I;(p, z)(p - £)d’p is the number of particles per unit
area per unit time of type i with momentum between p and p + dp crossing
a surface at depth z. Here p - 7 is the cosine between the incident direction p
and the surface normal. As I; is assumed uniform across the surface in our
model, the total number of particles crossing the surface is

A fli(p, z2)p - 9)d®p

where A is the surface area. If w(p, p’)d®p’ is the probability per unit path
length of a collision occurring in which p— p’, then { w,(p, p)Az/(p - 2)d3p’
is the total probability of particles p changing their momentum when cross-
ing a slab Az thick. The path length through the slab is, of course, Az/(p - 2).
Using these definitions, we see that the change in flux across a slab Az thick,
as defined in Eq. (1.1), becomes

L1i(p, z + Az) — I(p, 2)1(5 - £)dp’

A
= —L(p, 2)(p - H)d’p fwi(p, P) ( ZA> d’p’

p-z

A
+ [ j Ii(p', 2)(p" - 2)y(p), p)<:,—'27> d3p’] d*p
Pz
+ Fdp, 2)Azd%p (E.3)

The first term on the right is the loss due to scatterings of i type particles of
momentum p, where (Az/p - Z) is their path length through the slab. The
second term is the addition to the flux of particles of type (i, p') by scatter-
ing from p’ into the interval p to p + dp, where the path length for the p’
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particles through the slab is Az/p’ - Z. The last term accounts for all other
sources and sinks for particles of type (i, p), that is, the probability of an
absorption, ionization, nuclear reaction, etc. in the slab. This last term
obviously contains a considerable amount of physics of the processes oc-
curring in materials. The integral equation (E.3) can be converted into an
integral-differential equation by writing

ol
lip. 2+ Az) > Ii(p., 2) + Az —(p, 2) (E4)

Using Eq. (E.4) and canceling the Az and angular factors (p - Z), we see that
Eq. (E.3) becomes

ol
—cosf ——(p, 2) = [ L1dp: 2)wi(p, P)
z

—L(p, 2wlp, pld°p — Ldp, 2) (E.5)

where we have defined cos 0 = p - Z. This is the expression used in Eq. (1.2).

This result is related to that in Eq. (E.2) if the momenta are randomly

oriented, so [ I,(p, z)d’p = 0, and the net flow (nw), = [ I,(p, z)cos 0 d°p. In-

tegrating Eq. (E.S5) over all momenta, we see that the colhslon terms cancel

(as many are scattered into any direction as out of) and the time-dependent

continuity equation in one dimension is recovered: d(nw),/0z = ;. Here
Si=[Fdp, 2)d’p = P, — L.

In Chapter 2 we discuss the collision-cross-section differential in angle
rather than the «w(p, p’). These are related by (do/dQ)dQdo[p’ — p'(Q, p)]
d*p’ = (1/np)ow(p, p')d>p’ where ny is the target number density, generally
written ng in Chapter 2, where B identifies the target atoms or molecules.
The quantity Q indicates the solid angle associated with the scattered mo-
mentum direction p’, as measured from the incident direction, here p (viz.
Figure 2.6), and p'(Q, p) is the final momentum calculated by classical kin-
ematics. The delta function is discussed in Chapter 2 and in Appendix A.
The reader is also referred to Eq. (6.17) and the following discussion.

F. The Stationary-Phase Approximation

The stationary-phase approximation is used extensively in Chapters 3
and 4 to evaluate integrals of oscillatory functions having the general form

I = ft A(x)exp [ia(x)] dx (F.1)

where A(x) 1s a slowly varying quantity. If the phase, o(x), changes rapidly
(or randomly) with x, then the contributions to I tend to cancel. On the
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other hand, if «(x) has a stationary point, x,, ie., o = do/dx {xzxo = 0, then
o will be slowly varying over a region of x about x,, and a significant
contribution to / may acrue, as indicated in Figure 3.6. Writing a(x) ~
a(xo) + [(x — x0)?/2]o"" in a region about x, having extent Ax, we can
approximate the integral by zero outside this region, and

xo+Ax/2 ia”
I ~ explidx)] A(x)exp [—— (x — XO)Z:I dx (F.2)
xp—Ax/2 2
The slowly varying function A(x) is replaced by its value A(x,) in this
region. The remaining integral is now evaluated by extending the limits of
integration to infinity,

I ~ exp[ia(xo)] Alxo) | exp [’z (x — x0)2] dx (F.3)
This extension is valid since, when |Ax| > |x,|, the integral in Eq. (F.3)
oscillates rapidly as x changes, producing cancellation, and the primary
contribution again comes from a small region about x,. The correct pro-
cedure for evaluating the integral in Eq. (D.3) is to use complex integration
methods. However, noting that |2 exp[—B(x — x0)*]dx = (z/f)"/* and
writing f§ = & — ia"/2, we sec that the integral becomes, in the limit & — 0,

I =~ A(xq)exp [ialxo)][7/(— o /2)]"?
or
I = (2m/a"(xo)'"? A(xo) exp {i[a(xo) + n/4]} (F.4)
This 1s the approximation used in Chapters 3 and 4.

G. Atomic State Labels

The wave function for the one-electron atom in Eq. (3.71) has the form
Wtm = R Yim» Where the label n is an energy index, [ (I =0, 1, 2, ...) is the
angular momentum index, and m;(m; = L, I —1,..., =] + 1, —1), 1s an index
for the angular momentum along the arbitrary axis through the atom. The
latter is important only when the electron is in an applied field or the field
of another electron or nucleus. Each electron also has a spin, which is
another angular momentum quantity. As there are two possible spin orien-
tations, the angular momentum labeling is s = 7 and m; = + 4, by analogy
with [ and m;. For a multielectron atom, the total angular momentum of a
given atomic state is the only observable quantity. However, for light
atoms, which we will concentrate on here, it is useful to imagine the atomic
state as being built up from single-electron states. Each such state has a
given angular momentum and spin, with the orbital and spin angular mo-
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mentum combining separately. This assumes that the electrons in the atom
orbit independently in the field of the nucleus and the average field of the
other electrons.

The atomic-orbital method, based on the Pauli principle, assigns labels
n and [ for each electron orbital and allows each orbit type to be filled with
only that number of electrons determined by the m, values for each [ and
the two possible spin orientations. Each such orbital or shell, therefore, can
contain at most 2(2/ + 1) electrons. Using the spectroscopic notation (i.e., s,
p, d, f, g, ... corresponds to [ =0, 1, 2, 3, 4, ...), one often labels a ground
state hydrogen atom (ls), where one is the energy index n, and s is the
angular momentum index, / = 0. Helium becomes (Is)*, implying that the
two electrons have different spin orientations. Lithium, with three electrons,
becomes (1s)*(2s); carbon, with six electrons, becomes (15)*(25)%(2p)?; and
neon completes the n = 2 shell with 10 electrons, (1s)3(25)*(2p)®.

The individual angular momenta combine to give a total orbital angu-
lar momentum, L, and spin angular momentum, S. Again the spectroscopic
notation S, P, D, for sharp, principal, and diffuse lines, which were found to
correspond to L = 0, 1, 2, is generally used to label the states. As the lines
were often observed to be split slightly, each state was found to have a
multiplicity related to the total spin, (2S5 + 1). Hence hydrogen is labeled
(1s) %S or just %S, where the superscript is the spin multiplicity.

Helium is (1s)*> 'S and lithium (1s)*(2s) 2S. The carbon atom has a
number of angular-momentum states corresponding to (1s)%(2s)%(2p)* be-
cause of the vector addition of the angular momenta associated with the
(2p) electrons. By the so-called Hund’s rules for angular-momentum coup-
ling, the state lowest in energy has been found to be the one with the
highest multiplicity and the lowest L, here *P. Neon has only one total
angular-momentum state corresponding to the closed-shell configuration,
(15)*(2s)*(2p)° 'S. The reader is referred to any one of the many modern
physics or quantum-chemistry text for further information on the labeling
of atomic states. The material presented above is adequate for understand-
ing any references to atomic states in this text.

H. Thomas—Fermi Interaction: Results

Bohr, Firsov, Lindhard, and others have used the Thomas—Fermi
model for calculating charge distributions to determine “universal” inter-
action potentials between atoms. The potential is written in the form

Z\Zg e® o R
R (aap)

where the function ® does not depend on Z, and Zg explicitly. The vari-

Vap(R) = (H.1)
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able is expressed as the internuclear separation scaled by the screening
constant, a,p [viz. Eq. (4.8)]. The Thomas-Fermi model is a statistical
model for describing the electronic charge distribution. In this model the
electrons are treated as a gas in which the uncertainty principle restricts the
number of electrons having a given momentum in any volume of space.
Lindhard and co-workers obtained an extensively used numerical solution
for ®(R/a,p), in which the screening length is akp = 0.8853a4(Zx° +
Z323)~ Y2 Lenz and Jensen earlier had obtained a variational solution to a
similar interaction model,

O,=04+b,y+byy*+b3y* +byyHe™ (H.2)

where y = (9.67R/akp)"/?, and b, = 1, b, = 0.3344, b, = 0.0485, and b, =
0.002647. These were employed in the comparison in Figure 5.6. Recent
experimental evidence* suggests b, = 0.9839, b, = 0.4272, by = 0.01150,
and b, = 0.01288 for certain ion—~atom collisions. Lindhard and co-workers
used the Thomas—Fermi screening function to obtain a general form for the
differential cross section to describe collisions involving many-electron
atoms. In scaled units we have

do ap _ n(axe)*f(t'?)
d (27

where t =¢* T/T,,, with ¢ = Eakp/ZsZye?, E is the CM energy, and
T...=vEA. The function f(:'/?) is well approximated by f(t'/?) ~ it'/®/
[1 + (2423?3732 where 4 = 1.309. Using this expression, we see that the
corresponding nuclear component of the stopping cross section, S, in re-

duced units [S, = m(akg)* (T, /6)S.(e)]1s
sa8) ~ ge{In[A4 + (1 + AH)'2] — A/(1 + A%)'72) (H.4)

with 4 = (24)*2¢*/°.

For background on this material see the following: W. Lenz, Z. Phys.
77, 713 (1932); H. Jensen, Z. Phys. 77, 722 (1932); O. B. Firsov, Sov. Phys.
JETP 5, 1192 (1957); J. Lindhard, V. Nielsen, and M. Scharff, Dan. Vidensk.
Selsk. Mat. Fys. Medd. 36, No. 10 (1968); P. Sigmund, in Physics of Ionized
Gases, ed. M. Kurepa, (1972), p. 137; and J. Lindhard and M. Scharff, Phys.
Rev. 124, 128 (1961). For a discussion of the Thomas—Fermi interaction see
I. M. Torrens, Interatomic Potentials, Academic Press, New York (1972),
Chapter 3, and P. Gombas, Handbuch der Physik, XXXVI (1956).

(H.3)

I. Low Energy, Inelastic Cross Sections

Those inelastic cross sections which can be described by two states at
low velocities often have simple analytic forms. From Eq. (2.24) and (4.61a),

* P. Lottager, F. Besenbacher, O. S. Jensen, and V. S. Serensen, Phys. Rev. A, 20, 1443 (1979).
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(4.59), or (4.62), the cross sections can be written as
0

where Ag,, is the net phase change. This integral requires numerical evalu-
ation unless the random phase approximation on the oscillatory part can be
used and 2sin® (A¢,,) can be replaced by one. Firsov [O. Firsov, Zh. Eksp.
Teor. Fiz. 21, 1001 (1951)] makes this replacement for impact parameters
less than that (b*) at which the change in phase first becomes ~ 1/n. For an
exponential interaction such that

1 x€X
(Apyy) ~ <£ f Vos dt>,

and using Eq. (B.4) then b* 1s estimated from
Vo (b¥)2rb*/B) * /v = 1/x. (1.2)
For symmetric resonant, charge exchange [Eq. (4.62)] (Eq. I.1) becomes
., (v) = Th**/2. (I.3)
For inelastic collisions the cross section in (Eq. I.1) becomes
Oooyp X nR*zPoaf (v) (I.4)

as in Eq. (2.11), where for the LZS approximation [Eq. (4.59)] R* = R and
for the Demkov approximation [Eq. (4.61c)] R* is the lesser of b* and R, .
For the LZS case the reader can verify that

po-y =41 =180 e - 00 (Ls)

where E;(¢), the exponential integral [ e”**dx/x?, is tabulated (Reference
in appendix B) and ¢ = 7 /7, of Eq. (4.57) evaluated at b = 0. The Demkov
(Eq. 4.61c) expression has a similar form

jeo]

Py~ 41 — Voo(R,/E) f dx e 29%)(1 4+ e~ 29%)2 (1.6)
1

where & = (&/2hf) - AEy /v, where v = v[1 — Vo(R)/E]"? and AE,, =
e+ Vir — &0 — Voo) g, the energy splitting at R, defined by V,,(R,) =
(1/2)AE,,. Evaluating P, ,, with exponential coupling and constant AE,,
by numerically integrating the two state equations Olson [R. E. Olson,
Phys. Rev. A 6, 1822 (1972)] gives a numerical result which is more accurate
than that in Eq. (1.6). Writing P ;(v) = (I — Voo(R,)/E)P, values of P are
given in Table L.1.

When b* < R,, the Demkov (or Rozen-Zener) cross section has the
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Table 1.1. Values of p

(&) P &) P
0.5 0.015 3.0 0.54
1.0 0.15 35 0.53
1.5 0.33 4.0 0.52
2.0 0.48 4.5 0.51
2.5 0.52 5.0 0.50

form of Eq. (I3), ie, Py, — % in Eq. (I.1). For all these expressions the
semiempirical coupling potential Vj,, = (I, 1,)"* (BR)e ~8°#R gives reason-
able results where f = 0.5 [(210)"? + (21;)'/*] with I, and I, the binding
energy of the electron in atomic units [R. E. Olson, F. T. Smith, and
E. Bauer, App. Optics 10, 1848 (1971)]. Smirnov [B. M. Smirnov, Sov.
Phys.-JETP 20, 345 (1965)] gives a more accurate expression for the sym-
metric resonant case.

When the initial state potential curve crosses a continuum or near
continuum of final states [e.g., 47" + B> 47" Y 4 B* or the Langerin
process, Eq. (5.35)] then the total reaction cross section has the form of Eq.
(L.4) with P, ,— 1. This is referred to as an absorbing sphere model and
R* is determined by that distance at which the reaction probability first
becomes “significant”™: 7./, ~ 0.15 [R. E. Olson and A. Salop, Phys. Rev.
A., 14, 579 (1976)]. For determining R* as a tunneling problem see T. P.
Grozdanov and R. Janer, Phys. Rev. A., 17, 880 (1978).
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