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Estimates of Error Probability for
Complex Gaussian Channels with
Generalized Likelihood Ratio Detection

Michael D. DeVore, Member, IEEE

Abstract—We derive approximate expressions for the probability of error in a two-class hypothesis testing problem in which the two
hypotheses are characterized by zero-mean complex Gaussian distributions. These error expressions are given in terms of the
moments of the test statistic employed and we derive these moments for both the likelihood ratio test, appropriate when class densities
are known, and the generalized likelihood ratio test, appropriate when class densities must be estimated from training data. These
moments are functions of class distribution parameters which are generally unknown so we develop unbiased moment estimators in
terms of the training data. With these, accurate estimates of probability of error can be calculated quickly for both the optimal and plug-
in rules from available training data. We present a detailed example of the behavior of these estimators and demonstrate their
application to common pattern recognition problems, which include quantifying the incremental value of larger training data collections,
evaluating relative geometry in data fusion from multiple sensors, and selecting a good subset of available features.

Index Terms—Complex Gaussian channels, probability of error, model inaccuracy, moment estimators, Johnson’s systems of

distributions.

1 INTRODUCTION

T is well-known that the optimal decision rule in a simple
binary detection problem is the likelihood ratio test [1]. The
optimal test is defined in terms of the conditional distribu-
tions of the observation under each hypothesis, however
these distributions are often incompletely known. In place of
complete distributions, it is common to have only a sample of
observations drawn under the two hypotheses. A decision
rule based on sample observations is referred to as adaptive
because its behavior depends on the particular sample that
was drawn. While readily definable for nonadaptive rules,
the very notion of optimality among adaptive decision rules is
problematic. This is because the actual performance of any
rule depends on the unknown conditional distributions [2].
One of the most common approaches is to assume some
restricted family for the conditional distributions and apply a
generalized likelihood ratio test, wherein the distribution that
maximizes the likelihood of a training sample is used in place
of the true distribution. This approach is also referred to as the
“plug-in” decision rule and we will differentiate it from the
ideal (thatis, optimal) decision rule which is based on the true
conditional distributions. We use the term “ideal” to
emphasize that this rule is generally unattainable because
the distributions are unknown.
Our interests lie in quantifying the class-conditional
probability of error for both the ideal and plug-in decision
rules and in deriving estimators for these error probabilities
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when the true parameter values are unknown. The focus is on
hypotheses involving zero-mean complex Gaussian (Ray-
leigh magnitude) observation vectors with diagonal covar-
iance matrices. In addition to communication through
Rayleigh fading channels, complex Gaussian observations
are often assumed when imaging rough objects with coherent
radiation [3], [4], [5]. Rigorous statistical assessment of a
complex Gaussian model for synthetic aperture radar (SAR)
imagery has been reported by DeVore and O’Sullivan [6], and
these models have been used extensively in the development
of plug-in rule classification algorithms for SAR [7], [8], [9]
and for high-resolution radar [10].

When data collection is expensive or when there are a large
number of conditioning variables (such as object pose,
articulation and other states, etc.), classifier designers must
often make do with very small training samples. (For a survey
of approaches to dealing with classifiers designed around
small training samples, see [11]). Sample-based methods of
performance estimation, such as cross validation and boot
strapping, cannot give high accuracy estimates with small
samples, as their precision is limited to one over the sample
size. Estimates of performance obtained by substituting
estimated parameters into expressions for the ideal error
are overly optimistic [12]. A better approach is to consider
probability of error over all possible training samples,
however, closed-form solutions are hard to derive. For
instance, Raudys and Pikelis [13] present integral and
infinite-series expressions for the plug-in probability of error
under various Gaussian assumptions and state that they “are
rather complex and unsuitable for practical everyday use.”

Rather than completely determining the conditional
distributions necessary to exactly compute the probability
of error, our approach is to find conditional moments of the
likelihood and generalized likelihood ratio under each
hypothesis and use these to fit an arbitrary distribution
family. In most practical problems, the moments of the

Published by the IEEE Computer Society



DEVORE: ESTIMATES OF ERROR PROBABILITY FOR COMPLEX GAUSSIAN CHANNELS WITH GENERALIZED LIKELIHOOD RATIO...

likelihood or generalized likelihood ratio are defined in terms
of unknown parameters that characterize the class-condi-
tional distributions. We therefore derive unbiased estimators
for these moments in terms of maximum-likelihood estima-
tors for the unknown parameters. Unbiased estimators for
integer moments of arbitrarily high order are obtainable by
continued application of the approach described. This
approach allows us to approximate the conditional probabil-
ities of error for the ideal and plug-in tests when the true
parameters are known, which might be the case with
simulated data used to evaluate a recognition algorithm. It
also allows us to estimate the conditional probabilities of error
for the ideal and plug-in tests when only training samples are
available.

A wide variety of distribution families are available for
fitting with the moments of the likelihood ratio. The Gaussian
family is a convenient choice, with fast and accurate routines
readily available. Moreover, this family may be appropriate if
the observation vectors are long and central limit theorem
conditions apply atleast approximately. However, amember
of the Gaussian family is specified by only two moments and
itmay be desirable for the sake of accuracy to employ a family
with a larger set of free parameters. A number of distribution
systems have been developed by researchers seeking to
provide approximations to a wide variety of observed
sampling distributions (cf., Johnson et al. [14, Section 12.4]).
In our examples, we use the test statistic moments to fit a
distribution from Johnson’s family [15]. The Johnson family
contains the Gaussian family and three other systems which
are each defined as a simple transformation of the Gaussian
family. Together, these systems cover the entire space of
possible values for the first four moments of any distribution
and each member of the Johnson family is uniquely specified
by a point in that space.

This work expands on our preliminary results [16], which
presented expressions and estimators for the mean and
variance of the test statistics and demonstrated fitting with the
Gaussian distribution. In Sections 2 and 3, we present
expressions for the first four conditional moments of the test
statistics in the ideal and plug-in decision rules, respectively,
for selecting between complex Gaussian hypotheses and we
describe how higher order moments can be generated. In
Section 4, we address unbiased estimators for those condi-
tional moments in terms of maximume-likelihood estimates of
the observation vector distributions under the two hypoth-
eses. A brief description of the Johnson distribution family is
contained in Section 5. An example demonstrating prob-
ability of error estimators constructed by fitting the Gaussian
and more general Johnson families is contained in Section 6.
The method is fast, accurate, gives an estimate of performance
directly in terms of class-conditional probability of error, and
can be used with known or estimated parameters. As a result,
it has numerous applications including feature selection,
quantitatively evaluating the potential benefit of larger
training sets given only small training sets, and quantitatively
evaluating the potential benefit of multiple sensor fusion.
These applications are discussed in Section 7. Conclusions
follow in Section 8.

2 IDEAL DECISION RULE

We first consider the ideal case in which all parameters are
known. The goal is to choose between one of two complex
Gaussian hypotheses
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Ha : X ~ CN(0,diag(7Z,...,75)).
The ideal decision rule is
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where X}, is the kth component of the observation X.

Under H;, the quantity U = 2|X W2/ o7 is a x? random
variable with 2 degrees of freedom (equivalently, exponential
distributed with mean 2), so the conditional mean and second
through fourth central moments of U given H; are 2,4, 16, and
144, respectively. Letting L denote the kth summand, L is a
sum of independent random variables with conditional mean
and central moments
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Accordingly, the conditional mean, second, and third central
moments of L are sums over K of pu(Lg|H1), p2(Lr|H1), and
us(Ly|Hy), respectively. The fourth central moment of L is
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From these expressions, we see that the coefficients of
skewness and kurtosis for the L; are
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respectively. This combination of skewness and kurtosis
corresponds to the Sp system within the Johnson family. It is
clear that short observation vectors will not yield test statistics
that follow a Gaussian distribution. For long observation
vectors, however, L may be approximately Gaussian, and we
can approximate the conditional probability of error under
My, Pr=PrL <+Hi], as Prg=®((y = p(L)/m*(L)),
where ® is the cumulative distribution function for a standard
Gaussian random variable. As will be shown in the examples,
the Johnson family is more widely applicable and doesn’t
necessarily require long observation vectors to provide
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a good fit to L. Under a Johnson approximation we can
approximate the conditional probability of error as 15” =
Fy(~; u(L), po (L), u3(L), ug(L)), where F; is the cumulative
distribution function for a Johnson random variable.

3 PLuG-IN DEcISION RULE

If the true parameters o7 and 77 are unknown, then we are
forced to consider alternative decision rules. One of the most
popular is the generalized likelihood ratio (plug-in) test in
which maximum likelihood estimates of these parameters are
substituted into the optimal rule in place of the unknown
values. Specifically, let

Ng ) Np
S]% = Z|Vkl‘ and Tk2 = Z‘Wk’l

=1 =1

?, (7)

where the V;; and W}, represent the kth components of
observations drawn under H; and Hs, respectively. Then,
2NgS} /o7 and 2N7T7/7¢ follow x? distributions with 2Ny
and 2Nr degrees of freedom, respectively.

The plug-in decision rule is
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As before, we consider the conditional moments of the kth
summand R, over all possible observation vectors X, but we
must also account for randomness in the training samples.
Because the random variables X}, S?, and 77 are indepen-
dent, the conditional mth raw moment of R, can be written as

o ul) = [ [ [ B 10 £ (2 @) dodsta?, - (0)

where the limits of integration include the entire complex
plane for z and the interval [0, c0) for s? and ¢*. Analytical
evaluation of these integrals is discussed in the Appendix.
There, itis shown that the mth moment of R, includes terms of
the form [ y'e Vdy fori = Ng —m —1land i = Np —m — 1.
These integrals diverge for ¢ an integer less zero, thus,
expressions for the mth moment of R; are valid only for
N, S, NT 2 m+ 1.

Denoting the logarithmic derivative of the gamma func-
tion as ¥(z) = d1InT'(2)/0z, the conditional mean and second
through fourth central moments of R}, are found to be

9% Ns . Ns
Ny — 172 2 Ns—l Nr

+¥(Nr) = ¢(Ng), (for Ng, Ny > 2),

2 2
Nr % . Ok

(R H) =

(10)

po(Re[H) =
N3 <0_i>2_2 Nr(NsNr —1) o}
(N — 1)*(Nr - 2) (Np —1)*(Ns — 1) ¢
Ng(NZ% —2Ng +4)
(Ng —1)*(Ng — 2)
(for Ng, Ny > 3),

(11)

+¢/(Ns) +¢/(Nr),

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 27, NO. 10, OCTOBER 2005

3 (Re[Ha) =
2N#(Nr +1) (a_z>3
(N7 = 1)*(Ny — 2)(Np — 3) \7¢

+6N%(N2 Nr —1+ Ny — NgNp(Nr — 1)°) ( k>2

(N7 — 1)(Np — 2)*(Ng — 1) T
+ 6Ny [Ng(N% — Ny +1) — N2(N2 + Ny +2)
+ Ns(2N2 — 2N7 +5) — 2)}
3 2 Uﬁ
[N =P =17 (Vs — )| (5
k
2Ng(N3 — 4N§ + 13N} — 27NZ + 39Ng — 36)

(Ns — 1)*(Ng — 2)*(Ns — 3)
Ns) +¢"(Nr), (for Ns, Ny > 4),

_ 11}//(
(12)
and

4 i
Rk|H1 :Z< ) Aj, fOI‘NS,NTZS),

=0

(13)

where
ap =
3Ns[3N3 — 32N§ + 179N — 678NY + 1844 N
— 3752N§ + 5T60N3 — 6552N% + 5280Ng — 2304]
/[ (Ns = 1) (Ns = 2)° (Ns = 3)*(Ns — 4)]
+3(*(Ns) + ¢/ (Nr)) + 64/ (Nr) + ¢/ (Ns)

ot 0ig) + SN )+ 00

+6(¢/(Ns)y/(Nr) — 4/ (Nr)),

a; =
—12N7Ng(3N3 — 13N¢ + 34N3 — 54N?% + 44Ng — 24)
(Ns = 1)*(Ns = 2)*(Ns — 3)(Nr — 1)
12Ny Ng(3N% — 4Ng + 8)
(Ns — 1)*(Ns — 2)(Ng — 1)
24 N7 Ng 24Ny
S (Ns—D(Np -1 (Np 1)

12Np(NgNp — 1) ., ;
~ oy = v 1y V) ¥ (),

a9y =

6NF[NE(IN). — 46N} + 89N} — 8ON7. + 28Ny + 4)
— 2NZ(5N3 — 14N7 + 3N3 + 22N7 — 32N7 + 24)
+ 4Ns(3N3 — 12N7 + 19N — 14N7 — 4Ny + 13)

—8(2Nj. — 6N + 4Ny + 1)]
/[N = 1) (Vr — 2 (Ns = 1) (Vs - 2)]

6N3(¢/(Ns) +¢/(Nr))
(Nr — 1)*(Ny - 2)

)



DEVORE: ESTIMATES OF ERROR PROBABILITY FOR COMPLEX GAUSSIAN CHANNELS WITH GENERALIZED LIKELIHOOD RATIO..
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It is easy to verify that, in the limit as Ng, Ny — oo, each of
the moments above approaches the corresponding moment
of the ideal test statistic L from Section 2. Moreover, it can be
shown that when only one of Ng or N7 approach infinity and
the other remains finite, the above moments approach those
of a test statistic involving only one set of estimated
parameters with the other set equal to the true values. This
could be the case, for instance, in a problem of detecting the
presence of a poorly known signal in a well-known channel or
in problems of segmenting an object from a well-character-
ized background [17].

The conditional probability of error for the plug-in statistic
is Pp = Pr[R < 7|H1], and we can estimate this with either
Ppg = ®((y — u(R))/ u%/ ?(R)) under a Gaussian approxima-
tion or as Pp ;= Fj(v; pu(R), p2(R), p3(R), pa(R)) under a
Johnson approximation.

4 UNBIASED MOMENT ESTIMATORS

The expressions for conditional moments in Sections 2 and 3
are functions of the parameters o7 and 77. While these
parameters are unknown in practical recognition problems,
unbiased estimates of them are generally available through
(7). A direct approach would be to substitute these variance
estimates into the expressions for conditional moments.
However, this will yield biased moment estimators, and the
resulting probability of error estimators will suffer, as is
demonstrated in Section 6. As an alternative, we seek
unbiased estimators for the conditional moments in terms
of the unbiased parameter estimators S; and 77. The
conditional moments of L and R are expressed as sums of
terms involving (o7 /72)" and In o7 (similarly In 77). Substitut-
ing unbiased estimators for these quantities into those
expressions will yield unbiased estimators of the conditional
moments. Employing the integrals discussed in the Appen-
dix, we can derive the necessary expectations

E[In S} +In Ng — ¢(Ng)] = Ino;, (14)
and
() () ) -
(15)

for m > —Ng, and Ny —m neither zero nor a negative
integer.

We must exercise caution since estimates of the moments
fim (Lg|H1) and fi,, (Ri|H1) obtained in this way may assume
invalid values. For example, the variance estimate fio(Lj;|H1)
becomes negative if

2

Sk
T—z € (cp —dp,cp +dyp),
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Fig. 1. Largest value of Ng to guarantee fi;(R)) > 0 as a function of Np.

where
o = (Ns +1)Nr
LT Ng(Ny —2)
a0 — Nr+y/(Ns+1)(Nr — 1)(Ng + Ny — 1)

Ng(Np —1)(Np — 2)

Thus, it is always possible for this estimator to take negative
values. By contrast, the variance estimate fi;(Ry|H1) becomes
negative if
2
T_,i; € (cr — dr,cr + dg),

where

(Ng+ 1)(NsNr — 1)
(Ns — 1)NsNr

dp = {—(NS —2)(Ng +1)(2 — Ns[NeN?
+ (Ny — 4)Ny N2 — (6N7 — 6N — 1)Ng + 4N7 + 1]
+ (Ns — 2)(Ns — 1)*(Ny — 1)Ns N[t (Ns)
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As long as Ng is not much larger than N7, the quantity dp
is imaginary, in which case, the variance estimate for Ry
cannot be negative. Fig. 1 shows the largest possible value
of Ng to ensure [i2(Ri|H1) > 0 as a function of Nr. The
estimators fi4(L) and fi4(R) can also yield negative values.
In fact, these estimators can violate an even stricter
inequality that must be satisfied for all distributions [18]

pa > g/ 2 + 43 (16)

Because fi,,,(Lx|H1) and f,,(Ri|H1) may violate known
bounds for some values of k, the overall test statistic moments
fm(LIH1) and fi,,(R|H1) may violate these bounds as well.
Nevertheless, this is unlikely to occur if the number of terms,
K, is not too small. In the examples of the following sections,
we enforce these bounds by substituting a small positive
quantity for fio(L|H;) or fio(R|H1) whenever the variance
estimates are negative and by assigning jis(L|H1 ) or fis(R|H1)
according to (16) whenever the fourth central moments are
too small. An alternative approach is to substitute the biased
estimators whenever the corresponding unbiased estimator
yields an invalid value.
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Fig. 2. Regions of the skewness-kurtosis plane that correspond to the
three systems of the Johnson family of distributions.

5 JOHNSON’s FAMILY OF DISTRIBUTIONS

Johnson'’s family of probability distributions [15] is a four-
parameter family and is defined in terms of three simple
transformations of a Gaussian random variable. A random
variable Y in the Johnson family belongs to one of three sub-
families (or systems) referred to as Sy, S, and Sp, which are
defined as

For Sy : Yz{—i—Asinh(?), (17)

For S, :Y =¢+Xe™, A==l (18)
7-\ —1

ForSp:V =¢+A(14e77) (19)

where Z is a standard Gaussian random variable, the
quantities v, 6 > 0, A, and ¢ are real-valued free parameters,
and by equality we mean equality in distribution. The Sy
(or unbounded) system has a probability density function
with infinite support. The S, system is commonly known as
the lognormal family and has a density function with semi-
infinite support. Finally, the Sp (or bounded) system has a
density with finite support. Calculation of the cumulative
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Fig. 3. Relative error in the left and right tails with a Johnson approximation to a x? distribution.
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distribution and probability density functions for members
in the family can be performed simply in terms of Gaussian
distribution and density functions.

The family contains a unique distribution for every
possible combination of moments 1 through 4 and, thus, is
useful for fitting distributions to the moments derived in
previous sections. Fig. 2 shows the regions of the skewness-
kurtosis (v/f1, 32) plane corresponding to each of the three
systems. The solid curve at the bottom of the figure is given by
B2 = 1 + 1, and it represents the smallest possible 3, for any
distribution as a function of +/B;. This curve, which
corresponds to a discrete distribution with all probability
mass concentrated on two real values, is contained within the
Spsystem. The dashed curve represents the Sy system, which
is a limiting form for the Sp system below and the Sy system
above. The Sy, gurve is glven by the parametrlc relations §; =
(w—1)(w+2)* and B = w' + 2w* + 3w? — 3, for w > 1. The
Gaussian family is represented by the point (0, 3) and is a
limiting distribution for all three systems. Algorithms for
calculating moments from distribution parameters and vice
versa are available [19], [20].

To approximate the conditional probability of error, we
will evaluate the tail probabilities of Johnson distributions
which are fitted to a distribution involving x? random
variables. It is instructive to compare the tail probabilities of
a x? random variable to the best-fit Johnson distribution. Let
2z and z, denote the values of a x> random variable with
N degrees of freedom that yield left and right tail probabilities
equal to a. That is, F\2 (%) = a and 1 — F : (2r) = o, where
Fl2 is the cumulatlve distribution of a x? random variable
w1th N degrees of freedom. The probability in the corre-
sponding tails of an approximating distributionis &; = Fj(z;)
and &, =1 — Fy(z,). Plots of the relative error in the tail
probabilities, (o« — oy) /acand (o — ) /v, versus N are shown
in Fig. 3 for several values of «. The figure shows that there is
significant error in the left tail (near zero) for small N. The fit
becomes exact with increasing N, and the figure suggests that
convergence is quite fast. The reason for the poor fit of the left
tail can be seen in Fig. 4, which shows that the best fit Johnson
distribution can take negative values (= 0.05 probability

3 i ‘
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T TSy
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o i e
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Fig. 4. Comparison of x? probability density functions with the best-fit Johnson approximation. (a) x? with 2 degrees of freedom. (b) x? with 4 degrees

of freedom.

mass is left of zero). However, for greater degrees of freedom,
this lack of fit becomes negligible, as the right panel of the
figure suggests.

The lack of fit for small NV does not suggest that the Johnson
approximation is inappropriate for our application. On the
contrary, the Johnson family is used to fit combinations of
x? random variables as in (2) and (8), and these results suggest
that our error predictions can be accurate as long as there are
more than a couple of terms in the sum. Note thata y? random
variable with 2N degrees of freedom, to which we have
compared, arises as the sum of NV independent x? random
variables with 2 degrees of freedom. Arbitrary linear
combinations of x? random variables have been studied
extensively (cf., Mathai and Provost [21]), so a corresponding
analysis could be conducted to explore the Johnson approx-
imation for any particular combination of o7 and 77. The
resulting probability density functions have a somewhat
complicated form, which may make established numerical
approximation methods, such as the saddle-point approx-
imation [22], attractive (cf., Kay et al. [23] for an application to
linear combinations of x? random variables).

6 EXAMPLE

In this section, we demonstrate the approximating distribu-
tions, conditional moment estimators, and conditional
probability of error estimators on a simple pair of complex
Gaussian hypotheses characterized by

5 1 for kodd
g k=
2 for k even
9 2 for kodd
T E =
1 for k even
for k=1,2,..., K. The numerical results were produced by

conducting 100,000 independent experiments in which
training samples of size N were drawn according to the two
hypotheses and used to construct a plug-in decision rule. In
each experiment, an additional observation was drawn
according to H;, and both the ideal and plug-in test statistics
were computed from this observation. The experiments were

performed for vectorlengths K = 1,20,and 100,and for N = 7
and 15 training samples. These combinations were chosen
because they reveal key properties of the various estimators,
and these are emphasized below.

Fig. 5 demonstrates that for observations with more than a
few components, the Johnson family together with the
theoretical moments previously derived is a good fit to the
test statistics L and R. The figure shows the sample
probability density function for the test statistics in the
plug-in and ideal decision rules for three combinations of K
and N. Overlaid on each plot are the closest distributions
from the Gaussian and Johnson families, which were
obtained by fitting the theoretical moments from Sections 2
and 3 (not by fitting the sample moments). The Johnson
family is consistently a superior fit, but the Gaussian family
becomes adequate for long observation vectors. Except when
short vectors and small training samples are used, the
Johnson and sample PDFs are nearly indistinguishable. As
the observation vectors get longer, the test statistics become
less skewed and have lower excess kurtosis, so beyond
K =100, the Gaussian approximation is quite reasonable.

Fig. 6 demonstrates reasonable behavior in the unbiased
estimators of Section 4 and suggests their superiority over the
biased estimators for the plug-in rule. The figure shows
sample probability density functions for both the biased and
unbiased moment estimators of Section 4 normalized by the
corresponding actual moment for the K = 20, N = 15 case.
For the unbiased estimators, the sample average of each of
these ratios is indeed approximately one and it can be seen
that moment estimators for the ideal test statistic are more
heavily skewed than those for the plug-in test statistic. As
previously discussed, the lower bound in (16) can be violated
by the unbiased moment estimators, particularly for short
observation vectors and/or small training samples. Table 1
shows that, for short observation vectors, most of the
estimates fi4(L|H;) had to be corrected because they violated
this lower bound. This was rarely a problem with long
observation vectors or with the estimates fi,(R|H;). Such
corrections are not necessary with the biased moment
estimators, which for theideal test statistic appear reasonable,
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Fig. 6. Sample distribution of estimated moments for the plug-in and ideal test statistics under H; using length 20 observation vectors and training
samples of size 15.

Fig. 7 shows that the use of biased moment estimators
results in error estimates that are generally optimistic, while
the use of unbiased estimators, though resulting in a larger
variance, yields, error estimates that are approximately

though thereis a slight tendency to produce estimates that are
too large. However, the biased moment estimator for the
plug-in test statistic is comparatively quite poor, with a
significant positive bias and extremely long tails.
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TABLE 1
Percentage of Experiments in which Unbiased
Estimates [, Violated Known Bounds

Plug-In Rule Ideal Rule
N=7 N=15 N=7 N=15

K=1 4.6% 3.6% 62% 51%
K =20 0% 0% 2% 0.15%
K =100 0% 0% 0.21% 0%

unbiased. The figure shows the sample distribution of
estimated conditional probability of error under both the
Johnson and Gaussian approximations with unbiased
moment estimators. Also shown are the Johnson approx-
imation to probability of error using biased moment
estimators and the sample probabilities of error estimated
through Monte Carlo simulation. For both approximations
with unbiased moment estimators, the estimated error rates
are approximately centered on the sample error rate. In this
example, the estimates obtained under a Johnson approx-
imation have a smaller bias but a larger variance than those
obtained under a Gaussian approximation. This is a case of
approximation error versus estimation error tradeoff and is
a reflection of the fact that the Johnson family is a better fit,
but the required third and fourth-order moments have high
variability. When biased moment estimators are used, the
probability of error tends to be significantly underesti-
mated, though there is smaller variance in the estimates.
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The Johnson approximation becomes clearly superior to
the Gaussian approximation as either the length of observa-
tion vectors or the training sample size grow. This is
illustrated in Tables 2 and 3 which summarize the behavior
of the unbiased estimators for both the plug-in and ideal
decision rules. These tables show the sample mean and
standard deviation both of normalized moment estimators
and of the difference between estimated and sample prob-
ability of error, all conditioned on ;. The tables suggest that
the estimator for plug-in test statistic mean has a higher
variance than that for the ideal test statistic. For higher-order
moments, however, estimators for the plug-in rule generally
have lower bias and lower variance than estimators for the
ideal rule. The fourth-order moment estimator for the ideal
test statistic exhibits extreme variability when observation
vectors are short and training samples are small. The
observed bias is due to the large number of estimates that
were beneath the known lower bound and required upward
correction, as previously discussed. Note that the cata-
strophic behavior of this estimator ceases when the vector
length and training sample size increase to moderate values.

The last two lines of each table summarize the difference
between estimated and observed conditional probabilities
of error. The subscripts P and / indicate plug-in and ideal
decision rules, respectively, and the subscripts G and J
indicate Gaussian and Johnson approximations, respec-
tively. The results suggest that unbiased moment estimators
do not lead to unbiased error probability estimators, as both
approximations demonstrate a positive bias. However, both
become quite accurate with increases in observation vector
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Fig. 7. Sample distribution of estimated conditional probability of error given #; for (a) plug-in and (b) ideal rules under Gaussian and Johnson
approximations using length K = 20 observation vectors and training samples of size N = 15.

TABLE 2
Summary of Plug-In Decision Rule Unbiased Estimates by Observation Vector Length and Training Sample Size N

Length 1 Length 20 Length 100
N=T7 N =15 N=T N =15 N=T N =15
mean std. mean std. mean std. mean std. mean std. mean std.

( )/ u(R) 0.9998 2.4598 0.9959 1.1489 1.0003  0.5309 1.0006 0.3031 0.9998 0.2370 0.9998 0.1347
po(R)/u2(R) 09993  0.6384 09979 0.5094 09992 0.7947 1.0013 04294 0.9990 0.3574 1.0000 0.1892
p3(R)/u3(R) 09976  1.4425 0.9978 0.5786 0.9966 3.8219 1.0050 12193 09956 1.8652 0.9996 0.5184
u4(R)/;L4(R) 1.007 24626 1.0017 0.6315 0.9862 7.8110 1.0067 14101 0.9954 2.0413 0.9995 0.4204
Pp a— Pp 0.1553 0.1124  0.1534 0.0973 0.0437 0.0744 0.0274 0.0339 0.0108 0.0141 0.0030 0.0024
Pp’J — Pp 0.0760 0.2368 0.0586 0.1609 0.0241 0.0795 0.0122 0.0399 0.0022 0.0138 -9.08E-5 0.0016

The indicated moments and probabilities of error are conditional on H,.
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TABLE 3
Summary of Ideal Decision Rule Unbiased Estimates by Observation Vector Length and Training Sample Size N
Length 1 Length 20 Length 100
N=T7 N=15 N=7 N =15 N=T7 N=15
mean std. mean std. mean std. mean std. mean std. mean std.
a(L)/u(L) 0.9991 1.5624 0.9965 0.9970 1.0009 0.5083 1.0005  0.2960 0.9999 0.2269 0.9998 0.1316
fia(L)/p2 (L) 1.1494 1.0615 1.0280 0.6968 1.0001 1.2376 1.0015  0.5258  0.9985  0.5572  1.0000  0.2315
fz(L)/ps(L) 0.9950 2.8208 0.9947 1.1690 0.9918 10.914 1.0088 2.0809 0.9884 54335  0.9991 0.8747
fa(L)/pa(L)  2.50E14  8.69E14 1.27E13  4.18E13 4.52E12 4.32E13 1.0088  1.7661 0.9963 2.3572 0.9993 0.5064
Pr.c — Py 0.2495 0.2867 0.1844 0.2145 -0.0032 0.0549 00121 0.0245 0.0007 0.0017  0.0005  0.0006
Prg—Pr 0.2378 0.3656 0.1530 03114 -0.0152 0.1014 0.0076  0.0389  -0.0003  0.0003 -0.0002  0.0002
The indicated moments and probabilities of error are conditional on H;.
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Fig. 8. Variance of the range profiles as a function of range bin for (a) T1
components.

length and/or training sample size. For extremely short
observations, the estimators are not particularly valuable
unless very large training samples are available. As
previously discussed, the conditional distributions of L
and R are decidedly non-Gaussian when the observations
vectors are short. Thus, the bias in probability of error
estimates under a Gaussian approximation is consistently
higher than under the Johnson approximation, even when
there is huge bias in the fourth-order moment estimate.
Beyond length 20 observations, however, the estimators
perform quite well, with the Johnson approximation
delivering lower bias and lower variance than the Gaussian.

7 APPLICATIONS

The ability to produce estimates of the conditional probability
of error directly from trained parameters can be exploited ina
number of applications, examples of which we consider in
this section. The data used are simulated high resolution
radar profiles of the vehicles “T1 tank” and “M1 tank” from
the University Research Initiative Synthetic Dataset (URISD)
[24]. The data are simulated from CAD vehicle models using
the signature prediction tool XPATCH. Signatures used in the
experiment are vectors of K = 151 elements and represent
UHF band measurements from a 10 degree elevation angle
with the object nominally facing the radar.

Fig. 8 shows variance values estimated from 20 observa-
tions spanning a 6 degree range in azimuth for both vehicles.

20 40 60 80 100 120 140
Range Bin

(b)

and (b) M1 tanks. Observation vectors are dominated by a small number of

The variance profiles of Fig. 8 are taken as the “true” variance
parameters o7 and 77 in a test of H;, an assertion that an
observation represents the T1 tank, versus H,, an assertion
that an observation represents the M1 tank. The applications
we address are concerned with the unconditional probability
of error, which can be estimated on the basis of two
conditional error probabilities of the form explored in the
previous section. We use the minimum probability of error
criterion with equal prior probabilities on the two hypotheses.

7.1 Value of Additional Training Data

It is often desirable to understand the potential value of
increasing the training sample size on the basis of existing
samples. This is true, for example, when data collection is
expensive or time consuming. Because the plug-in decision
rule is consistent when the underlying probability families
are chosen correctly, the ideal probability of error represents
the limiting plug-in error rate as ever more training data is
collected. That is, the difference between the plug-in
probability of error and the ideal probability of error
represents the maximum possible benefit from data collec-
tion. The development in previous sections has provided
estimators for both these quantities in terms of available
sample data, and their difference represents an estimate of the
best-case value of additional data collection. Fig. 9 shows the
approximate decrease in probability of error as a function of
training set size for the two-class radar profile problem. The
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Probability of Error

15 20 25 30
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Fig. 9. Probability of error as a function of training sample size.

curve illustrates the kind of diminishing return that can be
expected in this problem.

7.2 Value of Fused Observations

The variance profiles of Fig. 8 were estimated from only a
small interval of azimuth angles between the vehicles and the
radar platform. It is often instructive to evaluate the extent to
which error probability depends on azimuth angle. In
particular, one may be concerned with whether there are
some angles for which performance will be especially poor
and how that situation might be mitigated. Fig. 10a shows the
approximate probability of error using a Johnson approx-
imation as a function of target azimuth relative to the radar
platform (at 0 degrees, the target is facing the radar platform).
The solid line shows the probability of error when a single
observation is collected and indicates that several azimuth
angles are expected to be problematic, including 45 degrees,
90 degrees, 225 degrees, and 270 degrees.

If the indicated error rates at these angles is unacceptable, a
possible solution is to collect two independent observations
before classifying the vehicle. The approximate error rate for
two observations is indicated by the dashed line in the left
panel. It indicates the extent of error reduction, which
represents the incremental value of the second observation.
If two observations are to be collected, it is reasonable to ask
whether it is preferable on average to collect them from along
two different azimuth angles. The right panel shows the
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average probability of error over all azimuth angles as a
function of the angular separation between the two observa-
tions. The graph indicates that, for distinguishing between
these two vehicles, two observations from the same position
will be better by approximately 1/10 of a percentage point.
While this seems counterintuitive, closer inspection of the
results indicates that, for example, a 90 degree separation
frequently results in pairs of angles (such as (0 degree,
270 degree)) that are individually problematic and together
yield much higher error rates than other combinations.

7.3 Feature Selection

It is well-known that pattern recognition systems based on
training data frequently exhibit what is known as the
“peaking phenomenon,” a tendency for recognition accuracy
to degrade as more features are included in observation
vectors. Because they are simple to compute, the Gaussian or
Johnson approximations can be used to determine the subset
of features that will minimize the estimated probability of
error. In general, this requires an exhaustive search [25],
which may not be unreasonable for short observation vectors
but quickly becomes prohibitive as the number of compo-
nents involved increases. Because of the exponential number
of possible subsets, a wide variety of fast but suboptimal
feature selection algorithms have been developed [26]. These
generally operate on the basis of metrics which, while not
directly related to the probability of error, suggest an
approximate relative value of feature subsets. Moment-based
error estimation can be used together with suboptimal feature
selection algorithms to estimate the probability of error they
will deliver. They can even be used directly in such an
algorithm as the objective function to be minimized,
eliminating the need for alternate metrics.

One of the simplest such algorithms is a “greedy” search
that, in the first step, selects the single best feature and, in
subsequent steps, adds to the set of selected features the single
feature which, in combination with those already selected,
yields the lowest estimated probability of error. The order in
which features were selected is recorded and the first K of
them are used in the pattern recognition algorithm, where K
is the number that gave the lowest estimated probability of
error. While there are clearly more sophisticated algorithms,
we choose it for demonstration because of its simplicity.
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Fig. 10. (a) Angle dependence. Dependence of probability of error on target azimuth angle for one and two observations. (b) Separation
dependence. Average probability of error as a function of the separation between two sensor observations.
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the sample error rate with feature selection and the error rate when no feature selection is employed.

The left panel of Fig. 11 shows the unconditional
probability of error achievable by the plug-in decision rule
as a function of feature vector length obtained by the greedy
search method. Features were ordered using actual (not
estimated) variance parameters and the minimum probabil-
ity of error along the curve is 0.0107 which occurs with
67 components. The slight aberration near the bottom of the
curve results from nonoptimality of the greedy algorithm.
Fig. 11a shows the sample distribution of estimated prob-
ability of error when feature selection is based on five training
samples. The dashed vertical line represents the sample
probability of error in 100,000 trials incorporating the feature
selection algorithm. The dash-dotted line to the right
indicates the probability of error when no feature selection
is employed. The results indicate that feature selection based
on probability of error estimates from plug-in statistics can
significantly improve recognition accuracy.

8 CONCLUSIONS

Our focus has been on the classification accuracy of
recognition algorithms for observations from complex
Gaussian hypotheses, which are assumed in a variety of
communication and imaging problems. We have derived
expressions for the conditional moments of ideal (optimal)
and plug-in decision rules and have developed unbiased
estimators for those moments in terms of training samples.
With these moments, we form estimators for probability of
classification error that are, in most cases, quite accurate and
which can be computed much easier than exact probability of
error expressions. Two pairs of probability of error estimators
were considered, one based on approximating the test
statistics with a distribution from the Johnson family and
the other based on a simpler Gaussian family approximation.

We have performed a series of experiments on a simple
classification problem to study estimator behavior under
varying observation vector lengths and training sample
sizes. We demonstrated that the Gaussian distribution is not
a good fit to the test statistic distribution when observation
vectors are short, regardless of the quantity of training data
available. By contrast, the Johnson distribution is a good fit
even when the observation vectors have only a few
components. However, large training samples are required
for such short vectors because of large variability in the

required estimates of third and fourth-order moments. For
moderate observation vector lengths, the Johnson distribu-
tion together with estimated test statistic moments provides
a good fit and accurate probability of error estimates can
result. For long observation vectors, both Johnson and
Gaussian distributions provide an excellent fit.

Because of their accuracy and ease of use, these
probability of error estimators can be used effectively in a
variety of applications. We have demonstrated their use in
quantifying the benefit of collecting additional training
data, forming recommended collection geometries in data
fusion problems, and selection of features to address the so-
called “peaking phenomenon.”

APPENDIX
EVALUATION OF TEST STATISTIC MOMENTS

Here, we outline the solution to the triple integral (9). The
integrand consists of four multiplicands:

1 U%,O'z 1"
= l\ee)r el

1 .
fo(u) = §eff7for u >0,

N\ sy
S(e2) — [ 28 o
fS;(s ) (0_2) F(Ng) € ko

N\ Neg2(vi-1) M2
fTZ(tZ) = (TL) e )
: (M)

Ti;

where we have made the change of variable U = 2|X il / o3.
With the subsequent change of variables s H%‘ s2, 12 H% 2,

and u — 2u, the integrand can be expanded into a series with
terms of the form

C - ()" I (s2)e™ - (12)2 I (¢2)e ™ - ue™,

where C is not a function of s, 2, or u, 71 is an integer value
in the range from Ny —1—m to N, —1, iy is an integer
value in the range N, — 1 — m to N; — 1, and ji, jo, and i3 are
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integer values in the range from 0 to m. These terms can be
integrated by noting that integrals

KAwy”nWwewdy (20)

are solved by taking the jth logarithmic derivative of the
gamma function. This yields, successively,

Fn+1)= / e Vdy

0

Tin+Dy(n+1) = /000 y" In(y)e dy

P(n+ 1) (n+ 1) + ¥ (n+ 1)) = / "y (e dy

where ¢ and ¢/ denote the digamma and trigamma

functions, respectively. Software implementations of arbi-
trary polygamma functions are readily available.
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