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Abstract—We derive approximate expressions for the probability of error in a two-class hypothesis testing problem in which the two

hypotheses are characterized by zero-mean complex Gaussian distributions. These error expressions are given in terms of the

moments of the test statistic employed and we derive these moments for both the likelihood ratio test, appropriate when class densities

are known, and the generalized likelihood ratio test, appropriate when class densities must be estimated from training data. These

moments are functions of class distribution parameters which are generally unknown so we develop unbiased moment estimators in

terms of the training data. With these, accurate estimates of probability of error can be calculated quickly for both the optimal and plug-

in rules from available training data. We present a detailed example of the behavior of these estimators and demonstrate their

application to common pattern recognition problems, which include quantifying the incremental value of larger training data collections,

evaluating relative geometry in data fusion from multiple sensors, and selecting a good subset of available features.

Index Terms—Complex Gaussian channels, probability of error, model inaccuracy, moment estimators, Johnson’s systems of

distributions.
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1 INTRODUCTION

IT is well-known that the optimal decision rule in a simple
binary detection problem is the likelihood ratio test [1]. The

optimal test is defined in terms of the conditional distribu-
tions of the observation under each hypothesis, however
these distributions are often incompletely known. In place of
complete distributions, it is common to have only a sample of
observations drawn under the two hypotheses. A decision
rule based on sample observations is referred to as adaptive
because its behavior depends on the particular sample that
was drawn. While readily definable for nonadaptive rules,
theverynotionofoptimality amongadaptivedecision rules is
problematic. This is because the actual performance of any
rule depends on the unknown conditional distributions [2].

One of the most common approaches is to assume some
restricted family for the conditional distributions and apply a
generalized likelihood ratio test,wherein thedistribution that
maximizes the likelihood of a training sample is used in place
of the truedistribution. This approach is also referred to as the
“plug-in” decision rule and we will differentiate it from the
ideal (that is, optimal) decision rulewhich is basedon the true
conditional distributions. We use the term “ideal” to
emphasize that this rule is generally unattainable because
the distributions are unknown.

Our interests lie in quantifying the class-conditional
probability of error for both the ideal and plug-in decision
rules and in deriving estimators for these error probabilities

when the true parameter values are unknown. The focus is on
hypotheses involving zero-mean complex Gaussian (Ray-
leigh magnitude) observation vectors with diagonal covar-
iance matrices. In addition to communication through
Rayleigh fading channels, complex Gaussian observations
are often assumedwhen imaging roughobjectswith coherent
radiation [3], [4], [5]. Rigorous statistical assessment of a
complex Gaussian model for synthetic aperture radar (SAR)
imageryhas been reportedbyDeVore andO’Sullivan [6], and
thesemodels have been used extensively in the development
of plug-in rule classification algorithms for SAR [7], [8], [9]
and for high-resolution radar [10].

Whendata collection is expensiveorwhen there are a large
number of conditioning variables (such as object pose,
articulation and other states, etc.), classifier designers must
oftenmakedowithvery small training samples. (For a survey
of approaches to dealing with classifiers designed around
small training samples, see [11]). Sample-based methods of
performance estimation, such as cross validation and boot
strapping, cannot give high accuracy estimates with small
samples, as their precision is limited to one over the sample
size. Estimates of performance obtained by substituting
estimated parameters into expressions for the ideal error
are overly optimistic [12]. A better approach is to consider
probability of error over all possible training samples,
however, closed-form solutions are hard to derive. For
instance, Raudys and Pikelis [13] present integral and
infinite-series expressions for the plug-in probability of error
under various Gaussian assumptions and state that they “are
rather complex and unsuitable for practical everyday use.”

Rather than completely determining the conditional
distributions necessary to exactly compute the probability
of error, our approach is to find conditional moments of the
likelihood and generalized likelihood ratio under each
hypothesis and use these to fit an arbitrary distribution
family. In most practical problems, the moments of the
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likelihoodor generalized likelihood ratio aredefined in terms
of unknown parameters that characterize the class-condi-
tional distributions.We therefore derive unbiased estimators
for these moments in terms of maximum-likelihood estima-
tors for the unknown parameters. Unbiased estimators for
integer moments of arbitrarily high order are obtainable by
continued application of the approach described. This
approach allows us to approximate the conditional probabil-
ities of error for the ideal and plug-in tests when the true
parameters are known, which might be the case with
simulated data used to evaluate a recognition algorithm. It
also allowsus to estimate the conditionalprobabilitiesof error
for the ideal and plug-in tests when only training samples are
available.

A wide variety of distribution families are available for
fittingwith themoments of the likelihood ratio. TheGaussian
family is a convenient choice, with fast and accurate routines
readily available.Moreover, this familymaybe appropriate if
the observation vectors are long and central limit theorem
conditions apply at least approximately.However, amember
of the Gaussian family is specified by only twomoments and
itmaybedesirable for the sake of accuracy to employ a family
with a larger set of free parameters. A number of distribution
systems have been developed by researchers seeking to
provide approximations to a wide variety of observed
sampling distributions (cf., Johnson et al. [14, Section 12.4]).
In our examples, we use the test statistic moments to fit a
distribution from Johnson’s family [15]. The Johnson family
contains the Gaussian family and three other systems which
are each defined as a simple transformation of the Gaussian
family. Together, these systems cover the entire space of
possible values for the first four moments of any distribution
and eachmember of the Johnson family is uniquely specified
by a point in that space.

This work expands on our preliminary results [16], which
presented expressions and estimators for the mean and
varianceof the test statistics anddemonstrated fittingwith the
Gaussian distribution. In Sections 2 and 3, we present
expressions for the first four conditional moments of the test
statistics in the ideal and plug-in decision rules, respectively,
for selecting between complex Gaussian hypotheses and we
describe how higher order moments can be generated. In
Section 4, we address unbiased estimators for those condi-
tionalmoments in terms ofmaximum-likelihood estimates of
the observation vector distributions under the two hypoth-
eses. A brief description of the Johnson distribution family is
contained in Section 5. An example demonstrating prob-
ability of error estimators constructed by fitting the Gaussian
and more general Johnson families is contained in Section 6.
Themethod is fast, accurate, gives anestimateofperformance
directly in terms of class-conditional probability of error, and
can be usedwith knownor estimated parameters. As a result,
it has numerous applications including feature selection,
quantitatively evaluating the potential benefit of larger
training sets givenonly small training sets, andquantitatively
evaluating the potential benefit of multiple sensor fusion.
These applications are discussed in Section 7. Conclusions
follow in Section 8.

2 IDEAL DECISION RULE

We first consider the ideal case in which all parameters are
known. The goal is to choose between one of two complex
Gaussian hypotheses

H1 : X � CCNð0; diagð�21; . . . ; �2KÞÞ
H2 : X � CCNð0; diagð�21 ; . . . ; �2KÞÞ:

ð1Þ

The ideal decision rule is

LðXÞ ¼
XK
k¼1

1

2

�2k
�2k

� 1

� �
2 Xkj j2

�2k
� ln

�2k
�2k

" #H1

>
<
H2

�; ð2Þ

where Xk is the kth component of the observation X.
Under H1, the quantity U ¼ 2 Xkj j2=�2k is a �2 random

variablewith 2degrees of freedom (equivalently, exponential
distributedwithmean2), so the conditionalmean and second
through fourth centralmoments ofU givenH1 are 2, 4, 16, and
144, respectively. Letting Lk denote the kth summand, L is a
sumof independent randomvariableswith conditionalmean
and central moments

�ðLkjH1Þ ¼
�2k
�2k

� ln
�2k
�2k

� 1; ð3Þ

�2ðLkjH1Þ ¼
�2k
�2k

� 1

� �2

; ð4Þ

�3ðLkjH1Þ ¼ 2
�2k
�2k

� 1

� �3

; ð5Þ

�4ðLkjH1Þ ¼ 9
�2k
�2k

� 1

� �4

: ð6Þ

Accordingly, the conditional mean, second, and third central
moments of L are sums over K of �ðLkjH1Þ, �2ðLkjH1Þ, and
�3ðLkjH1Þ, respectively. The fourth central moment of L is

�4ðLjH1Þ ¼
XK
k¼1

9
�2k
�2k

� 1

� �4

þ 6
XK�1

k¼1

XK
l¼kþ1

�2k
�2k

� 1

� �2
�2l
�2l

� 1

� �2

:

From these expressions, we see that the coefficients of
skewness and kurtosis for the Lk are

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1ðLkÞ

p
¼ �3ðLkÞ
�
3=2
2 ðLkÞ

¼ 2 sgnð�2k � �2k Þ

and

�2ðLkÞ ¼
�4ðLkÞ
�22ðLkÞ

¼ 9;

respectively. This combination of skewness and kurtosis
corresponds to the SB systemwithin the Johnson family. It is
clear that short observationvectorswill not yield test statistics
that follow a Gaussian distribution. For long observation
vectors, however,Lmay be approximately Gaussian, andwe
can approximate the conditional probability of error under
H1, PI ¼ Pr½L < �jH1�, a s P̂PI;G ¼ �ðð� � �ðLÞÞ=�1=22 ðLÞÞ,
where� is the cumulativedistribution function fora standard
Gaussian randomvariable. Aswill be shown in the examples,
the Johnson family is more widely applicable and doesn’t
necessarily require long observation vectors to provide
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a good fit to L. Under a Johnson approximation we can

approximate the conditional probability of error as P̂PI;J ¼
FJð�;�ðLÞ; �2ðLÞ; �3ðLÞ; �4ðLÞÞ, where FJ is the cumulative

distribution function for a Johnson random variable.

3 PLUG-IN DECISION RULE

If the true parameters �2k and �2k are unknown, then we are

forced to consider alternative decision rules. One of the most

popular is the generalized likelihood ratio (plug-in) test in

whichmaximumlikelihoodestimates of theseparameters are

substituted into the optimal rule in place of the unknown

values. Specifically, let

S2
k ¼

XNS

l¼1

Vk;l
�� ��2 and T 2

k ¼
XNT

l¼1

Wk;l

�� ��2; ð7Þ

where the Vk;l and Wk;l represent the kth components of

observations drawn under H1 and H2, respectively. Then,

2NSS
2
k=�

2
k and 2NTT

2
k =�

2
k follow �2 distributions with 2NS

and 2NT degrees of freedom, respectively.
The plug-in decision rule is

R ¼
XK
k¼1

1

2

�2k
T 2
k

� �2k
S2
k

� �
2 Xkj j2

�2k
� ln

S2
k

T 2
k

" #H1

>
<
H2

�: ð8Þ

As before, we consider the conditional moments of the kth

summandRk over all possible observation vectorsX, but we

must also account for randomness in the training samples.

Because the random variables Xk, S
2
k , and T 2

k are indepen-

dent, the conditionalmth rawmoment ofRk can bewritten as

�0mðRkjH1Þ ¼
ZZZ

Rm
k fXk

ðxÞfS2
k
ðs2ÞfT 2

k
ðt2Þ dxds2dt2; ð9Þ

where the limits of integration include the entire complex

plane for x and the interval ½0;1Þ for s2 and t2. Analytical

evaluation of these integrals is discussed in the Appendix.

There, it is shownthat themthmomentofRk includes termsof

the form
R1
0 yie�ydy for i ¼ NS �m� 1 and i ¼ NT �m� 1.

These integrals diverge for i an integer less zero, thus,

expressions for the mth moment of Rk are valid only for

NS;NT � mþ 1.
Denoting the logarithmic derivative of the gamma func-

tion as  ðzÞ ¼ @ ln �ðzÞ=@z, the conditional mean and second

through fourth central moments of Rk are found to be

�ðRkjH1Þ ¼
NT

NT � 1

�2k
�2k

� ln
�2k
�2k

� NS

NS � 1
þ ln

NS

NT

þ  ðNT Þ �  ðNSÞ; ðfor NS;NT � 2Þ;
ð10Þ

�2ðRkjH1Þ ¼
N3
T

ðNT � 1Þ2ðNT � 2Þ
�2k
�2k

� �2

�2
NT ðNSNT � 1Þ

ðNT � 1Þ2ðNS � 1Þ
�2k
�2k

þNSðN2
S � 2NS þ 4Þ

ðNS � 1Þ2ðNS � 2Þ
þ  0ðNSÞ þ  0ðNT Þ;

ðfor NS;NT � 3Þ;

ð11Þ

�3ðRkjH1Þ ¼
2N4

T ðNT þ 1Þ
ðNT � 1Þ3ðNT � 2ÞðNT � 3Þ

�2k
�2k

� �3

þ 6N2
T ðN2

T �NT � 1þNS �NSNT ðNT � 1Þ2Þ
ðNT � 1Þ3ðNT � 2Þ2ðNS � 1Þ

�2k
�2k

� �2

þ 6NT

h
N3
SðN2

T �NT þ 1Þ �N2
SðN2

T þNT þ 2Þ

þNSð2N2
T � 2NT þ 5Þ � 2Þ

i
.

ðNT � 1Þ3ðNS � 1Þ2ðNS � 2Þ
h i �2k

�2k

� �

� 2NSðN5
S � 4N4

S þ 13N3
S � 27N2

S þ 39NS � 36Þ
ðNS � 1Þ3ðNS � 2Þ2ðNS � 3Þ

�  00ðNSÞ þ  00ðNT Þ; ðfor NS;NT � 4Þ;
ð12Þ

and

�4ðRkjH1Þ ¼
X4
i¼0

�2k
�2k

� �i

ai; ðfor NS;NT � 5Þ; ð13Þ

where

a0 ¼
3NS 3N9

S � 32N8
S þ 179N7

S � 678N6
S þ 1844N5

S

�
� 3752N4

S þ 5760N3
S � 6552N2

S þ 5280NS � 2304
�

= ðNS � 1Þ4ðNS � 2Þ3ðNS � 3Þ2ðNS � 4Þ
h i
þ 3ð 02ðNSÞ þ  02ðNT ÞÞ þ 6 0ðNT Þ þ  000ðNSÞ

þ  000ðNT Þ þ
6NSðN2

S � 2NS þ 4Þ
ðNS � 1Þ2ðNS � 2Þ

ð 0ðNSÞ þ  0ðNT ÞÞ

þ 6ð 0ðNSÞ 0ðNT Þ �  0ðNT ÞÞ;

a1 ¼
�12NTNSð3N5

S � 13N4
S þ 34N3

S � 54N2
S þ 44NS � 24Þ

ðNS � 1Þ3ðNS � 2Þ2ðNS � 3ÞðNT � 1Þ

� 12NTNSð3N2
S � 4NS þ 8Þ

ðNS � 1Þ2ðNS � 2ÞðNT � 1Þ2

� 24NTNS

ðNS � 1ÞðNT � 1Þ3
� 24NT

ðNT � 1Þ4

� 12NT ðNSNT � 1Þ
ðNT � 1Þ2ðNS � 1Þ

ð 0ðNSÞ þ  0ðNT ÞÞ;

a2 ¼
6N2

T N3
Sð9N5

T � 46N4
T þ 89N3

T � 80N2
T þ 28NT þ 4Þ

�
� 2N2

Sð5N5
T � 14N4

T þ 3N3
T þ 22N2

T � 32NT þ 24Þ
þ 4NSð3N5

T � 12N4
T þ 19N3

T � 14N2
T � 4NT þ 13Þ

�8ð2N3
T � 6N2

T þ 4NT þ 1Þ
�

= ðNT � 1Þ4ðNT � 2Þ3ðNS � 1Þ2ðNS � 2Þ
h i
þ 6N3

T ð 0ðNSÞ þ  0ðNT ÞÞ
ðNT � 1Þ2ðNT � 2Þ

;
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a3 ¼
� 12N3

T 3NSN
5
T � ð16NS þ 3ÞN4

T þ ð27NS þ 12ÞN3
T

�
�ð18NS þ 11ÞN2

T þ ð4NS þ 2ÞNT þ 4NS � 4
�

= ðN2
T � 5NT þ 6Þ2ðNT � 1Þ4ðNS � 1Þ

h i
;

and

a4 ¼
3N5

T ð3N2
T þNT þ 2Þ

ðNT � 1Þ4ðNT � 2ÞðNT � 3ÞðNT � 4Þ
:

It is easy to verify that, in the limit asNS;NT ! 1, each of
the moments above approaches the corresponding moment
of the ideal test statistic L from Section 2. Moreover, it can be
shown that when only one ofNS orNT approach infinity and
the other remains finite, the above moments approach those
of a test statistic involving only one set of estimated
parameters with the other set equal to the true values. This
could be the case, for instance, in a problem of detecting the
presenceof apoorlyknownsignal in awell-knownchannel or
in problems of segmenting an object from a well-character-
ized background [17].

The conditional probability of error for the plug-in statistic
is PP ¼ Pr½R < �jH1�, and we can estimate this with either
P̂PP;G ¼ �ðð� � �ðRÞÞ=�1=22 ðRÞÞ under a Gaussian approxima-
tion or as P̂PP;J ¼ FJð�;�ðRÞ; �2ðRÞ; �3ðRÞ; �4ðRÞÞ under a
Johnson approximation.

4 UNBIASED MOMENT ESTIMATORS

The expressions for conditional moments in Sections 2 and 3
are functions of the parameters �2k and �2k . While these
parameters are unknown in practical recognition problems,
unbiased estimates of them are generally available through
(7). A direct approach would be to substitute these variance
estimates into the expressions for conditional moments.
However, this will yield biased moment estimators, and the
resulting probability of error estimators will suffer, as is
demonstrated in Section 6. As an alternative, we seek
unbiased estimators for the conditional moments in terms
of the unbiased parameter estimators S2

k and T 2
k . The

conditional moments of L and R are expressed as sums of
terms involving ð�2k=�2k Þ

m and ln�2k (similarly ln �2k ). Substitut-
ing unbiased estimators for these quantities into those
expressions will yield unbiased estimators of the conditional
moments. Employing the integrals discussed in the Appen-
dix, we can derive the necessary expectations

E lnS2
k þ lnNS �  ðNSÞ

� �
¼ ln�2k ð14Þ

and

E
NS

NT

� �m �ðNtÞ
�ðNt �mÞ

� �
�ðNsÞ

�ðNs þmÞ

� �
S2
k

T 2
k

� �m� �
¼ �2k

�2k

� �m

ð15Þ

for m > �NS , and NT �m neither zero nor a negative
integer.

We must exercise caution since estimates of the moments
�̂�mðLkjH1Þ and �̂�mðRkjH1Þ obtained in this way may assume
invalid values. For example, the variance estimate �̂�2ðLkjH1Þ
becomes negative if

S2
k

T 2
k

2 ðcL � dL; cL þ dLÞ;

where

cL ¼ ðNS þ 1ÞNT

NSðNT � 2Þ

dL ¼ NT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNS þ 1ÞðNT � 1ÞðNS þNT � 1Þ

p
NSðNT � 1ÞðNT � 2Þ :

Thus, it is always possible for this estimator to take negative

values. By contrast, the variance estimate �̂�2ðRkjH1Þ becomes

negative if

S2
k

T 2
k

2 ðcR � dR; cR þ dRÞ;

where

cR ¼ ðNS þ 1ÞðNSNT � 1Þ
ðNS � 1ÞNSNT

dR ¼
n
�ðNS � 2ÞðNS þ 1Þð2�NS½NTN

3
S

þ ðNT � 4ÞNTN
2
S � ð6N2

T � 6NT � 1ÞNS þ 4NT þ 1�
þ ðNS � 2ÞðNS � 1Þ2ðNT � 1ÞNSNT ½ 0ðNSÞ

þ  0ðNT Þ�Þ
o1=2

= ðNS � 2ÞðNS � 1ÞNSNT½ �:

As long as NS is not much larger than NT , the quantity dR
is imaginary, in which case, the variance estimate for Rk

cannot be negative. Fig. 1 shows the largest possible value

of NS to ensure �̂�2ðRkjH1Þ > 0 as a function of NT . The

estimators �̂�4ðLÞ and �̂�4ðRÞ can also yield negative values.

In fact, these estimators can violate an even stricter

inequality that must be satisfied for all distributions [18]

�4 � �23=�2 þ �22: ð16Þ

Because �̂�mðLkjH1Þ and �̂�mðRkjH1Þ may violate known

bounds for somevalues of k, the overall test statisticmoments

�̂�mðLjH1Þ and �̂�mðRjH1Þ may violate these bounds as well.

Nevertheless, this is unlikely to occur if the number of terms,

K, is not too small. In the examples of the following sections,

we enforce these bounds by substituting a small positive

quantity for �̂�2ðLjH1Þ or �̂�2ðRjH1Þ whenever the variance

estimates are negative andby assigning �̂�4ðLjH1Þ or �̂�4ðRjH1Þ
according to (16) whenever the fourth central moments are

too small. An alternative approach is to substitute the biased

estimators whenever the corresponding unbiased estimator

yields an invalid value.
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5 JOHNSON’s FAMILY OF DISTRIBUTIONS

Johnson’s family of probability distributions [15] is a four-
parameter family and is defined in terms of three simple
transformations of a Gaussian random variable. A random
variable Y in the Johnson family belongs to one of three sub-
families (or systems) referred to as SU , SL, and SB, which are
defined as

For SU : Y ¼ � þ � sinh
Z � �

	

� �
; ð17Þ

For SL : Y ¼ � þ �e
Z��
	 ; � ¼ �1; ð18Þ

For SB : Y ¼ � þ � 1þ e�
Z��
	

	 
�1
; ð19Þ

where Z is a standard Gaussian random variable, the
quantities �, 	 > 0, �, and � are real-valued free parameters,
and by equality we mean equality in distribution. The SU
(or unbounded) system has a probability density function
with infinite support. The SL system is commonly known as
the lognormal family and has a density function with semi-
infinite support. Finally, the SB (or bounded) system has a
density with finite support. Calculation of the cumulative

distribution and probability density functions for members
in the family can be performed simply in terms of Gaussian
distribution and density functions.

The family contains a unique distribution for every
possible combination of moments 1 through 4 and, thus, is
useful for fitting distributions to the moments derived in
previous sections. Fig. 2 shows the regions of the skewness-
kurtosis ð

ffiffiffiffiffi
�1

p
; �2Þ plane corresponding to each of the three

systems. The solid curve at the bottomof the figure is givenby
�2 ¼ �1 þ 1, and it represents the smallest possible �2 for any
distribution as a function of

ffiffiffiffiffi
�1

p
. This curve, which

corresponds to a discrete distribution with all probability
mass concentrated on two real values, is containedwithin the
SB system. Thedashed curve represents theSL system,which
is a limiting form for the SB system below and the SU system
above. The SL curve is given by the parametric relations �1 ¼
ð!� 1Þð!þ 2Þ2 and �2 ¼ !4 þ 2!3 þ 3!2 � 3, for ! � 1. The
Gaussian family is represented by the point ð0; 3Þ and is a
limiting distribution for all three systems. Algorithms for
calculating moments from distribution parameters and vice
versa are available [19], [20].

To approximate the conditional probability of error, we

will evaluate the tail probabilities of Johnson distributions

which are fitted to a distribution involving �2 random

variables. It is instructive to compare the tail probabilities of

a �2 random variable to the best-fit Johnson distribution. Let

zl and zr denote the values of a �2 random variable with

N degreesof freedomthatyield left andright tail probabilities

equal to 
. That is, F�2
N
ðzlÞ ¼ 
 and 1� F�2

N
ðzrÞ ¼ 
, where

F�2
N
is the cumulative distribution of a �2 random variable

with N degrees of freedom. The probability in the corre-

sponding tails of an approximatingdistribution is 
̂
l ¼ FJðzlÞ
and 
̂
r ¼ 1� FJðzrÞ. Plots of the relative error in the tail

probabilities, ð
� 
lÞ=
 and ð
� 
rÞ=
, versusN are shown

in Fig. 3 for several values of 
. The figure shows that there is

significant error in the left tail (near zero) for smallN . The fit

becomes exactwith increasingN , and the figure suggests that

convergence is quite fast. The reason for the poor fit of the left

tail can be seen in Fig. 4, which shows that the best fit Johnson

distribution can take negative values (� 0:05 probability
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three systems of the Johnson family of distributions.

Fig. 3. Relative error in the left and right tails with a Johnson approximation to a �2 distribution. (a) Left tail. (b) Right tail.



mass is left of zero).However, for greater degrees of freedom,

this lack of fit becomes negligible, as the right panel of the

figure suggests.
The lackof fit for smallN doesnot suggest that the Johnson

approximation is inappropriate for our application. On the
contrary, the Johnson family is used to fit combinations of
�2 randomvariables as in (2) and (8), and these results suggest
that our error predictions can be accurate as long as there are
more than a couple of terms in the sum.Note that a�2 random
variable with 2N degrees of freedom, to which we have
compared, arises as the sum of N independent �2 random
variables with 2 degrees of freedom. Arbitrary linear
combinations of �2 random variables have been studied
extensively (cf., Mathai and Provost [21]), so a corresponding
analysis could be conducted to explore the Johnson approx-
imation for any particular combination of �2k and �2k . The
resulting probability density functions have a somewhat
complicated form, which may make established numerical
approximation methods, such as the saddle-point approx-
imation [22], attractive (cf., Kay et al. [23] for an application to
linear combinations of �2 random variables).

6 EXAMPLE

In this section, we demonstrate the approximating distribu-
tions, conditional moment estimators, and conditional
probability of error estimators on a simple pair of complex
Gaussian hypotheses characterized by

�2k ¼
1 for k odd

2 for k even

�

�2k ¼
2 for k odd

1 for k even

�

for k ¼ 1; 2; . . . ; K. The numerical results were produced by
conducting 100,000 independent experiments in which
training samples of size N were drawn according to the two
hypotheses and used to construct a plug-in decision rule. In
each experiment, an additional observation was drawn
according toH1, and both the ideal and plug-in test statistics
were computed from this observation. The experimentswere

performedforvector lengthsK ¼ 1, 20,and100,andforN ¼ 7
and 15 training samples. These combinations were chosen
because they reveal key properties of the various estimators,
and these are emphasized below.

Fig. 5 demonstrates that for observationswithmore than a
few components, the Johnson family together with the
theoretical moments previously derived is a good fit to the
test statistics L and R. The figure shows the sample
probability density function for the test statistics in the
plug-in and ideal decision rules for three combinations ofK
and N . Overlaid on each plot are the closest distributions
from the Gaussian and Johnson families, which were
obtained by fitting the theoretical moments from Sections 2
and 3 (not by fitting the sample moments). The Johnson
family is consistently a superior fit, but the Gaussian family
becomes adequate for long observation vectors. Exceptwhen
short vectors and small training samples are used, the
Johnson and sample PDFs are nearly indistinguishable. As
the observation vectors get longer, the test statistics become
less skewed and have lower excess kurtosis, so beyond
K ¼ 100, the Gaussian approximation is quite reasonable.

Fig. 6 demonstrates reasonable behavior in the unbiased
estimators of Section 4 and suggests their superiority over the
biased estimators for the plug-in rule. The figure shows
sample probability density functions for both the biased and
unbiased moment estimators of Section 4 normalized by the
corresponding actual moment for the K ¼ 20, N ¼ 15 case.
For the unbiased estimators, the sample average of each of
these ratios is indeed approximately one and it can be seen
that moment estimators for the ideal test statistic are more
heavily skewed than those for the plug-in test statistic. As
previously discussed, the lower bound in (16) can be violated
by the unbiased moment estimators, particularly for short
observation vectors and/or small training samples. Table 1
shows that, for short observation vectors, most of the
estimates �̂�4ðLjH1Þ had to be corrected because they violated
this lower bound. This was rarely a problem with long
observation vectors or with the estimates �̂�4ðRjH1Þ. Such
corrections are not necessary with the biased moment
estimators,which for the ideal test statistic appear reasonable,
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Fig. 4. Comparison of �2 probability density functions with the best-fit Johnson approximation. (a) �2 with 2 degrees of freedom. (b) �2 with 4 degrees

of freedom.



though there is a slight tendency toproduce estimates that are
too large. However, the biased moment estimator for the
plug-in test statistic is comparatively quite poor, with a
significant positive bias and extremely long tails.

Fig. 7 shows that the use of biased moment estimators
results in error estimates that are generally optimistic, while
the use of unbiased estimators, though resulting in a larger
variance, yields, error estimates that are approximately
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Fig. 5. Sample distributions of plug-in and ideal test statistics under H1 with best fit members from the Gaussian and Johnson families.

Fig. 6. Sample distribution of estimated moments for the plug-in and ideal test statistics under H1 using length 20 observation vectors and training

samples of size 15.



unbiased. The figure shows the sample distribution of
estimated conditional probability of error under both the
Johnson and Gaussian approximations with unbiased
moment estimators. Also shown are the Johnson approx-
imation to probability of error using biased moment
estimators and the sample probabilities of error estimated
through Monte Carlo simulation. For both approximations
with unbiased moment estimators, the estimated error rates
are approximately centered on the sample error rate. In this
example, the estimates obtained under a Johnson approx-
imation have a smaller bias but a larger variance than those
obtained under a Gaussian approximation. This is a case of
approximation error versus estimation error tradeoff and is
a reflection of the fact that the Johnson family is a better fit,
but the required third and fourth-order moments have high
variability. When biased moment estimators are used, the
probability of error tends to be significantly underesti-
mated, though there is smaller variance in the estimates.

The Johnson approximation becomes clearly superior to
the Gaussian approximation as either the length of observa-
tion vectors or the training sample size grow. This is
illustrated in Tables 2 and 3 which summarize the behavior
of the unbiased estimators for both the plug-in and ideal
decision rules. These tables show the sample mean and
standard deviation both of normalized moment estimators
and of the difference between estimated and sample prob-
ability of error, all conditioned onH1. The tables suggest that
the estimator for plug-in test statistic mean has a higher
variance than that for the ideal test statistic. For higher-order
moments, however, estimators for the plug-in rule generally
have lower bias and lower variance than estimators for the
ideal rule. The fourth-order moment estimator for the ideal
test statistic exhibits extreme variability when observation
vectors are short and training samples are small. The
observed bias is due to the large number of estimates that
were beneath the known lower bound and required upward
correction, as previously discussed. Note that the cata-
strophic behavior of this estimator ceases when the vector
length and training sample size increase to moderate values.

The last two lines of each table summarize the difference
between estimated and observed conditional probabilities
of error. The subscripts P and I indicate plug-in and ideal
decision rules, respectively, and the subscripts G and J
indicate Gaussian and Johnson approximations, respec-
tively. The results suggest that unbiased moment estimators
do not lead to unbiased error probability estimators, as both
approximations demonstrate a positive bias. However, both
become quite accurate with increases in observation vector
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TABLE 1
Percentage of Experiments in which Unbiased

Estimates �̂�4 Violated Known Bounds

Fig. 7. Sample distribution of estimated conditional probability of error given H1 for (a) plug-in and (b) ideal rules under Gaussian and Johnson
approximations using length K ¼ 20 observation vectors and training samples of size N ¼ 15.

TABLE 2
Summary of Plug-In Decision Rule Unbiased Estimates by Observation Vector Length and Training Sample Size N

The indicated moments and probabilities of error are conditional on H1.



length and/or training sample size. For extremely short
observations, the estimators are not particularly valuable
unless very large training samples are available. As
previously discussed, the conditional distributions of L
and R are decidedly non-Gaussian when the observations
vectors are short. Thus, the bias in probability of error
estimates under a Gaussian approximation is consistently
higher than under the Johnson approximation, even when
there is huge bias in the fourth-order moment estimate.
Beyond length 20 observations, however, the estimators
perform quite well, with the Johnson approximation
delivering lower bias and lower variance than the Gaussian.

7 APPLICATIONS

Theability toproduce estimates of the conditional probability
of error directly from trainedparameters can be exploited in a
number of applications, examples of which we consider in
this section. The data used are simulated high resolution
radar profiles of the vehicles “T1 tank” and “M1 tank” from
the University Research Initiative Synthetic Dataset (URISD)
[24]. The data are simulated from CAD vehicle models using
the signatureprediction toolXPATCH.Signaturesused in the
experiment are vectors of K ¼ 151 elements and represent
UHF band measurements from a 10 degree elevation angle
with the object nominally facing the radar.

Fig. 8 shows variance values estimated from 20 observa-
tions spanning a 6 degree range in azimuth for both vehicles.

The variance profiles of Fig. 8 are taken as the “true” variance
parameters �2k and �2k in a test of H1, an assertion that an
observation represents the T1 tank, versus H2, an assertion
that an observation represents the M1 tank. The applications
we address are concernedwith the unconditional probability
of error, which can be estimated on the basis of two
conditional error probabilities of the form explored in the
previous section. We use the minimum probability of error
criterionwithequalpriorprobabilitieson the twohypotheses.

7.1 Value of Additional Training Data

It is often desirable to understand the potential value of
increasing the training sample size on the basis of existing
samples. This is true, for example, when data collection is
expensive or time consuming. Because the plug-in decision
rule is consistent when the underlying probability families
are chosen correctly, the ideal probability of error represents
the limiting plug-in error rate as ever more training data is
collected. That is, the difference between the plug-in
probability of error and the ideal probability of error
represents the maximum possible benefit from data collec-
tion. The development in previous sections has provided
estimators for both these quantities in terms of available
sampledata, and theirdifference represents anestimate of the
best-case value of additional data collection. Fig. 9 shows the
approximate decrease in probability of error as a function of
training set size for the two-class radar profile problem. The
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TABLE 3
Summary of Ideal Decision Rule Unbiased Estimates by Observation Vector Length and Training Sample Size N

The indicated moments and probabilities of error are conditional on H1.

Fig. 8. Variance of the range profiles as a function of range bin for (a) T1 and (b) M1 tanks. Observation vectors are dominated by a small number of

components.



curve illustrates the kind of diminishing return that can be
expected in this problem.

7.2 Value of Fused Observations

The variance profiles of Fig. 8 were estimated from only a
small interval of azimuth angles between the vehicles and the
radar platform. It is often instructive to evaluate the extent to
which error probability depends on azimuth angle. In
particular, one may be concerned with whether there are
some angles for which performance will be especially poor
and how that situationmight bemitigated. Fig. 10a shows the
approximate probability of error using a Johnson approx-
imation as a function of target azimuth relative to the radar
platform (at 0 degrees, the target is facing the radar platform).
The solid line shows the probability of error when a single
observation is collected and indicates that several azimuth
angles are expected to be problematic, including 45 degrees,
90 degrees, 225 degrees, and 270 degrees.

If the indicated error rates at these angles is unacceptable, a
possible solution is to collect two independent observations
before classifying the vehicle. The approximate error rate for
two observations is indicated by the dashed line in the left
panel. It indicates the extent of error reduction, which
represents the incremental value of the second observation.
If two observations are to be collected, it is reasonable to ask
whether it is preferable on average to collect them from along
two different azimuth angles. The right panel shows the

average probability of error over all azimuth angles as a
function of the angular separation between the two observa-
tions. The graph indicates that, for distinguishing between
these two vehicles, two observations from the same position
will be better by approximately 1=10 of a percentage point.
While this seems counterintuitive, closer inspection of the
results indicates that, for example, a 90 degree separation
frequently results in pairs of angles (such as (0 degree,
270 degree)) that are individually problematic and together
yield much higher error rates than other combinations.

7.3 Feature Selection

It is well-known that pattern recognition systems based on
training data frequently exhibit what is known as the
“peaking phenomenon,” a tendency for recognition accuracy
to degrade as more features are included in observation
vectors. Because they are simple to compute, the Gaussian or
Johnson approximations can be used to determine the subset
of features that will minimize the estimated probability of
error. In general, this requires an exhaustive search [25],
whichmay not be unreasonable for short observation vectors
but quickly becomes prohibitive as the number of compo-
nents involved increases. Because of the exponential number
of possible subsets, a wide variety of fast but suboptimal
feature selection algorithms have been developed [26]. These
generally operate on the basis of metrics which, while not
directly related to the probability of error, suggest an
approximate relative value of feature subsets.Moment-based
error estimation canbeused togetherwith suboptimal feature
selection algorithms to estimate the probability of error they
will deliver. They can even be used directly in such an
algorithm as the objective function to be minimized,
eliminating the need for alternate metrics.

One of the simplest such algorithms is a “greedy” search
that, in the first step, selects the single best feature and, in
subsequent steps, adds to the set of selected features the single
feature which, in combination with those already selected,
yields the lowest estimated probability of error. The order in
which features were selected is recorded and the first K of
them are used in the pattern recognition algorithm, whereK
is the number that gave the lowest estimated probability of
error. While there are clearly more sophisticated algorithms,
we choose it for demonstration because of its simplicity.
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Fig. 9. Probability of error as a function of training sample size.

Fig. 10. (a) Angle dependence. Dependence of probability of error on target azimuth angle for one and two observations. (b) Separation

dependence. Average probability of error as a function of the separation between two sensor observations.



The left panel of Fig. 11 shows the unconditional
probability of error achievable by the plug-in decision rule
as a function of feature vector length obtained by the greedy
search method. Features were ordered using actual (not
estimated) variance parameters and the minimum probabil-
ity of error along the curve is 0.0107 which occurs with
67 components. The slight aberration near the bottom of the
curve results from nonoptimality of the greedy algorithm.
Fig. 11a shows the sample distribution of estimated prob-
ability of errorwhen feature selection is basedon five training
samples. The dashed vertical line represents the sample
probability of error in 100,000 trials incorporating the feature
selection algorithm. The dash-dotted line to the right
indicates the probability of error when no feature selection
is employed. The results indicate that feature selection based
on probability of error estimates from plug-in statistics can
significantly improve recognition accuracy.

8 CONCLUSIONS

Our focus has been on the classification accuracy of
recognition algorithms for observations from complex
Gaussian hypotheses, which are assumed in a variety of
communication and imaging problems. We have derived
expressions for the conditional moments of ideal (optimal)
and plug-in decision rules and have developed unbiased
estimators for those moments in terms of training samples.
With these moments, we form estimators for probability of
classification error that are, in most cases, quite accurate and
which can be computedmuch easier than exact probability of
error expressions. Twopairs of probability of error estimators
were considered, one based on approximating the test
statistics with a distribution from the Johnson family and
the other based on a simpler Gaussian family approximation.

We have performed a series of experiments on a simple
classification problem to study estimator behavior under
varying observation vector lengths and training sample
sizes. We demonstrated that the Gaussian distribution is not
a good fit to the test statistic distribution when observation
vectors are short, regardless of the quantity of training data
available. By contrast, the Johnson distribution is a good fit
even when the observation vectors have only a few
components. However, large training samples are required
for such short vectors because of large variability in the

required estimates of third and fourth-order moments. For
moderate observation vector lengths, the Johnson distribu-
tion together with estimated test statistic moments provides
a good fit and accurate probability of error estimates can
result. For long observation vectors, both Johnson and
Gaussian distributions provide an excellent fit.

Because of their accuracy and ease of use, these
probability of error estimators can be used effectively in a
variety of applications. We have demonstrated their use in
quantifying the benefit of collecting additional training
data, forming recommended collection geometries in data
fusion problems, and selection of features to address the so-
called “peaking phenomenon.”

APPENDIX

EVALUATION OF TEST STATISTIC MOMENTS

Here, we outline the solution to the triple integral (9). The
integrand consists of four multiplicands:

Rm
k ¼ 1

2

�2k
t2
�2k
s2

� �
u� ln

s2

t2

� �m
;

fUðuÞ ¼
1

2
e�

u
2; for u � 0;

fS2
k
ðs2Þ ¼ Ns

�2k

� �Nss2ðNs�1Þ

�ðNsÞ
e
�Nss

2

�2
k ;

fT 2
k
ðt2Þ ¼ Nt

�2k

� �Ntt2ðNt�1Þ

�ðNtÞ
e
�Ntt

2

�2
k ;

where we have made the change of variable U ¼ 2 Xkj j2=�2k.
With the subsequent change of variables s2! �2

k

Ns
s2, t2! �2

k

Nt
t2,

and u! 2u, the integrand can be expanded into a series with

terms of the form

C � ðs2Þi1 lnj1ðs2Þe�s2 � ðt2Þi2 lnj2ðt2Þe�t2 � ui3e�u;

where C is not a function of s2; t2; or u, i1 is an integer value
in the range from Ns � 1�m to Ns � 1, i2 is an integer
value in the rangeNt � 1�m toNt � 1, and j1; j2, and i3 are
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Fig. 11. (a) Peaking phenomenon. Plug-in probability of error as a function of feature vector length with components selected by a greedy algorithm

exploiting actual variance parameters. (b) Adaptive feature selection. Sample distribution of estimated error with feature selection. Also shown are

the sample error rate with feature selection and the error rate when no feature selection is employed.



integer values in the range from 0 to m. These terms can be

integrated by noting that integralsZ 1

0

yi lnjðyÞe�ydy ð20Þ

are solved by taking the jth logarithmic derivative of the

gamma function. This yields, successively,

�ðnþ 1Þ ¼
Z 1

0

yne�ydy

�ðnþ 1Þ ðnþ 1Þ ¼
Z 1

0

yn lnðyÞe�ydy

�ðnþ 1Þð 2ðnþ 1Þ þ  0ðnþ 1ÞÞ ¼
Z 1

0

yn ln2ðyÞe�ydy

..

.
;

where  and  0 denote the digamma and trigamma

functions, respectively. Software implementations of arbi-

trary polygamma functions are readily available.
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