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Performance Complexity Study of Several
Approaches to Automatic Target Recognition from
SAR Images

A framework which allows for the direct comparison of

alternate approaches to automatic target recognition (ATR) from

synthetic aperture radar (SAR) images is described and applied

to variants of several ATR algorithms. This framework allows

comparisons to be made on an even footing while minimizing the

impact of implementation details and accounts for variation in

image sizes, in angular resolution, and in the sizes of orientation

windows used for training. Alternate approaches to ATR are

characterized in terms of the best achievable performance as

a function of the complexity of the model parameter database.

Several approaches to ATR from SAR images are described

and the performance achievable by each for a range of database

complexities is studied and compared. These approaches are

based on a likelihood test under a conditionally Gaussian

model, log-magnitude least squared error, and quarter power

least squared error. All approaches are evaluated for a wide

range of parameterizations and the dependence on these

parameters of both the resulting performance and the resulting

database complexity is explored. Databases for all of the

approaches are trained using identical sets of images and their

performance is assessed under identical testing scenarios in

terms of probability of correct classification, confusion matrices,

and orientation estimation error. The results indicate that the

conditionally Gaussian approach outperforms the other two

approaches on average for both target recognition and orientation

estimation, that accounting for radar power fluctuation improves

performance for all three methods, and that the conditionally

Gaussian approach normalized for power delivers average

performance that is equal or superior to all other considered

approaches.

I. INTRODUCTION

Many approaches to performing automatic target
recognition (ATR) from synthetic aperture radar
(SAR) data have been proposed in the literature
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and their performance is reported under training
and testing scenarios with sample data. The relative
performance of the various approaches, however,
can be difficult to assess based upon these empirical
performance evaluations. This difficulty is due to
implementation details which may vary from one
report to another and which may not achieve optimal
results in the studies to which they are applied. These
details include methods of segmenting target, shadow,
and clutter regions, methods of feature extraction,
selections of data to use for training and testing the
algorithms, and parameterizations such as angular
resolution and the widths of intervals from which
training data are selected.
Here we seek to provide a framework for the

direct comparison of ATR algorithms and which
points to the best parameterization of each approach.
Building upon the work of O’Sullivan, et al. [20],
several variants of three different approaches to ATR
from SAR data are compared within this framework.
The algorithms compared are a likelihood approach
based on a conditionally Gaussian model [11, 19, 20],
a least squared error approach based on log-magnitude
images [15, 22], and a least squared error approach
based on quarter power images [28]. The comparison
is performed in terms of the relationship between
algorithm performance and database complexity
afforded by each approach using sets of training and
testing images defined identically for all approaches.
As described in [1], ATR performance is highly

dependent upon the range of orientation angles
used for training. The influence of these parameter
choices on a comparison of algorithms is reduced
by considering a wide range of angular resolutions
and interval widths from which data is selected for
training each angular cell. For each approach, the
performance results and overall database complexity
under each combination of parameters is analyzed to
determine the best performance that can be achieved
for any given database complexity. The resulting
performance-complexity curves for all approaches
are then directly compared. Database complexity is
reported as the logarithm of the number of floating
point values per target type which must be trained
and stored in order for the recognition algorithm to
operate. Performance of the various approaches is
empirically assessed using publicly released data from
the Moving and Stationary Target Acquisition and
Recognition (MSTAR) program. The performance is
reported in terms of average orientation estimation
error, percentage of correctly recognized targets, and
confusion matrices.
This method of comparing approaches to ATR

is motivated by information-theoretic notions of the
tradeoffs between communication rates and data
distortion. The database complexity, indicating the
quantity of data which must be stored and processed,
plays a role similar to communication rate and

performance measurements, which indicate the
disparity between the true and inferred targets, play
a role similar to distortion. The study is aimed at
exploring the capability of the models underlying
the algorithms employed, so the comparison of
approaches to ATR is limited in the sense that
algorithm testing is performed only with images
taken under conditions which were very similar to
the images used to train. This comparison method
can also be applied to tests in which the operating
conditions vary.
The study is also limited in the sense that optimal

segmentation of the SAR image chips into target,
shadow, and background is not considered and
the various approaches are required to adequately
model pixels in all three region types. Because the
approaches to ATR may vary in their response to
the relative amounts of these types of pixels, the
SAR images are truncated into square subimages of
six different sizes, the largest of which includes all
target and shadow pixels and the smallest of which
eliminates substantial portions of the shadow and
background so the target occupies a larger portion of
the image chip. Performance results may be expected
to improve for carefully and properly selected target
segmentations and optimal segmentation depends, in
part, on the recognition algorithm used. Algorithms
which tend to deliver superior performance with
very small or very large images may be good
candidates for segmentation strategies which err on
the side of removing or retaining, respectively, pixels
whose classification is in doubt. Many approaches
to the segmentation of SAR images have been
reported including those based on statistical based
methods [26], fractals [12], and neural networks [17].
Information-theoretic based approaches include simple
thresholding [6, 7], Rissanen’s minimum description
length (MDL) principle [24], and optimal component
selection [5, 21]. The performance-complexity method
of comparing alternate approaches to ATR can
accommodate such methods of segmentation, alternate
model representations, etc., and this work establishes
a performance baseline against which performance
improvements of such alternates can be measured. A
direct extension of this framework to other complexity
measures, such as chip processing rate [4], and to
the comparison of other approaches to ATR such as
scattering center approaches [2, 27], neural network
based approaches [25], and enhanced-resolution-based
approaches [16] is also possible.
Robustness to deviations from model assumptions

are an important issue in ATR. It is desirable for an
algorithm to be robust with respect to many types
of deviation including the presence of clutter, radar
gain, partial occlusion, vehicle modifications, and
the presence of confuser vehicles (target classes
present in the set of testing images but for which
training data does not exist). ATR algorithms have
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the potential to be robust with respect to some of
these and not to others. Preference for one algorithm
over another is likely to be influenced by the choice
of robustness dimensions. A comparison in terms
of the performance-complexity behavior of alternate
algorithms can be carried out with test data selected to
typify the dimensions of concern.
Section II describes in detail the models for SAR

data which are considered. Section III details the
algorithms for target recognition and orientation
estimation that are derived from the SAR data
models. Section IV looks at the performance of
each of the algorithms when orientation is finely
discretized. Section V contains a full performance
versus complexity study for all of the algorithms.
Conclusions follow in Section VI.

II. MODELS FOR SYNTHETIC APERTURE RADAR
DATA

This section contains a discussion of the models
underlying the conditionally Gaussian, log-magnitude
least squared error, and quarter power least squared
error approaches. Estimation of the parameters of each
model from training data is also considered. Common
to all three approaches is the use of a dictionary of
estimated values, or templates, which characterize
properties of the SAR images of each target class
at multiple orientations. The notation employs a
representation of a complex-valued SAR image of
size m£ n as a column vector of length mn obtained
by concatenating the values of successive rows and
columns of the image.

A. Conditionally Gaussian Model

In the conditionally Gaussian model [20], the
pixels in a SAR image are modeled as independent,
complex, conditionally Gaussian random variables
given the target class a and orientation µ 2 [0,2¼).
Specifically, the SAR data are modeled as the vector
r= s(µ,a) +w, where the signal s is a complex
Gaussian signal vector conditioned on fµ,ag with
mean 0 and diagonal covariance matrix K(µ,a),
and the receiver noise w is also complex Gaussian
with mean 0 and covariance N0I and is independent
of the signal s. The received vector r is complex
conditionally Gaussian with mean 0 and diagonal
covariance matrix ¾2(µ,a) =K(µ,a)+N0I. The
log-likelihood of r given fµ,ag is a summation over
all pixels as

l(r j µ,a) =
X
i

·
¡ ln(¾2i (µ,a))¡

jrij2
¾2i (µ,a)

¸
(1)

where ¾2i (µ,a) is the ith diagonal element of ¾
2(µ,a).

Model training amounts to estimating the pixel
variances ¾2i (µ,a) which are the only unknowns in (1).

Because the mean value of every pixel is assumed to
be zero, an unbiased estimate for pixel variance given
a target and orientation is the sample mean of the
squared magnitude of pixel values given fµ,ag. Since
sufficient training data is not likely to be available
at each possible value of the continuous variable
µ, the variance functions ¾2i (µ,a) are approximated
as piecewise constant over some finite number of
windows Nw. The variance over the kth window is
estimated from the training data which comes from
images of targets with azimuth angles lying in an
interval Wk centered at 2¼k=Nw and having a width
d, Wk = [2¼k=Nw¡ d=2,2¼k=Nw+ d=2]. Note that for
d > 2¼=Nw the training intervals will overlap and a
pixel from a given training image may contribute
to the variance estimate for more than one azimuth
window. Given sets of training data Ik,a which consist
of SAR images of target a at azimuth µ 2Wk, the
variance of the ith pixel over the kth window for the
lth target is estimated as

¾̂2i (µk,al) =
1
jIk,aj

X
r2I

k,a

jrij2, 1· k ·Nw, 1· l · t

(2)

where t is the number of targets in the dictionary.
The power emitted by a SAR platform is subject

to fluctuation so that the pixel values in a SAR
image of a target may be uniformly scaled by some
unknown quantity. The model for a received SAR
image can be extended to incorporate such fluctuation
via the maximum-likelihood estimate of the power.
Specifically, we model the SAR image obtained under
nominal transmitter power as y; let r= cy denote the
SAR image obtained with some other transmitter
power, where c is an unknown deterministic scale
factor. The received vector r is a complex Gaussian
random vector with mean 0 and diagonal covariance
matrix c2¾2(µ,a) and the maximum-likelihood
estimate for c2 is

ĉ2(µ,a) =
1
N

X
i

jrij2
¾2i (µ,a)

: (3)

Substituting this estimate into the log-likelihood
function for r yields

l(r j µ,a) =
X
i

·
¡ ln(ĉ2¾2i (µ,a))¡

jrij2
ĉ2¾2i (µ,a)

¸
=¡2N ln ĉ(µ,a)¡

X
i

ln¾2i (µ,a)¡N: (4)

Note that what constitutes the nominal transmitter
power is quite arbitrary since it is accommodated by
the estimated multiplicative factor ĉ. In practice we
can take this nominal power to be that of the SAR
platform from which the training images Ik,a were
collected.
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B. Log-Magnitude Model

In the log-magnitude model, the complex valued
pixels in a SAR image are modeled as independent
and having a squared magnitude which follows a
log-normal distribution conditioned on target type
and orientation. The log-normal distribution has
been suggested for use in radar applications, for
example [10] and [23, p. 183]. This is analogous
to the advanced methods employed in [15, 16, 22]
in the sense that the likelihood function for this
distribution yields the same decision function as
employed there, though these also incorporate hand
segmentation of models, superresolution techinques,
and threshold-based confuser rejection. According
to this model, the image in decibel representation
has mean ¹dB(µ,a) and the variance of each pixel is
constant across all pixels, targets, and orientations.
Then for a received SAR image r, the pixels in
20log jrj ¡¹dB(µ,a), where j ¢ j is the pixel-wise
magnitude and the logarithm is applied pixel-wise,
are Gaussian random variables that are independent
and identically distributed having mean zero and
variance ¾2. In this case, the log-likelihood of rdB =
20log jrj given fµ,ag is the negative of the sum over
all pixels of the squared difference between rdB and
¹dB(µ,a). Maximizing this log-likelihood over fµ,ag is
equivalent to minimizing the squared distance between
a received SAR image rdB and the mean vector for
some fµ,ag defined by

d2(rdB,¹dB(µ,a)) = krdB¡¹dB(µ,a)k2 (5)

where k ¢ k2 equals the sum of the squared
components.
With the goal of producing a recognition system

which is less sensitive to fluctuations in the radar
transmitter and receiver on successive uses, the use of
image normalization prior to the distance computation
in (5) has been suggested. In the geometric mean
approach to normalization, the squared magnitude
vector jrj2 is divided by its geometric mean prior
to representation in decibels. This is equivalent to
subtracting the arithmetic mean in the decibel scale.
The resulting pixels are no longer independent,
however in keeping with the form of (5), the squared
distance used as a score function indicating how much
the received vector appears to come from target a at
orientation µ is

d2(rdB¡ rdB,¹dB(µ,a)¡¹dB(µ,a))
= k(rdB¡ rdB)¡ (¹dB(µ,a)¡¹dB(µ,a))k2 (6)

where x is the average value across all components of
the vector x.
Model training for these approaches consists of

estimating the mean vectors ¹dB(µ,a). Estimates
for these mean vector functions can be obtained
from the sample mean of the magnitude in decibels

given fµ,ag. As with the variance functions in
the conditionally Gaussian model, it is useful to
approximate the mean vector functions as piecewise
constant in µ over some finite number of windows
Nw. The mean over the kth window is estimated
by averaging sample vectors that come from a
target having an azimuth angle in the interval Wk =
[2¼k=Nw¡ d=2,2¼k=Nw+ d=2] for some interval width
d. Given sets of training images Ik,a which consist of
SAR images of target a at azimuth µ 2Wk, the mean
of the ith pixel over the kth window for the lth target
is estimated as

¹̂i(µk,al) =
1
jIk,aj

X
r2I

k,a

20log jrij,

1· k ·Nw, 1· l · t (7)

where t is the number of targets in the dictionary.

C. Quarter Power Model

In the quarter power approach, the magnitude
of the complex pixels in a SAR image are modeled
as gamma distributed random variables. It has been
noted [8] that for a gamma random variable g, the
transformation z = g® for some ® 2 (0,1) yields
a random variable which is similar to a Gaussian
random variable in the sense that the kurtosis of z,
E[(z¡¹z)4]=E2[(z¡¹z)2], is approximately 3 which is
the kurtosis for a Gaussian random variable. In the
quarter power approach, the value used is ®= 1=2
and the square root of the magnitude of each pixel
in a SAR image is modeled as having some mean
value ¹QP(µ,a) which is a function of both orientation
and target. The squared distance between the quarter
power representation of a received SAR image rQP =
jrj1=2, where j ¢ j1=2 indicates the pixel-wise square
root of the magnitude, and the mean vector for some
fµ,ag,

d2(rQP,¹QP(µ,a)) = krQP¡¹QP(µ,a)k2 (8)

is used as a score function indicating how much the
image appears to be that of target a at orientation µ.
As with the other approaches, a form of

normalization of r can be invoked in an attempt to
reduce the sensitivity of the recognition algorithm
to fluctuations in radar performance. Here, the
vectors rQP and ¹QP(µ,a) are normalized to have
unit magnitude. In keeping with the form of (8), the
squared distance

d2(rQP=krQPk,¹QP(µ,a)=k¹QP(µ,a)k)

=

°°°°° rQP
krQPk

¡ ¹QP(µ,a)

k¹QP(µ,a)k

°°°°°
2

(9)

is used as a score function.
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Model training in this case consists of estimating
the mean vectors ¹QP(µ,a). Estimates for these mean
vector functions can be obtained from the sample
mean of the quarter power given fµ,ag. Again, we
approximate the mean vector functions as piecewise
constant in µ. Given sets of training images Ik,a which
consist of SAR images of target a at azimuth µ 2Wk,
the mean of the ith pixel over the kth window for the
lth target is estimated as

¹̂i(µk,al) =
1
jIk,aj

X
r2I

k,a

jrij1=2, 1· k ·Nw, 1· l · t

(10)

where t is the number of targets in the dictionary.

III. ESTIMATION AND RECOGNITION ALGORITHMS

This section contains a brief discussion of the
measure of orientation error used in this work and
then considers various methods for inferring a target
class a(r) corresponding to a SAR image r and
estimating the orientation of the target in the image
given the trained models discussed in Section II.
This section concludes with a description of the SAR
image data used for assessing the performance of the
various approaches and the empirical measures of
performance which are employed.

A. Orientation Distance Measures

At any given time, a target has an orientation
in 3-dimensional space that can be represented by
a rotation matrix which is an element of SO(3),
the special orthogonal group of dimension 3. For
ground-based targets on a horizontal surface, the
orientation can be represented by a rotation matrix
which is an element of SO(2). The orientation of a
target in SO(2) can be thought of as a function of
the azimuth angle µ of the target relative to a radar
platform with known depression angle. The matrix
representation in SO(2) corresponding to angle µ is

O(µ) =
·
cosµ ¡sinµ
sinµ cosµ

¸
: (11)

The squared Hilbert—Schmidt distance between
two matrices is defined as the sum of the squared
difference between the entries of the two matrices. For
any two angles µ1 and µ2,

d2HS(O(µ1),O(µ2)) = kO(µ1)¡O(µ2)k2HS
= 4¡ 4cos(µ1¡ µ2): (12)

We use the squared Hilbert—Schmidt distance
d2HS(Otrue,Ô(r)) between the true orientation of a
target, Otrue, and any estimate, Ô(r), as a measure
of the squared error and report the average of this
squared distance over the testing set as the average
squared error e2HS. The average estimation error

is also reported as the equivalent error in degrees,
cos¡1(1¡ e2HS=4), to aid in interpreting the results.

B. Algorithms for the Conditionally Gaussian Model

Orientation estimates under the conditionally
Gaussian model can be obtained through the
Hilbert—Schmidt estimator which is the orientation
that minimizes the mean of the squared estimation
error conditioned on the received vector r and the
target class a. Since the conditional probability
density function p(O j r,a)/ p(r jO,a)p(O j a), the
Hilbert—Schmidt estimator can be written as

ÔHS(r) = argmin
O2SO(2)

Z
SO(2)

kO0 ¡Ok2HS

£p(r jO0,a)p(O0 j a)°(dO0) (13)

where ° is the base measure on SO(2) and the form
of p(r jO,a) is known from Section IIA. Expressing
this integral in terms of µ and simplifying yields an
expression for the Hilbert—Schmidt estimator for target
azimuth

µ̂HS(r) = tan
¡1
· R

sin(µ)p(r j µ,a)p(µ j a)dµR
cos(µ)p(r j µ,a)p(µ j a)dµ

¸
:

(14)

Finally, since the covariance function ¾2(µ,a) is not
known but approximated as piecewise constant with
estimated values ¾̂2i (µk,a) from (2), the probability
density function used is also piecewise constant
in µ and proportional to the exponential of the
log-likelihood in (1) or (4), depending on whether
power normalization is employed. Then the above
integrals can be reduced to summations over the
azimuth windows Wk, and with a uniform prior on
orientation and with azimuth windows of uniform
width, the estimator becomes

µ̂HS(r) = tan
¡1
"P

k sin(µk)exp[l̂(r j µk,a)]P
k cos(µk)exp[l̂(r j µk,a)]

#
:

(15)

A Bayesian approach to ATR can be utilized under
the conditionally Gaussian model by selecting the
target class â(r) which maximizes the conditional
probability P(a j r)/ p(r j a)P(a). We already have
an expression for p(r jO,a) so we write p(r j a) as a
marginal probability density over all orientations and
select a target class according to

âBayes(r) = argmax
a

P(a)
Z
SO(2)

p(r jO,a)p(O)°(dO):
(16)

Given an estimated log-likelihood function l̂(r jO,a)
that is piecewise constant in µ from either (1) or (4),
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the above integral can be reduced to a summation over
all azimuth windows Wk, and with uniform priors on
orientation and target type and with uniformly spaced
windows, we can select a target class according to

âBayes(r) = argmax
a

X
k

exp[l̂(r j µk,a)]: (17)

C. Algorithms for the Log-Magnitude Model

Orientation estimates in the log-magnitude model
are obtained from SAR data r for a given target a
by selecting the azimuth angle µ that minimizes the
squared distance between rdB and the mean vector
function for a. Given the estimated mean vector
function ¹̂dB(µ,a) from (10), which is piecewise
constant in µ, the estimate is given as

µ̂LM(r,a) = argmin
µ

d2(rdB, ¹̂dB(µ,a)): (18)

In the case that normalization is used, the distance
measure minimized is d2(rdB¡ rdB,¹dB(µ,a)¡
¹dB(µ,a)).
ATR in the log-magnitude model from r is

performed by finding the combination of target type
a and azimuth angle µ which minimizes the squared
distance between rdB and the corresponding mean
vector. That is,

âLM(r) = argmin
a

min
µ
d2(rdB,¹̂dB(µ,a)): (19)

In the case that normalization is used, the distance
measure minimized is d2(rdB¡ rdB,¹̂dB(µ,a)¡
¹̂dB(µ,a)).

D. Algorithms for the Quarter Power Model

Orientation estimates in the quarter power model
are obtained from SAR data r for a given target a
by selecting the azimuth angle µ that minimizes the
squared distance between rQP and the mean vector
function for a. Given the estimated mean vector
function, ¹̂QP(µ,a) from (10), which is piecewise
constant in µ, the estimate is given as

µ̂QP(r,a) = argmin
µ

d2(rQP, ¹̂QP(µ,a)): (20)

If the normalization form is used, the distance
measure minimized is d2(rQP=krQPk,¹QP(µ,a)=
k¹QP(µ,a)k).
ATR in the quarter power model from r is

performed by finding the combination of target type
a and azimuth angle µ which minimizes the squared
distance between rQP and the corresponding mean
vector. That is,

âQP(r) = argmin
a

min
µ
d2(rQP,¹̂QP(µ,a)): (21)

If the normalization form is used, the distance
measure minimized is d2(rQP=krQPk,¹̂QP(µ,a)=
k¹̂QP(µ,a)k).

E. MSTAR Dataset and Empirical Evaluation

The SAR image data used for the results we
present were collected under the MSTAR1 program
conducted under DARPA funding. The image set
contains X band SAR data for a number of targets
imaged at two or more depression angles. The SAR
images in the dataset are of 1 ft by 1 ft resolution.
The target lies in the central portion of the chip and
occupies a small portion of it. The rest of the chip
consists of background clutter and target shadow.
The results we present include an assessment of
how the performance of the algorithms varies as a
function of the target chip size which is intended
to accommodate different sensitivities to shadow
removal and excess clutter as the approaches may vary
in their ability to model target, shadow, and clutter
regions. Smaller image chips of sizes 128£128,
112£ 112, 96£ 96, 80£ 80, 64£64, and 48£ 48
were constructed by extracting a square region from
the center of the MSTAR images. Variance images
from the conditionally Gaussian model are shown
in Fig. 1 for several of the targets at each of the
six image sizes. As can be seen from the figure,
for some targets and some orientations such as the
BRDM-2 and BTR-70 shown, decreasing the size of
images used from 128£ 128 down to 80£ 80 reduces
background clutter in the image without infringing
upon either the target or shadow. Further reduction
in image size eliminates more of the clutter pixels
but also eliminates much of the shadow region. For
some targets and orientations such as the ZIL131
shown, any reduction of the image size eliminates
both target shadow and image artifacts along with the
background clutter. As will be shown, each algorithm
tends to favor its own particular tradeoff between
clutter reduction and retention of shadow and artifact
pixels which may have implications for segmentation
strategies likely to be useful for each approach.
For each target and depression angle, the MSTAR

set contains SAR image data for two to three hundred
values of target aspect pose. We have divided these
images into two nonoverlapping sets, one for model
training and the other for assessing the performance of
the various approaches. A summary of the datasets
used is provided in Table I. Orientation estimation
performance is characterized in terms of the average
squared Hilbert—Schmidt distance between the actual
and estimated orientations. This average is computed
as a function of target type and as an overall value
across all 3192 images of the testing set. Recognition
performance is characterized in terms of confusion

1The MSTAR dataset can be requested through the Sensor Data
Management System (SDMS) web page of Wright Laboratory
at the URL http://www.mbvlab.wpafb.af.mil/public/sdms/ or by
contacting Kelly Miller at AFRL/SNAS, Building 23, 2010 Fifth
Street, WPAFB, OH 45433.
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Fig. 1. Variance images for broadside (90± azimuth) targets BRDM-2, BTR-70, ZIL131. Each image shows variance of corresponding
target for each of six image sizes.

TABLE I
MSTAR Dataset Used in the Performance Analysis of All Models

Train Test

Target Vehicles Images Depression Vehicles Images Depression

2S1 b01 299 17± b01 274 15±
BMP-2 9563, 9566, c21 697 17± 9563, 9566, c21 587 15±
BRDM-2 E-71 298 17± E-71 263 15±
BTR-60 k10yt7532 256 17± k10yt7532 195 15±

BTR-70 c71 233 17± c71 196 15±
D7 92v13015 299 17± 92v13015 274 15±
T62 A51 299 17± A51 273 15±
T-72 132, 812, s7 691 17± 132, 812, s7 582 15±
ZIL131 E12 299 17± E12 274 15±
ZSU 23 4 d08 299 17± d08 274 15±

Note: In total, 3670 images are used for training and 3192 images are used for testing.

matrices, percentage of correctly recognized images
of each target, and as the percentage of correctly
recognized images over all images of the testing set.

IV. PERFORMANCE USING 72 WINDOWS

This section presents the performance results
for the orientation estimation and target recognition
algorithms of Section III when the databases of
trained models are relatively large with the model
parameters approximated as piecewise constant over
Nw = 72 windows and trained over intervals of width
d = 10± each.

A. Orientation Estimation Using 72 Windows

For 72 windows, orientation estimation results
are indicated in Fig. 2(a) which shows the average
orientation estimation error as a function of SAR
image size for all approaches. The normalized
conditionally Gaussian approach performed
significantly better than all other approaches and
achieved an average orientation estimation error of
0.0267, equivalent to 6:62±, with 128£ 128 images.
The nonnormalized conditionally Gaussian approach

performed better than even the normalized versions of
the other algorithms for all but 128£ 128 images. The
figure also demonstrates that normalization improves
the orientation estimates of the log-magnitude
approach for images of size 64£64 and above and
that normalization improved the orientation estimates
of the quarter power approach at all image sizes.
The contribution to the average orientation

estimation error is not evenly distributed among
the ten targets, but some targets result in a
disproportionately large average error as indicated
in Fig. 3. This figure shows the average squared
Hilbert—Schmidt distance between the actual and
estimated orientations on a target-by-target basis for
each of the approaches. The top row, from left to
right, contains charts for the conditionally Gaussian,
log-magnitude, and quarter power approaches. The
bottom row contains charts for the corresponding
normalized versions. For all approaches, the
orientation estimation error for the targets BTR-60,
ZIL131, and ZSU-23-4 was very low whereas
the error for the targets 2S1, BMP2, and T72 was
consistently large. The use of normalization decreased
the average error for most of the targets in all three
approaches though the targets that benefited most
varied by approach. Under the conditionally Gaussian

638 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 38, NO. 2 APRIL 2002



Fig. 2. Performance comparison for each of the approaches when model parameters are approximated as piecewise constant over 72
windows and trained over intervals of width 10± each. (a) Average squared Hilbert-Schmidt distance between actual and estimated

orientations as function of target chip size; smaller values denote better performance. (b) Overall percentage of correctly classified test
images as function of target chip size; larger values denote better performance.

Fig. 3. Average orientation error by target at best performing image size for each of the models; smaller values denote better
performance. From left to right, top row shows performance for conditionally Gaussian approach with 96£ 96 images, log-magnitude
approach at 80£ 80, and quarter power approach at 128£ 128. Bottom row shows results from normalized versions of these approaches

at 128£ 128, 96£ 96, and 128£ 128 images, respectively.

approach, the 2S1 performed slightly worse with
normalization but still better than for any variant
of the log-magnitude or quarter power
approaches.
Much of the average orientation estimation error is

due to a few estimates which are nearly 180± from
the true orientation, implying that some images of
targets are occasionally interpreted as facing the
opposite direction. This is indicated in Fig. 4(a) which
shows a relative frequency histogram of orientation
estimation errors for the normalized quarter power

approach. This chart shows that over 95% of the
orientation estimates are within 5± of the actual
orientation and that over 98% are within 10±. There
are almost no estimates that are between 20± and
170± from the true orientation. The small bar at
the extreme right edge of the chart indicates that
around 1/2% of the estimates are over 175± from the
actual orientation. These results are typical for all
approaches as can be seen in Table II which shows
the percentages of estimates which differ from the true
orientation by more than 170± and of those differing
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Fig. 4. Relative frequency histogram showing percentage or
orientation estimates that fall within a given distance of the true
orientation for magnitude normalized quarter power approach
when optimal image size of 128£ 128 is used. The x axes have
been labeled in terms of the angle, in degrees, which is equivalent

to the resulting average squared Hilbert—Schmidt distance.
(a) Histogram data collected over 36 successive 5± intervals

ranging from 0± to 180±. (b) More detailed look at histogram data
from 0± to 15± in 15 successive 1± intervals.

by more than 175±. The normalized conditionally
Gaussian approach results in far fewer errors of this
type.
Fig. 4(b) shows the details of the relative

frequency histogram for orientation estimation errors
from 0± to 15± for the magnitude normalized quarter
power approach. This chart shows that most of the
target orientation estimates are within 2± of the
actual orientation. This result and the general shape
of the histogram chart are common to all
approaches.

TABLE II
Percentage of Orientation Estimates Which Differ From True Orientation By a Large Amount

Recognition Approach Errors> 170± Errors> 175±

Conditionally Gaussian 0.56% 0.47%
Conditionally Gaussian, Normalized 0.28% 0.22%
Log-Magnitude 1.07% 0.78%
Log-Magnitude, Normalized 0.60% 0.41%
Quarter Power 0.66% 0.56%
Quarter Power, Magnitude Normalized 0.53% 0.50%

Note: The results shown are for the optimum image size for each method.

B. Target Recognition Using 72 Windows

The performance results for target recognition
with 72 windows are shown in Fig. 2(b). This graph
shows the percentage of correctly classified images
versus image size for all of the approaches to target
recognition. It can be seen that the normalized
conditionally Gaussian approach produced correct
recognition rates higher than the other approaches
for image sizes less than or equal to 96£ 96 while
the magnitude normalized quarter power approach
produced higher rates for image sizes greater than or
equal to 112£ 112. Furthermore, at 96£96 images
the normalized conditionally Gaussian approach
achieved a correct recognition rate of 97.7% which
was the highest rate of all the approaches at any
image size. The log-magnitude approach and its
normalized variant performed competitively for
48£ 48 images but their performance dropped off
considerably for larger image sizes. Finally note that
all three normalized variants performed better at all
image sizes than their unnormalized counterparts, with
the largest increases occurring at the largest image
sizes.
Exact details of the recognition performance on a

target-by-target basis are provided in Tables III—VIII
which give confusion matrices for all approaches
at the best performing image size for each method.
The targets BMP2, D7, and T72 were among the top
performers for each method, whereas the targets 2S1,
BRDM2, and T62 were among the worst. Recall from
Section IVA that the targets BMP2 and T72 were
consistently among the worst performers in terms of
orientation estimation error, implying that in general
there is not a direct relationship between the ability of
these approaches to correctly recognize a target and
their ability to estimate its orientation.
These confusion matrices for the log-magnitude

and quarter power approaches also indicate that
images of the targets 2S1 and BRDM2 were
commonly misclassified as BMP2 and that images of
targets 2S1 and T62 were commonly misclassified
as T72. Both normalized approaches increased
the recognition rate of the 2S1 by more than 10
percentage points and increased the recognition rate
of the T62 by 2 to 4 percentage points. Under the
log-magnitude approach, normalization also resulted
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TABLE III
Confusion Matrix for Conditionally Gaussian Approach Using 80£ 80 Pixel SAR Images With 72 Windows Trained Over 10± Intervals

2S1 BMP 2 BRDM2 BTR 60 BTR 70 D7 T62 T72 ZIL131 ZSU 23 4

2S1 262 0 0 0 0 0 4 8 0 0 95.62%
BMP 2 0 581 0 0 0 0 0 6 0 0 98.98%
BRDM2 5 3 227 1 0 14 3 5 4 1 86.31%
BTR 60 1 0 0 193 0 0 0 0 0 1 98.97%
BTR 70 4 5 0 0 184 0 0 3 0 0 93.88%
D7 2 0 0 0 0 271 1 0 0 0 98.91%
T62 1 0 0 0 0 0 259 11 2 0 94.87%
T72 0 0 0 0 0 0 0 582 0 0 100%
ZIL131 0 0 0 0 0 0 2 0 272 0 99.27%
ZSU 23 4 0 0 0 0 0 2 0 1 0 271 98.91%

Note: Row headings give the true target class for each of the test images represented in the row. For each row, the number in each
cell indicates the number of test images which were classified as the corresponding column heading. The rightmost column shows the
overall percentage of correctly classified test images for each target.

TABLE IV
Confusion Matrix for Normalized Conditionally Gaussian Approach Using 96£ 96 Pixel SAR Images With 72 Windows Trained Over

10± Intervals

2S1 BMP 2 BRDM2 BTR 60 BTR 70 D7 T62 T72 ZIL131 ZSU 23 4

2S1 264 1 0 0 0 0 1 7 1 0 96.35%
BMP 2 0 584 0 0 0 0 0 1 0 2 99.49%
BRDM2 5 3 232 1 0 8 3 9 1 0 88.21%
BTR 60 0 0 0 193 0 0 0 2 0 0 98.97%
BTR 70 0 2 0 0 188 0 0 6 0 0 95.92%
D7 0 0 0 0 0 270 2 1 0 1 98.54%
T62 0 0 0 0 0 0 259 12 0 2 94.87%
T72 0 0 0 0 0 0 0 582 0 0 100%
ZIL131 0 0 0 0 0 0 0 1 272 1 99.27%
ZSU 23 4 0 0 0 0 0 0 0 0 0 274 98.91%

TABLE V
Confusion Matrix for Log-Magnitude Approach Using Image Size 48£ 48 Yielding Best Percentage of Correct Classification When

Using 72 Windows Trained Over 10± Intervals

2S1 BMP 2 BRDM2 BTR 60 BTR 70 D7 T62 T72 ZIL131 ZSU 23 4

2S1 220 28 2 0 0 0 1 22 0 1 80.29%
BMP 2 0 579 0 0 0 0 0 7 0 1 98.64%
BRDM2 1 21 236 3 0 0 0 0 1 1 89.73%
BTR 60 0 3 0 190 2 0 0 0 0 0 97.44%
BTR 70 1 10 0 2 181 0 0 2 0 0 92.35%
D7 0 0 0 0 0 272 0 1 1 0 99.27%
T62 0 5 0 0 0 0 232 33 3 0 84.98%
T72 0 4 0 0 0 0 0 578 0 0 99.31%
ZIL131 0 2 0 0 0 0 0 7 263 2 95.99%
ZSU 23 4 0 0 0 0 0 0 0 4 1 269 98.18%

in a decrease of the recognition rate of the BTR60
by more than 6 percentage points. Under the quarter
power approach, the use of normalization decreased
the recognition rate of the BRDM2 by more than 2
percentage points.

V. PERFORMANCE-COMPLEXITY TRADEOFFS

The relationship between algorithm performance
and database complexity is explored in this section. To
produce these results, all algorithms were run for 40

combinations of number of windows Nw and training
interval width d, at 6 different image sizes for a total
of 240 parameter combinations. Fig. 5 shows the
combinations of Nw and d that were included along
with the legend for the performance-complexity detail
plots in this section. The use of databases with image
sizes that vary by target was not considered. Training
was performed using the set of 3670 training images
described in Table I for all parameter combinations,
and testing was performed twice, once as a check
of proper operation using the training set itself and
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TABLE VI
Confusion Matrix for Normalized Log-Magnitude Approach Using Image Size 48£ 48 Yielding Best Percentage of Correct

Classification When Using 72 Windows Trained Over 10± Intervals

2S1 BMP 2 BRDM2 BTR 60 BTR 70 D7 T62 T72 ZIL131 ZSU 23 4

2S1 249 10 2 0 0 0 3 9 0 1 90.87%
BMP 2 0 581 0 0 1 0 0 5 0 0 98.98%
BRDM2 5 24 227 3 0 0 0 0 3 1 86.31%
BTR 60 1 7 1 177 0 3 1 2 1 2 90.77%
BTR 70 5 12 0 2 172 0 0 5 0 0 87.76%
D7 0 0 0 0 0 272 0 1 1 0 99.27%
T62 3 2 0 0 0 0 239 24 3 2 87.55%
T72 0 3 0 0 0 0 0 579 0 0 99.49%
ZIL131 0 2 0 0 0 0 0 3 268 1 97.81%
ZSU 23 4 0 0 0 0 0 2 0 2 1 269 98.18%

TABLE VII
Confusion Matrix for Quarter Power Approach Using Image Size 96£ 96 Yielding Best Percentage of Correct Classification When

Using 72 Windows Trained Over 10± Intervals

2S1 BMP 2 BRDM2 BTR 60 BTR 70 D7 T62 T72 ZIL131 ZSU 23 4

2S1 229 22 4 0 0 0 2 16 1 0 83.58%
BMP 2 1 572 1 1 0 0 0 8 1 3 97.45%
BRDM2 0 5 248 3 0 0 0 3 3 1 94.30%
BTR 60 0 0 0 193 1 0 0 1 0 0 98.97%
BTR 70 0 2 0 0 193 0 0 1 0 0 98.47%
D7 0 0 0 0 0 271 1 1 1 0 98.91%
T62 0 0 1 0 0 0 235 31 3 3 86.08%
T72 0 4 0 0 1 0 0 576 0 1 98.97%
ZIL131 0 0 0 0 0 0 0 1 272 1 99.27%
ZSU 23 4 0 0 0 0 0 0 0 2 1 271 98.91%

TABLE VIII
Confusion Matrix for Normalized Quarter Power Approach Using Image Size 112£ 112 Yielding Best Percentage of Correct

Classification When Using 72 Windows Trained Over 10± Intervals

2S1 BMP 2 BRDM2 BTR 60 BTR 70 D7 T62 T72 ZIL131 ZSU 23 4

2S1 263 7 1 0 0 0 1 2 0 0 95.99%
BMP 2 1 579 1 0 0 0 0 2 1 3 98.64%
BRDM2 0 19 241 2 0 0 0 0 0 1 91.64%
BTR 60 0 0 0 195 0 0 0 0 0 0 100%
BTR 70 0 4 0 0 192 0 0 0 0 0 97.96%
D7 0 0 0 0 0 272 0 1 1 0 99.27%
T62 1 2 0 0 0 0 247 21 1 1 90.48%
T72 0 2 0 0 0 0 0 580 0 0 99.66%
ZIL131 1 1 0 0 0 0 0 1 270 1 98.54%
ZSU 23 4 0 0 0 0 0 2 0 2 0 270 98.54%

once to produce the performance analysis using the
nonoverlapping set of 3192 test images. This complete
set of computations consumed approximately three
weeks of processing time on a dual processor Sun
Enterprise 250 for each of the six approaches. Only
the results from the nonoverlapping set of test images
are presented in this section.

A. Database Complexity

For each of the approaches to orientation
estimation and target recognition discussed in
Section III, there are three parameters that influence

the number of values that must be stored in
the algorithm’s database. These parameters are
the number of target classes which are to be
differentiated, the number of templates chosen to
represent the possible orientations of the target Nw,
and the number of pixels in each template. The width
of the training interval d does not affect the number
of values in the database but does play a role in the
resulting performance [1]. All of the approaches
considered require a single floating point value for
each pixel of each template of each target type. For
the purposes of this paper we define the complexity of
a template database as the logarithm of the number
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Fig. 5. Combinations of number of windows Nw and training interval widths d used in performance-complexity computation. Along
with each combination are the symbols used to denote it in the detailed performance-complexity graphs.

of floating point values per target type that must
be permanently stored in order for the algorithm to
operate. The logarithm of the number of floating
point operations required per target type is roughly
proportional to this quantity.
To obtain an empirical assessment of how the

performance of each algorithm varies with database
complexity, we applied each of the algorithms to
the ten target classes given in Table I under 240
combinations of number of templates, widths of
training intervals, and image size. The overall
performance in terms of both orientation estimation
error and percentage of falsely classified targets was
noted for each combination of parameters and the
curve representing the convex outer boundary of the
corresponding performance-complexity pairs was
recorded. This outer boundary represents the best
performance that is achievable for each complexity
value out of all combinations of parameters that were
examined or, alternatively, the database complexity
required to achieve any desired performance. The
outer boundary terminates at that point where
increases in database complexity do not yield any
improvement in performance. The combination of
performance and complexity represented by any point
on this boundary between experimentally obtained
data points can be achieved on average by randomly
selecting, for each test, the parameters yielding one
of the points with probability P and the parameters
yielding the other point with probability (1¡P).
Fig. 6 shows the results of this computation

for the conditionally Gaussian approach. Fig. 6(a)
shows the orientation estimation performance of
the Hilbert—Schmidt estimator resulting from each
combination of parameters. The curves corresponding
to the line segments listed in the legend of Fig. 5
show how the performance varies with image size for
the number of templates and width of training interval
indicated. The image sizes corresponding to each
marker along the curve from left to right are 48£ 48,
64£ 64, 80£ 80, 96£ 96, 112£ 112, and 128£ 128.
For example, the solid line with “+” shaped point

Fig. 6. Performance versus database complexity for conditionally
Gaussian approach. Legend given in Fig. 5. (a) Average
orientation estimation error. (b) Percentage of erroneously

classified targets.
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Fig. 7. Performance versus database complexity for conditionally
Gaussian approach. Legend given in Fig. 5. (a) Average
orientation estimation error. (b) Percentage of erroneously

classified targets.

markers shows that for 3 templates each trained over
an interval of 120±, the average orientation estimation
error decreases uniformly with increasing image size
from nearly 1.4 for 48£ 48 images down to around
1.2 for 128£ 128 images. The database complexity
for this combination of parameters grows uniformly
from around 3.8 for 48£ 48 images to 4.7 for 128£
128 images. Fig. 6(b) shows the recognition error
rate for each combination of parameters. Figs. 7—11
show the computation results for the other five
approaches.
These figures show that for all of the six

approaches and for both orientation estimation and
target recognition, at small complexities the largest

Fig. 8. Performance versus database complexity log-magnitude
approach. Legend given in Fig. 5. (a) Average orientation

estimation error. (b) Percentage of erroneously classified targets.

increases in performance come from increasing the
number of templates in the database rather than
increasing image size. Also for all approaches,
increases in performance tend to taper off as the
database complexity passes 4.5. The figures also
indicate that at large database complexities it is
the image size and not the number of templates
that has the largest influence on performance. In
all approaches orientation estimation performance
is less sensitive to image size than is recognition
performance. At high database complexities, the
quarter power and normalized quarter power
approaches are much less sensitive to variations in
image size than are any of the other approaches.
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Fig. 9. Performance versus database complexity for normalized
log-magnitude approach. Legend given in Fig. 5. (a) Average
orientation estimation error. (b) Percentage of erroneously

classified targets.

Finally, note that the particular combination of 72
templates per target class with parameters trained
over 5± intervals (denoted by a five-pointed star on
a dash-dotted line), which is occasionally reported
in the literature, is for all six approaches one of the
worst performing among the highly complex database
parameterizations.
These figures also show some trends in the

orientation estimation and recognition error rates
when the number of templates per target type and
width of the template training interval are held
constant and the image sizes are varied. For many
combinations of targets and pose, nearly all additional
pixels at large image sizes contain clutter. This

Fig. 10. Performance versus database complexity for quarter
power approach. Legend given in Fig. 5. (a) Average orientation
estimation error. (b) Percentage of erroneously classified targets.

could potentially bias the results for large images.
Both the conditionally Gaussian and quarter power
approaches tend to have orientation estimation
performance which is relatively insensitive to image
size and a recognition error rate which dips at
the medium image sizes. This is consistent with
clutter degrading performance. Normalization of the
conditionally Gaussian and quarter power approaches
yields performance which tends to increase with
image size for both orientation estimation and target
recognition regardless of the number of templates
in the database. Though clutter pixels are not
directly useful for target classification, their use
does improve the estimates of power scale factors
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Fig. 11. Performance versus database complexity for normalized
quarter power approach. Legend given in Fig. 5. (a) Average
orientation estimation error. (b) Percentage of erroneously

classified targets.

c, and these in turn improve classification results.
The log-magnitude approach tends to have slightly
worse estimation performance with increasing image
size and shows significant degradation in recognition
performance with large image sizes. Normalization of
the log-magnitude approach shows less sensitivity to
image size when the number of templates per target
type is not large, for both orientation estimation
and target recognition, but continues to show a
large degradation in recognition performance with
increasing image size when a large number of
templates is employed.

Fig. 12. Best achievable performance versus database complexity
for all approaches. For both graphs, smaller values denote better

performance.

B. Side-by-Side Comparison

The best achievable performance for all of
the methods as a function of database complexity
is shown in Fig. 12. Fig. 12(a) shows the lowest
achievable average orientation estimation error for
each approach and indicates that the normalized
conditionally Gaussian approach delivered better
estimation performance than any of the other
approaches at all database complexities. The
unnormalized conditionally Gaussian variant was a
close second. The other approaches are relatively
undifferentiated in terms of orientation estimation
except for database complexities below 4.5 where the
log-magnitude approach performs slightly worse than
the others.
Fig. 12(b) shows the lowest achievable recognition

error rate for each of the methods. This figure shows
that the normalized conditionally Gaussian approach
delivered performance equal to or better than all
other methods for all complexities. The normalized
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log-magnitude approach delivers equivalent
performance over a small range of complexities near
4.5. Normalization improved the performance of each
of the three approaches for all complexities with a
decrease in error rate of approximately a quarter of
a percentage point for most complexities.

VI. CONCLUSIONS

This study extends to ten classes the performance-
complexity results described by O’Sullivan, DeVore,
Kedia, and Miller [20], and it extends the study
to five other approaches. Exact descriptions of all
algorithms were presented along with details of the
methods by which the empirical results were obtained.
None of these six algorithms are suggested for a
direct implementation because key elements, such as
optimal segmentation strategy, effects of SAR image
resolution, the effects of varying depression angles,
and characterization of performance under extreme
conditions are not yet included in this study. Also, this
work does not address methods of rejecting confuser
vehicles as do [14, 15]. A framework was presented
which provides a direct means of quantifying the
cost and benefit, in terms of database complexity and
performance, of various approaches to incorporating
these elements. This same framework allows for the
direct comparison of differing approaches to ATR
from SAR images and was demonstrated in a study
of six different algorithms, providing baseline results
for each.
Normalization of the received SAR image to

account for radar power fluctuation resulted in a
significant increase in target recognition performance
but did not significantly improve orientation
estimation capability. The normalized conditionally
Gaussian approach delivered superior performance for
every database complexity in both target recognition
and orientation estimation. The approach yielded a
best case average orientation estimation error of 6:62±

for 128£128 images with 72 orientation windows
and parameters trained over 10± intervals. The best
case percentage of correctly classified images was
98.75% for 128£ 128 images with 20 orientation
windows and parameters trained over 36± intervals.
The normalized variants of the conditionally Gaussian
and quarter power approaches delivered their best
performance with larger image sizes, suggesting
that improved estimates of normalization scale
factors offset the presence of additional clutter, and
segmentation algorithms for those approaches may do
well to retain pixels whose classification is not clear.
However, both variants of the log-magnitude approach
delivered their best performance with much smaller
images which suggests that segmentation algorithms
for those algorithms may do well to disregard pixels
whose classification is ambiguous. The normalization
results suggest that careful use of the surrounding

scene to more accurately determine fluctuating radar
characteristics may prove useful in classifying the
contents of the scene.
Current efforts are underway to explore the

performance of ATR algorithms as functions of
alternate measures of complexity such as the time
to classify a SAR image chip [4], to compare other
likelihood-based approaches [3]. Future efforts
include investigating the use of optimal segmentation
strategies and extending the study to investigate
algorithm behavior under extended operating
conditions [20] in which testing and training data
are gathered under dissimilar conditions. Finally,
the incorporation of confuser vehicles into the
likelihood-based approaches and a comparison of the
confuser rejection capability of each of the methods
is planned. One possible model-based approach to
confuser rejection is to set a probability of false
rejection for each target class, and reject an image
if the likelihood falls in the resulting critical region
for the most likely class. Regardless of the confuser
rejection method chosen, a non-zero probability of
false rejection will affect the probability of correct
classification.
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