1434

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS, VOL. 39, NO. 6, DECEMBER 2009

Swarm Formation Control Utilizing Elliptical
Surfaces and Limiting Functions
Laura E. Barnes, Member, IEEE, Mary Anne Fields, and Kimon P. Valavanis, Senior Member, IEEE

Abstract—In this paper, we present a strategy for organizing
swarms of unmanned vehicles into a formation by utilizing artificial potential fields that were generated from normal and sigmoid
functions. These functions construct the surface on which swarm
members travel, controlling the overall swarm geometry and the
individual member spacing. Nonlinear limiting functions are defined to provide tighter swarm control by modifying and adjusting
a set of control variables that force the swarm to behave according
to set constraints, formation, and member spacing. The artificial
potential functions and limiting functions are combined to control
swarm formation, orientation, and swarm movement as a whole.
Parameters are chosen based on desired formation and userdefined constraints. This approach is computationally efficient and
scales well to different swarm sizes, to heterogeneous systems, and
to both centralized and decentralized swarm models. Simulation
results are presented for a swarm of 10 and 40 robots that follow
circle, ellipse, and wedge formations. Experimental results are
included to demonstrate the applicability of the approach on a
swarm of four custom-built unmanned ground vehicles (UGVs).
Index Terms—Formation control, multiagent systems, potential
fields, swarms.

I. I NTRODUCTION

I

N RECENT years, multiagent systems have been suggested
as a means of accomplishing tasks in the battlefield and other
environments. Such applications include finding and neutralizing mines, containing spills, forming perimeters, and providing
ad hoc reconfigurable communication networks. However, most
of these applications assume that the swarm members begin
their activities in the mission space—they do not address how
the robots get to the mission space. In some scenarios, groups
of unmanned vehicles need to autonomously travel from one
region in the mission space to another region while remaining
as a cohesive unit. This case is particularly true in battlefield
applications—robots and soldiers start in an assembly area and
then travel to an area of interest to start the mission.
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Different formations, e.g., diamond, wedge, line, and
column, allow soldiers to respond to potential threats in a
variety of terrains and battlefield conditions while maintaining
contact with each other. In future applications, robot teams and
mixed robot teams will be expected to move in military-style
formations.
Numerous methods have been proposed for formation control. In the virtual-structure approach, the entire formation is
treated as a single rigid body, and agents maintain a specific geometry among each other [1]–[4]. In [2], a strategy is
presented to arrange a large-scale homogeneous team in a
geometric formation by utilizing potential functions with preset
attachment sites. However, there is a limited number of formations that can be achieved, and the method is computationally
expensive. In [4], a control architecture is presented for formation control that considers leader-following, behavior, and
virtual-structure approaches, combining the advantages of each.
In [5], a potential field methodology for formation control
is presented. The desired formation pattern is represented in
terms of queues and formation vertices. The desired pattern
and trajectory for the group of robots is represented by artificial
potential trenches. Each robot is attracted to and moves along
the bottom of the potential trench, automatically distributing
with respect to each other. Queues and formation vertices are
defined based on the number of robots and the desired formation. Although this method greatly improves on node to robot
formation structures, queues and vertices are still calculated
based on the formation and number of robots. In [6] and [7], this
work is improved upon by utilizing a limited communication
scheme. In [8], a set of artificial points is used as beacons that
guide the robots to their goal. This approach uses the geometric
relationship between beacon points to move the robots in formation. Other examples of potential field approaches are shown
in [8]–[17].
Centralized methods for formation control have successfully
been used in [18]–[25]. However, relying on one resource for
command of the swarm is prone to failure in dynamically
changing and unstructured environments. Thus, a decentralized
or hybrid control method is preferred in swarm systems [16],
[26]–[28].
Behavior-based approaches are used to control formations
for constellations of spacecraft and for multirobot tasks such
as box pushing [29], [30]. The approaches are advantageous,
because they are decentralized and require less communication,
but group behavior cannot explicitly be defined.
Leader–follower strategies have also been proposed for the
formation control of multirobot systems [31]–[38]. In these
approaches, some agents are designated as leaders and others
as followers. In [33] the leader–follower approach is extended
by adding a control graph that defines the relative position of
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each robot in the formation. By maintaining a relative distance
and orientation with respect to the reference robot, the team of
robots can exhibit several different formations. In [34], local
sensing and minimal communication between agents is used to
maintain a predetermined formation. Each robot in the group
keeps a single “friend” robot that it knows from an appropriate
sensor and maintains a specific angle at all times in relation to
this “friend” robot.
There are also a number of graph-based formation control
strategies [19], [39]–[42]. Other methods of formation control
are presented in [18] and [43]–[52].
The proposed approach is a hybrid approach that can be
either completely distributed compared with the approaches in
[18]–[25] or a fusion of approaches that contain facets from
multiple formation control strategies. Potential fields are the underlying method of control to attract swarm members to a single
adaptable virtual structure. The formation can be held in a
completely distributed manner by using only local information
that sums different weighted vectors for formation keeping and
obstacle avoidance. Moreover, a hybrid approach with leaders
and followers can also be utilized to create a tighter formation.
The strategy is also platform independent. The proposed
method is also applicable to heterogeneous swarms, because the
vector generation is independent of the specific robot vehicle
platform (compared with the approaches in [8], [17], and [53]
that are not scalable in heterogeneity).
The main contribution of this paper is the introduction of
limiting functions to hold multirobot systems on an enclosed
curvilinear formation structure. In this paper, we generalize
our approach to ellipse-based configurations. By adjusting the
control parameters on the surface, we can control the shape and
extent of the formation, as well as the relative distance between
swarm members. These formations can move as a unit, adapt to
nonuniform surfaces, and dynamically change.
All swarm members are attracted to a single differentiable
surface unlike in approaches where nodes or vertices must be
calculated for different formations and swarm members. For
the purposes of this work, only a single surface is used, but
multiple surfaces could be used to create more complicated
formations. This factor makes the approach scalable to large
swarm sizes. In addition, very little information transmission is
required to hold formation. Swarm members only need to know
formation parameters and nearby neighbors for the dispersion
aspect of the formation. The proposed method is demonstrated
with simulations of 10 and 40 robots. In addition, real-time
experiments are run with three and four custom-built unmanned
ground vehicles (UGVs). Ellipse and line formations are experimentally demonstrated. Preliminary results of this research are
presented in [54] and [55]. Table I shows the nomenclature used
in this paper.
II. P ROBLEM F ORMULATION
A. Generation of Formation Surface
The main objective of the proposed approach is to attract
elements of a swarm into a bounded formation and allow the
swarm to stay in that formation as it moves around the mission
space. A vector field is used to attract swarm members to an ellipse with desired parameters. The minimum distance between
swarm members is controlled using an additional vector field.
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TABLE I
NOMENCLATURE

At any instant in time, UGVs can be visualized as particles
that move in a potential field that was generated from a bivariate
normal “hill” that controls the velocity and heading of the
swarm members. A bivariate normal function of the form
f (x, y) = e−α((x−xc )

2

+γ(y−yc )2 )

(1)

produces an oval/ellipsoid-shaped function. Assuming that the
current robot location is at (x, y), the center of the function in
(1) is represented by (xc , yc ) with respect to the world reference
frame. The control variable γ determines the ratio of the minor
axis (y-direction) to the major axis (x-direction), which affects
the eccentricity of the swarm. Note that the center (xc , yc ) and
the orientation could be a function of time, allowing the swarm
to move along a path.
The x and y partial derivatives create the velocity vectors for
determining the heading and velocity of each member of the
swarm as follows:
dx = −2αf (x, y)(x − xc )
dy = −2αγf (x, y)(y − yc ).

(2)

Similar to a single UGV, the swarm formation, which is
treated as a single structure, has both a local reference and a
world reference frame. For the swarm to follow a trajectory
in the world reference frame, an axis rotation is required. The
heading φ between the swarm formation’s x-axis and the center
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Fig. 1. Convoy description.
Fig. 3.

Fig. 2. Convoy of vehicles surrounded by concentric ellipses.

(xc , yc ) must be found. The rotated coordinates for (x, y) and
(xc , yc ) can be found using
xrot = cos(φ)(x − xc ) − sin(φ)(y − yc )
yrot = sin(φ)(x − xc ) + cos(φ)(y − yc ).

(3)

The rotated coordinates are then substituted to find dx and dy .
B. Formation Problem
To describe the general formation problem, it is discussed in
reference to convoy protection. Suppose that a swarm of UGVs
needs to accompany a convoy of vehicles, surrounding them in
a particular formation. In the general case, the convoy can be
enclosed in some geometric shape, which is loosely defined by
dimensions, direction of travel, and the center of mass, as shown
in Fig. 1. The length of the convoy along the axis of travel is 2A.
The width of the convoy with respect to the axis of travel is 2B.
A field needs to be designed to attract swarm members to
surround the convoy in a designated formation. The swarm
members need to be close enough to the convoy to offer
protection but far enough to allow the convoy to safely move.
Assume that the positions of each of the convoy vehicles
are known and that the centroid of the convoy is (xc , yc ). It is
possible to enclose the convoy within a sequence of concentric
ellipses with center (xc , yc ). Fig. 2 depicts three elliptical rings
with center (xc , yc ), semimajor axis A, and semiminor axis B,
surrounding a convoy of vehicles.
By attracting swarm members to the center elliptical ring that
is described as the set of points (x, y) ∈ 2 that satisfies
R∗2 = (x − xc )2 + γ 2 (y − yc )2

(4)

where (xc , yc ) is the center, and γ is the axis ratio B/A,
the swarm can closely be associated with the convoy without
endangering the convoy vehicles. For a fixed value of γ, refer
to the set of points (x, y) that satisfies (4) as the R∗ ellipse.
The general form of the swarm controller is described by
V (x, y, t) =

N


wi (x, y, t)Vi (x, y, t)

(5)

1

where V (x, y, t) gives the velocity of the swarm at a particular
time and place. Each of the vectors Vi (x, y, t) is associated

Elliptical attraction band for the swarm.

with different fields, and wi (x, y, t) are weights of the overall
contribution of the ith vector. In general, the field V (x, y, t)
is the weighted sum of N different vectors, each of which is
acting on the swarm. In this case, three different vector fields
are utilized: 1) one attracts UGVs to the elliptical band from
points outside the elliptical region; 2) one pushes UGVs away
from the center toward the desired band; and 3) one controls the
movements of the UGVs within the band.
The challenge is to create a potential field-based controller by
using a small number of physically relevant weights wi and vectors vi that attract UGVs (particles) to a neighborhood of the R∗
ellipse. This neighborhood is shown in Fig. 3. The parameters
Rin and Rout denote the inside and outside boundaries of the
R∗ neighborhood, respectively, as also depicted in Fig. 3. The
desired vector fields will “trap” the UGVs (particles) in these
bands. Typically, this is a very narrow band of allowable space
for the UGVs with a controllable width of ΔRin + ΔRout ,
where
Rin = R∗ − ΔRin
∗

Rout = R + ΔRout .

(6)
(7)

The vector field is constructed utilizing the normalized gradient from (2). For every (x, y), let the gradient field vector have
the form


⎧
(x−xc )
⎪
⎪Wi (x, y) 1
⎨
L(x,y) γ(y−y ) , for (x, y) = (xc , yc )
c
Vi (x, y) =  
⎪
0
⎪
⎩
,
for (x, y) = (xc , yc )
0
(8)
where
L(x, y) =

(x − xc )2 + γ 2 (y − yc )2 .

(9)

(x−xc )
The vector (1/L(x, y)) γ(y−y
is a unit vector that provides
c)
the direction of the vector at (x, y). The function w(x, y) provides the magnitude of the vector at that point. Notice that, for
any (x, y), this vector points away from the center of the ellipse.
In the defined vector field, particles starting within the R∗ −
ΔRin ellipse with

R∗ =

(x − xc )2 + γ 2 (y − yc )2

(10)

move out from the center until they reach the R∗ neighborhood.
UGVs (particles) that start outside the R∗ +ΔRout ellipse move
toward the center until they reach the R∗ neighborhood. Eventually, all UGVs will be trapped within the neighborhood, i.e.,
(R∗ − Rin ) ≤ r ≤ (R∗ + Rout ).

(11)
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Fig. 4. Vector fields directed (a) toward the center (G+ ), (b) away from the
center (G− ), and (c) perpendicular to the center.

III. G ENERATION OF V ECTORS AND V ECTOR F IELDS
A. Description of Vector Fields
To generate the desired vector fields to hold UGVs inside
the R∗ neighborhood, three fields are needed: 1) one attracts
swarm members to the elliptical band from points outside the
elliptical region; 2) one pushes swarm members away from
the center toward the desired band; and 3) one controls the
movement of swarm members within the band. The first two
fields utilize the gradient vector field that was discussed in the
previous section, and G− = −(dx , dy ) points away from
the center, as shown in Fig. 4(b). Vector calculus dictates that
the gradient vector field, G+ = (dx , dy ), points in the direction
of greatest increase of the function f (x, y), which is toward the
center, as illustrated in Fig. 4(a). The third vector field utilizes a
vector that is perpendicular to the gradient vector. The vectors
(dx , −dy ) and (−dx , dy ) are perpendicular to the gradient, and
Fig. 4(c) shows such a perpendicular field.
B. Description of Limiting Functions
Tighter swarm control may be accomplished when restricting
the influence of the vector fields to a small region of the xy
plane by multiplying each of the fields by a limiting function.
This limiting function controls the influence of the vector field
in various regions of R2 . For example, the limiting function can
determine the distance from the center at which the vectors in
the field “die out” or become smaller than some number ε.
To create the desired field, the G− and G+ fields as shown
in Fig. 4(a) and (b) must be limited to end at the appropriate
boundaries. These fields will be limited with sigmoid functions
or S-shaped functions.
Vector fields that “move away” from the center (the vectors
inside the ellipse) require a limiting function that approaches
zero as the distance from the center increases. Such a limiting
function is given by
1
∗
Sin (αin , r, Rin
, ΔRin ) = 1 −
. (12)
1 + eαin (r−(R∗ −ΔRin ))
Gradient vector fields that are directed toward the center (i.e.,
vectors outside the ellipse) are required to approach zero as the
vectors “move toward” the center. This condition is achieved
using the limiting function
1
Sout (αout , r, R∗ , ΔRout) = 1−
. (13)
−α
(r−(R∗+ΔR
out
out ))
1+e

Fig. 5. Combined in (G+ ) and out (G− ) fields.

Fig. 6. Weighting functions Sin , Sout , and N⊥ as a function of the weighted
distance r defined in (16).

The G− field should die out at R∗ − ΔRin , and the G+ field
should die out at R∗ + ΔRout . This case creates the field in
Fig. 5.
Although Fig. 5 illustrates a symmetric case where ΔRout =
ΔRin , the weight W (x, y) can be written as
W (x, y) = Sin (x, y) − Sout (x, y)

(14)

so that the inside and the outside of the R∗ ellipse can separately
be considered. As a simplification, a modified distance function
r will be used, where
(xrot )2 + γ 2 (yrot )2

r=

(15)

which can be simplified (using basic trigonometry) to
r=

(x − xc )2 + γ 2 (y − yc )2 .

(16)

Thus, W (x, y) becomes
W (r) = Sin (r) − Sout (r).

(17)

Notice that r is never negative. The plot of the functions Sin
and Sout as a function of r is provided in Fig. 6. Sout has
its largest influence at points whose distance from the center
of the ellipse is small. Sin has its greatest influence at points
whose distance from the center is large. Neither function has
much influence within the R∗ band. Fig. 7 shows the symmetric (ΔRin = ΔRout ) case for the weighting functions. The
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Fig. 7. Weighting function W (r) when ΔRin = ΔRout .

convergence of the Sin and Sout limiting functions to the R∗
band is mathematically shown in the Appendix.
Each of the limiting functions in (12) and (13) contains
tuning parameters that may be used as vector field control
variables. These functions include one tuning parameter each,
which determines how quickly the function approaches zero.
The parameters αin and αout control the slope of Sin (r) and
Sout (r) for r in the set R − ΔRin < r < R + ΔRout .
The values of Sin (R∗ ) and Sout (R∗ ) can be made arbitrarily
small. Let ε > 0 be a small number such that Sin (R∗ ) = ε
and Sout (R∗ ) = ε. The values of αin and αout can then be
determined. The resulting equations are shown as follows:


1−ε
1
ln
αin =
(18)
ΔRin
ε


1−ε
1
ln
αout =
.
(19)
ΔRout
ε
Attracting the robot to the R∗ neighborhood in (11) is the
first step in the construction of the final vector field. Another
vector field is needed to control the robots once they are in
the elliptical band. In this field, the robots need to move along
the ellipse in a field perpendicular to the previously described
gradient fields. The influence of these perpendicular fields must
be restricted to a narrow band similar to that described by (11).
Vectors in this field must die off outside this narrow band.
A limiting function that accomplishes this instance (the N⊥
limiting function is shown in Fig. 6) is given by
N⊥ (α⊥ , r, R∗ ) = e−α⊥ (r−R

∗ 2

)

.

(20)

In addition, another multiplier to the perpendicular field must
be added so that the robots do not circle around the elliptical
bands, as shown in Fig. 4(c). For the perpendicular field to
change directions, the field that is perpendicular to the gradient
is multiplied by a function that changes the direction of the
perpendicular field about the x-axis. We have


1
SGN (α⊥ , yrot ) = 1 − 2.0
.
(21)
1 + e−α⊥ (yrot )
Function N⊥ in (20) includes one tuning parameter α⊥ . The
parameter α⊥ controls the slope of N⊥ (r) for r in the set R −
ΔRin < r < R + ΔRout . In this case, the parameter will be
defined so that the value of N⊥ (R∗ + ΔRout ) and N⊥ (R∗ −
ΔRin ) can be made arbitrarily small. The resulting formula for

Fig. 8.

Vector field with Sin , Sout , and N⊥ limiting functions.

α⊥ is shown in (22). The same technique is used in the other
limiting functions. For the symmetric case (ΔRin = ΔRout ),
solving for α⊥ gives
−1
α⊥ =
ln(ε).
(22)
(ΔRout )2
The vector field in Fig. 8 is the sum of the three generated
vector fields.
Functions Sin , Sout , and N⊥ impose additional restrictions
and constraints on top of and in addition to the initial swarm
function f (x, y). These limiting functions provide a much
tighter level of control by limiting and restricting where the
vector fields begin and end. The limiting functions, along with
vector fields that were created by the bivariate normal function,
may be summed to create swarm movement in formation as a
group. When combined, these equations form the velocity and
direction of the swarm movement with respect to the center of
the swarm as follows:
vx
vy

= (Sin − Sout )

dx
d
+ SGN ∗ N⊥ x
dy
dy

.

(23)

⊥

C. Obstacle Avoidance and Swarm-Member Dispersion
Vector fields that were weighted with sigmoid functions may
be used for obstacle avoidance and for controlling member
spacing by creating vectors that move away from the center
of the obstacle’s or other swarm-member location (xco , yco ).
For the purposes of this work, the concern is formation that
includes member spacing. In describing the formation control
methodology, it is assumed that the only obstacles are other
members of the swarm. The same form of limiting function
as Sin may be used. Obstacle avoidance between members is
accomplished using
ravoid
= (x − xco )2 + (y − yco )2
Savoid (αavoid , ravoid , ΔRavoid )
κ
√
=κ−
αavoid ( ravoid −ΔRavoid )
1+e
dx_avoid
dy_avoid
Savoid (x − xco )
=
.
Savoid (y − yco )

(24)
(25)

(26)
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The weight function that was generated by a single obstacle
is a sigmoid with maximum value κ as shown in (25). Tuning
the parameters κ and αavoid ensures that the collision avoidance
field dominates the vector field near an obstacle. Notice that
ravoid is similar to r from (16), except that, instead of the
distance from the center, the distance to the swarm member is
used. The ΔRavoid parameter denotes the minimum distance
from other members. This parameter determines the dispersion
of swarm members in formation. Sout and Sin get swarm
members to the band but do not control their dispersion.
Avoidance of individual swarm members, including their
dispersion, is controlled by the range of influence for the
avoidance vector field. The αavoid parameter in (25) controls
how quickly vector fields die out near obstacles. As αavoid
decreases, the influence range of the avoidance vector field
increases. By controlling the αavoid parameter, different types
of formations can be made within the ellipse bands. Selection
of the Rin , Rout , and ΔRavoid parameters is discussed in the
next section.
The αavoid parameter is solved for in the same way as
the other sigmoid limiting functions in (12) and (13). The
ΔRavoid parameter specifies the minimum distance between
swarm members. Solving for Savoid (ΔRavoid ) = ε gives


κ−ε
1
αavoid =
ln
.
(27)
ΔRavoid
ε
Obstacle avoidance is guaranteed with repulsive potential
fields. Choosing αavoid to be close to 0, the limiting functions
Sout and Sin will arbitrarily be small near obstacles so that
the vectors vx and vy are dominated by the obstacle avoidance
term. However, there is no guarantee that all zero-length vectors
are eliminated in the potential field associated with static and
dynamic obstacles, but at every time step, the vector field
changes so these zero-length vectors are temporary.
The Savoid function is used to prevent swarm members from
colliding with each other. A combination of all of the aforementioned fields creates a static formation for swarm members, and
shifting the center of the ellipse as a function of time creates an
overall movement of the swarm as a whole.
The swarm may move from one waypoint to another by
moving the center of the ellipse (xc , yc ). The general equation
for creating the vector to follow a trajectory with member
avoidance by summing the vector fields is given by
vx
vy

= (Sin − Sout )

#size−1

dx
d
Savoid x_avoid
+
dy
dy_avoid
1

+ SGN ∗ N⊥

dx
. (28)
dy

The computational requirements for an individual swarm
member are very low, i.e., O(n). The computational complexity
of the vector generation depends on the number of obstacles,
because this aspect is the only factor in the equations with the
potential to continuously be growing. The complexity will grow
in denser environments. This complexity is due to the fact that,
at each time step, an avoidance vector for n obstacles and/or
robots within a certain range must be generated. Assuming that
only nearby swarm members are utilized for the dispersion
aspect of the swarm, the computation complexity is very low
with large swarm sizes. Note that swarm members do not
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compute the entire field. They compute a single vector from
that field, which depends on the center of the ellipse (xc , yc ),
the four vectors (i.e., in, out, perpendicular, and avoidance), and
their corresponding weights.
IV. P ARAMETER S ELECTION
To select control parameters, some logic and basic mathematics must be used. The formation must be feasible, given
the swarm characteristics. These swarm characteristics might
include the number of team members, the desired length of the
minor and major axes, and the average or maximum length of
the robots. The precision at which these R-values are chosen
will determine how tight and accurate the formation will be.
The first necessary step is to determine which formation is
desired. Note that there is some allowable margin of error when
selecting parameters, because the swarm members can lie in
the area described by (11). Parameter selection guidelines for
different formations are discussed in the following sections.
A. Ellipse Formation
If the desired formation is an ellipse, the vectors are generated as described in (28). The only necessary requirement is that
the chosen major and minor axes fit the swarm characteristics.
To create a circle formation, an equal minor and major axis
must be chosen. In addition, with ellipse and circle formations,
the ΔRavoid parameter must allow for equal dispersion along
the ellipsoid perimeter to actually create an ellipse or circle
figure with the swarm. If not, then the robots will tend toward
the front or back of the formation shape. A general estimate of
the perimeter of the ellipse can be utilized as a guideline for
choosing ΔRavoid . Given R∗ , γ, and N , denoting the number
swarm members, the ellipse perimeter can be used as the upper
bound in estimating the ΔRavoid parameter. ΔRavoid should
adhere to the following equation, at the very least, to achieve
equal dispersion:
ΔRavoid ≤ π

2(R∗2 + γR∗2 ) − (R∗2 − γR∗ )2 /2/N.

(29)

In addition, it is also necessary to ensure that ΔRavoid is
chosen to be large enough to avoid other swarm members. This
factor is highly dependent on the obstacle avoidance sensor
that was used. If the size of the swarm is small compared to
the circumference of the elliptical ring, the swarm members
may not uniformly be distributed if an optimal dispersion factor
ΔRavoid is not chosen.
B. Arc/Wedge Formation
If the desired formation is an arc or wedge, the vectors are
generated as in (28). The parameters are chosen in the same
way as the ellipse formation, but to force the swarm members
to the front of the formation, it is necessary to choose R∗ and
ΔRavoid so that approximately half of the perimeter is empty.
C. Line Formation
The line formation can be done with two different methods.
The first method utilizes a “skinny” ellipse, and the second way
utilizes a leader–follower approach.
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TABLE II
PARAMETERS FOR DIFFERENT FORMATIONS
Fig. 9. Skinny ellipse with swarm members trapped inside.

The line formation still uses the ellipse as the basis but with
a slight modification. The Sin and N⊥ limiting functions are
removed to trap swarm members, i.e., UGVs, inside a narrow
or skinny ellipse, as shown in Fig. 9 and described by
vx
vy

= (−Sout )

#size−1

dx
d
Savoid x_avoid . (30)
+
dy
dy_avoid
1

The length or major axis of the ellipse needs to be long enough
to hold all the swarm members, and the width or minor axis
needs to be wide enough for the swarm member. If the γ
parameter is chosen to be small, the swarm members will have
a zigzag pattern as they continually overshoot the desired path.
If the γ parameter is chosen to be large, the swarm members
will have an offset line pattern. A tighter line formation can
also be achieved by combining this method with a hierarchical
leader–follower approach, in which each swarm member takes
the role of a leader, with the exception of the member with the
tail position in the line.

Fig. 10. Snapshot of a swarm of ten robots that enter an ellipse formation.
(a) t = 0 s. (b) t = 15 s. (c) t = 30 s. (d) t = 45 s.

V. S IMULATION R ESULTS
Simulink has been used to model a UGV swarm of ten
robots. The swarm formation controller, which is identical
for each robot, is programmed in C. Each individual robot’s
vector generating controller is implemented as a C MEX
S-function with the control parameters and a position vector
with nearby member locations as inputs. In addition to the
Matlab simulations, Unreal Tournament has been used to simulate a mission of convoy protection with a swarm of 40 robots.
Complete knowledge of the other member’s location is not
a necessity, but to get uniform dispersion about the ellipse, the
location of neighboring robots is desired. In these simulations,
only swarm-member locations within a specified radius are
utilized. Knowledge could be shared in multiple ways, making
a case for both centralized and decentralized robotic systems,
but this case is not explored in this paper. Swarm members
will converge to the elliptical band if reasonable parameters are
selected.
Each of the vector generation functions generates the vector
fields in Section IV at each time step. Formation changes
are easily made by updating just a few tuning parameters.
Parameters are selected based on the desired formation and
dispersion using the methods in Section IV. The swarm center is
broadcast into the vector that generates S-functions. The swarm
center (xc , yc ) is left fixed for some of the simulations with ten
robots to show the exact formation shape. In the simulation with
40 robots, a moving convoy is utilized as the determining factor
of the swarm center and the ellipsoid parameters.
A. Formations With Static Center
To demonstrate the capabilities of this method, simulations
are run with ten robots to create ellipse, circle, and arc formations. In these simulations, the robots are initialized to a
random position around the center (xc , yc ). The robots eventually surround the center in an ellipse formation with the

Fig. 11. Final positions of a swarm of ten robots that enter a circle formation.

parameters in Table II. Notice that the γ parameter makes the
y-axis “skinnier.”
The N⊥ field is utilized until the robots are equally dispersed,
and then, it is turned off to leave the robots in a static formation.
Snapshots of the robots that enter this formation are shown in
Fig. 10.
Fig. 11 depicts the final positions of ten robots on the
circular ring described by the parameters in Table II. Fig. 12
shows snapshots of an arc formation for different time slices
by utilizing the parameters in Table II. We want the robots to
be forced to half the ellipse; thus, the N⊥ and SGN fields
are utilized until the robots are the desired distance from their
neighboring swarm members.
B. Moving Formation With the Influx and Outflux of
Swarm Members
To show how this formation control method can easily handle
the automatic influx and outflux of team members, a simulation is run, in which members are added and taken away at
predetermined times. The swarm center (xc , yc ) changes as a
function of time for this experiment, guiding the swarm and
controlling the navigation trajectory. At time t3 , five agents are
added to a swarm of five. The formation parameters are dynamically changed based on these new vehicles. The formation
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Fig. 12. Snapshot of a swarm of ten robots that enter an ellipse formation.
(a) t = 0 s. (b) t = 15 s. (c) t = 30 s. (d) t = 45 s.
TABLE III
PARAMETERS FOR INFLUX AND OUTFLUX

Fig. 14. Snapshot of a swarm of 40 robots that travel and surround a convoy
of vehicles in formation. (a) t1 = 1. (b) t2 = 135. (c) t3 = 225. (d) t4 = 260.

The formation dynamically changes as the convoy travels along
the road.
The shape of the elliptical formation is determined by the
information that was provided by the convoy of vehicles that
travel on the road. They send the swarm parameters that describe an ellipse that encloses the convoy—the parameters are
the center of the ellipse, the orientation, and the length of the
major and minor axes. As the convoy turns around the corner,
the convoy trucks bunch up, causing the ellipse to become
circular. In turn, the swarm redistributes as the elliptical ring
becomes circular. This instance illustrates that the proposed
approach can easily adapt to different circumstances.
Fig. 14 shows the swarm formation around the convoy at
different time slices. The line is the convoy’s path of travel, and
the darkened circles represent the convoy vehicles. Note that the
formation widens and narrows when necessary. This condition
can be noted when the convoy goes around the turn in the road.
Fig. 15 shows that the parameter values change over time.
VI. F IELD E XPERIMENTS
Fig. 13. Snapshot of a swarm of ten robots that enter an ellipse formation with
the sudden influx of five team members at t3 and failure at t8 . The darkened
circles are the added and failed members.

parameters that were chosen are shown in Table III for before
and after the adding of swarm members. To show the reverse
concept, the same five robots are removed from the swarm
at t8 . When the other swarm members realize that the failed
members have not moved or they have stopped communicating
for a predefined number of seconds, then they dynamically
change their formation back to the original parameters before
the influx. Fig. 13 depicts the influx and outflux of swarm
members at different time steps.
C. Application to Convoy Protection
Unreal Tournament is utilized to simulate the real-world
problem of convoy protection. In this simulation, a convoy of
three vehicles is given a set of waypoints on a road, and a swarm
of 40 robots is utilized to surround this convoy as it travels.

Experiments have been performed using Traxxas Emaxx
RC-cars that were equipped with a custom-built computer
system as shown in Fig. 16. The Emaxx vehicles are Ackerman
steered, and each vehicle is equipped with an inertial measurement unit and global positioning system (GPS).
The UGVs are controlled via two servo commands: 1) one
command for controlling the speed and 2) the other command
for controlling the heading. Although each vehicle appears
identical, each speed controller is slightly different and was
manually tuned. The vector generation code is identical on
every robot. The generated vector from (22) is translated into
two robot servo commands.
One simple broadcast communication model that was programmed in C is used for information relay and exchange. Each
robot shares its position with the other robots only for obstacle
avoidance, because the robots currently have no other purely
reactive sensing capabilities to avoid collision. The robots were
all programmed in C.
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TABLE IV
PARAMETERS FOR FIELD EXPERIMENTS

Fig. 15. Swarm-formation parameters change as the convoy travels.

Fig. 17.

Fig. 16. UGV robots.

Three different sets of field experiments have been performed. The test field is approximately 70 m in width and 100 m
in length. Experiments were performed with three and four
UGVs. The first experiment demonstrates four UGVs that follow an ellipse formation. The second experiment demonstrates
a line formation that utilizes the leader–follower approach and
three UGVs. At each time step, the robots compute their vectors
based on the current position, the current center, and other
swarm-member locations. Based on the output of the vector
fields, a desired speed and a desired heading are computed. For
all experiments, with the time being set in seconds, coordinates
are in Universal Trans Mercators, and distance measurements
are set in meters.
In all of the experiments, the swarm center (xc , yc ) controls
the swarm’s navigation trajectory. Note that, at any instant in
time, the geometric center of the swarm may not coincide with
the center of the ellipse. Possible causes for this disparity are
explained as follows: 1) the original position of the swarm
members and the speed of travel may cause the swarm to
lag behind; 2) a significant change in the trajectory’s direction may also cause swarm members to be out of place; and
3) obstacles, particularly large static obstacles, will also cause
deviations from the desired formation. All of these issues can
cause temporary differences between the center of the swarm
and the navigation trajectory.

Ellipse robot formation at t1 , t2 , t3 , and t4 .

Fig. 17 shows the swarm formation at four different times
during the trajectory traversal. The swarm members were
started at random places at the beginning of the mission and
moved into formation over time. The robots continued to hold
formation throughout the traversal.
In this experiment four UGV vehicles travel in an ellipse
formation surrounding the virtual swarm center. A GPS coordinate is used for the swarm center. This coordinate is a
function of time which all robots receive periodically. The
four UGVs travel surrounding each center point and staying
at a minimum specified distance away from one another. A
video that demonstrates the first experiment can be found at
http://ieeexplore.ieee.org.
B. Line Formation
In this experiment, three UGV vehicles travel in a line
formation. The leader–follower method is used. One of these
UGVs, i.e., the alpha robot, follows a formation that utilizes a
virtual formation center (xc , yc ). The alpha robot is at the top
of the line hierarchy. The next UGV, i.e., beta robot 1, follows
the alpha UGV that stays at a minimum specified distance
away. The next UGV, i.e., beta robot 2, follows beta robot 1.
Table IV shows the control parameters that were used for the
alpha robot in this experiment. Fig. 18 shows each swarm
member’s distance from the other swarm members over time.
The robots are evenly distributed approximately 10 m apart in
a line formation.
Fig. 19 shows the robot paths and the centers with respect
to time. On the legend, Robot 1 is the path of the alpha robot,
Robot 2 is the path of beta robot 1, and Robot 3 is the path of
beta robot 2.

A. Ellipse Formation

C. Observations

In Experiment 1, four UGV vehicles traveled in an ellipse
formation that surrounds the swarm center. A GPS coordinate is
used for the swarm center (xc , yc ). This coordinate is a function
of time, which all robots periodically receive. The four UGVs
travel, surrounding each center point and staying at a minimum
specified distance from one another. Table IV shows the control
parameters that were used for this experiment. The units for R∗ ,
ΔRin , ΔRout , and ΔRavoid are all set in meters.

The results demonstrate that the proposed method can successfully be utilized to control robot swarm formation. The
potential functions, together with the limiting functions, present
an elegant way of controlling a swarm, but there are potential
failure conditions that are important to mention.
There are two potential shortcomings with this method: 1) the
ability of small teams to maintain formations and 2) the ability
of the swarm to maintain formation as it moves. This method
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Fig. 18. Distance between swarm members.

attracts swarm members to a formation that was described by
a contour ring around the underlying surface. By assuming
that swarm members can sense nearby swarm members, the
team can maintain a minimum distance between each other
without requiring global location knowledge of all the other
swarm members. If the area that was covered by the formation
is large compared to the area that was covered by the swarm,
the swarm members need to know the location of each member
to maintain a maximum distance between neighboring swarm
members. Without this knowledge, formations will develop
holes as members are lost. Note that this case is not a problem
for large teams/swarms—the vector field itself will fill in the
holes as members are lost.
In a dynamic environment, maintaining the formation depends on the ability of the individual robots to achieve the
appropriate speed. Speed is a problem—robots must move
fast enough to keep up with the formation. This condition is
particularly true for swarm members that get separated from
the main body as they encounter obstacles or other delays. As
the formation moves through the environment, the control is
smoothest if the direction that the formation moves is known to
the team members in advance. If this information is not known,
the control will be relatively smooth for team members that
are “pulled” by the underlying surface, because the vector that
attracts the team to the formation is close to the actual formation’s direction. On the other hand, for team members being
“pushed” by the underlying surface, the formation vector pulls
the team members from the formation, leading to instability.
This instability can be overcome by supplying the formation
vector to each team member or by developing formations that
use only a portion of the contour. In our newest work, we
design surfaces to “pull” the desired formations through the
environment.
VII. C ONCLUSION AND F UTURE W ORK
In this paper, a methodology for attracting members of a
swarm or other multiagent system into a formation has been

W (r) =

eαin (r−(R

∗

−ΔRin ))

1+

Fig. 19. Robot paths with respect to center (xc , yc ) with time on the z-axis.

presented. Potential functions, together with limiting functions,
can successfully be utilized to control robot swarm formation,
obstacle avoidance, and the overall swarm movement. The presented method has supported scalability, different swarm sizes,
multiple formations, heterogeneous swarm-member teams, and
centralized and decentralized formation control.
The advantage of this approach, compared with other approaches, is the simplicity of the functions and the ease of
formation changes. There is no expensive tuning involved,
and little information is required for each robot to adhere to
formation constraints.
Our future work includes creating formations with shaper
corners by changing the underlying surface that generated the
vector field. The method will also be extended to include more
complex shapes by combining multiple surfaces. In addition, a
fuzzy logic tuner for the control variables for the swarm functions will be developed. The approach will also be expanded to
the 3-D case for unmanned aerial systems.
A PPENDIX
M ATHEMATICAL P ROOF FOR THE C ONVERGENCE OF
Sin AND Sout L IMITING F UNCTIONS
This proof is a simple stability analysis for the proposed
system to show that, regardless of the initial location of the
robots, they eventually reach the desired elliptical band. Note
that this proof only shows the convergence of swarm robots
to elliptical bands and not the proof of distribution. Methods
in Section IV describe how parameters are chosen to acquire
desired distribution. Recalling (17), W (r) can be written as
∗

W (r) =

eαin (r−(R −ΔRin ))
1
−
.
∗ +ΔR
α
(r−(R∗−ΔR
))
α
(r−(R
in
in
out
out ))
1+e
1+e
(31)

Sin (R∗ ) = ε and Sout (R∗ ) = ε; thus, W (R∗ ) = 0. Furthermore,
it can be shown that W (r) > 0 for r < R∗ and W (r) < 0 for
r > R∗ . Equation (32) holds, shown at the bottom of the page.

1 + eαout (r−(R

eαin (r−(R∗ −ΔRin ))

∗

+ΔRout ))

1+

− 1 + eαin (r−(R

eαout (r−(R∗ +ΔRout ))

∗

−ΔRin ))

(32)
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The denominator is always positive; thus, the sign is controlled by the numerator. Simplifying the numerator results in


∗
∗
= eαin (r−(R −ΔRin )) 1 + eαout (r−(R +ΔRout ))


∗
(33)
− 1 + eαin (r−(R −ΔRin ))
∗

= eαin (r−(R −ΔRin ))
∗
∗
+ eαin (r−(R −ΔRin )) eαout (r−(R +ΔRout )) − 1
αin (r−(R∗ −ΔRin ))
−e
∗
= eαin (r−(R∗−ΔRin )) eαout (r−(R +ΔRout )) − 1
∗
∗
= eαin (r−(R −ΔRin ))+αout (r−(R +ΔRout )) − 1.

(34)
(35)
(36)

e0 = 1; thus, the simplified numerator [and W (R)] will be
positive if the argument in the exponent is positive. Similarly,
W (R) will be negative if the argument in the exponent is
negative. Substituting from (18) and (19) into the expression
of the exponent, we have
∗
∗
= αin (r − (R
 − ΔRin )) + αout (r − (R + ΔRout ))
ε
1
ln
=
(r − (R∗ − ΔRin ))
ΔRin
(1− ε) 
ε
1
ln
+
(r − (R∗ + ΔRout ))
ΔR
1
−
 out   ε

ε
1
1
+
= ln
(r − R∗ )
(1 − ε)
ΔRin
ΔRout 
ΔRout
ΔRin
−
+
ΔR
ΔR
in
out



ε
1
1
+
(r − R∗ ).
= ln
(1 − ε)
ΔRin
ΔRout

(37)

(38)

(39)
(40)

The expression in (40) is positive for r > R∗ and negative for
r < R∗ .
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