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Linear operators arise in many problems in analysis and its applications.
The modern approach is a century old and due to David Hilbert. Hilbert’s
great inspiration was that there is a powerful analogy between the linear
operators of analysis and linear algebra. However, one must generalize the
finite-dimensional theory to an infinite-dimensional setting. Classical results
of matrix theory remain a very good starting point. In this lecture, I will
try to show in one example how this process works. 1 assume familiarity
with linear algebra but will review the basic ideas of complex vector spaces
so as to keep the prerequisites minimal.

1. INNER PRODUCT SPACES

A vector space is a purely algebraic object. If we use the field C of
complex numbers, then a vector space V is a set of objects x, y,... called
vectors satisfying these axioms:

(A) For every pair of vectors x and y there there is a vector x+ y called
the sum of x and y, such that:

X+ty=y+x
(x+y)+x=x+(y+ 2);
there is a unique vector 0 such that x + 0 = x for every x;
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e for every vector x there is a unique — x such that x + (—x) = 0.

(B) For every vector x and complex number « there is a vector ax such
that:

e a(fx) = (af) x;

e 1 x = x for every vector x.
(C) The distributive laws hold:

e a(x+y)=ax+piy;
o (a+f)x=ax+pfy.

Example. Let C" be the set of n-dimensional column vectors of complex
numbers. We add vectors and multiply by scalars coordinatewise: if
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then
1+ Y1 azy
X+y= : , ax =
l‘n _'_ yn Oéxn
The vector space axioms describe the algebraic properties of vector spaces.

In analysis we also need notions of length and distance that allow us to speak
of limits and convergence.

Motivation: The dot product of vectors a = (aj,az) and b = (by,b2) in
R? is defined by

a-b=a1b1+a2b2.

Using the dot product we can define notions of length, distance, and even
orthogonality. The length of a = (a1, a2) is

a2 = a-a = a2 + [as?.
The distance between a and b is
dist(a,b) = ||a — b.
From calculus, we know that the angle # between a and b satisfies
a-b = |all[/b]| cos 0,
and therefore a 1 b if and only if a-b = 0.

We extract the idea of the dot product in axioms and adapt it to complex
vector spaces.

Definition 1.1. We call a complex vector space V an inner product space
if for every pair of vectors x and y there is a complex number (x,y) called
the inner product of x and y such that:

(i) (ax+ By, 2) = a(x,2)+ [y, z);
(ii) (x,y) = (y. x);
(iii) for every x, (x, x) > 0 with equality only for x = 0.

The length of a vector x is defined by
Ix)2 = (x, x).
The distance between vectors x and y is defined to be
dist(x, y) = [|x — y||.
We call x and y orthogonal if (x, y) = 0.

Pythagorean Theorem. If x | y, then
I+ yII* = [ xII* + [l y]*



Proof. In fact,
Ix+yl*=(x+y x+y)

Example. An inner product on C" is defined by
<Xa Y> =T1Y1 + -+ Tpln,

where

A vector space V is called finite-dimensional if it has a finite basis, that
is, a set of vectors b1,...,b, such that every x in V can be written

x=a;b;1+ -+ a,b,

In an inner product space, a basis uy,..., u, can be chosen with additional
properties:

u; 1 Ug, .] 7é k?
| u;|| =1, j=1...,n.
A basis having such properties is called an orthonormal basis.
Example. A basis in C" is given by

1] 1 1

0 1 1

by = |0 by=|0|,....b,= |1

0] 0] 1

An orthonormal basis in C" is given by

- - o

0 1 0

u = 0 ) Uz = 0 yeeey Up = 0
0] 0] 1]

We can use bases to show that every finite-dimensional inner product
space V is isomorphic with C™: there is a one-to-one mapping
v:y—-Ccr
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which preserves all structure:
Ulax+By) =aUx+ Uy,
Ux,Uy)=(xy).

2. MATRICES AND OPERATORS

The equivalence of a finite-dimensional inner product space V and the
concrete space C™ has many advantages in the study of matrices and linear
transformations. It gives us two views of the same object.

Let us first consider n x n matrices,

ai; a2 - A1n

az; a2 - agn
A=

anpl QAp2 -+ Qpp

Matrices have some of the characteristics of ordinary numbers. For example,
we can add and multiply matrices. Every n x n matrix A induces a mapping
of vectors

T:C"— C",
which is determined by writing T'x = y if
a1 a2 -+ Qip| |71 Y1
a1 a2 - Qp| [T2 Y2
anl Aap2 -+ Gnpn T, Yn

Concrete examples of matrices are also easy to construct:

00 - 01 0 0 0 0
10 -~ 00 10 - 00
U,—10 1 -~ 00, g =01 0 0

|_00---10J I_OO---lOJ

Matrices act like numbers in a different way. We call a complex number A
an eigenvalue of A if there is a vector x # 0 in C" such that

Ax = )x.
Thus in the direction x, A acts like the number A.

A linear transformation 7" on a vector space V is a mapping

T:V =Y

such that
Tax+By)=aTx+(Ty.

If V is an inner product space, the term operator is often used to mean the

same thing as a linear transformation.
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We identify classes of operators depending on how they interact with the
notions of length and distance.

An operator T': ¥V — V on an inner product space is
e isometric if ||7'x| = || x| for every z in V,
e contractive if |7 x|| < || x|| for every z in V,
¢ bounded if | Tx|| < M| x| for every x in V and some constant M.
Examples in C™:
(1) The circulant matrix

0 0 01
10 0 0
U,— 10 1 0 0

|_0 o --- 1 OJ
induces an isometric operator on C".
(2) The shift

0 0 - 00
10 - 0 0
S,=10 1 - 00
o0 -+~ 10
induces a contraction operator on C".
(2) Every matrix
a1 a2 - Qlp
4 a1 Gz -+ Q2n
apl Qap2 -+  Gpp

induces a bounded operator on C™.

3. INVARIANT SUBSPACES

A subspace of an inner product space V is a nonempty subset M such

that
ax+fyeM

for all vectors x and y in M and all numbers « and 3. The subspace M is
itself an inner product space, because the axioms for an inner product hold
for M as particular cases of the axioms for V.

A subspace M of an inner product space V is said to be invariant under
an operator T: V — V if

TM C M.

In linear algebra, we study linear transformations by means of their invariant

subspaces, whether the results explicitly mention invariant subspaces or not.
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Example. If Tx = Ax, x # 0, then
M={ax:aecC}

is a 1-dimensional invariant subspace for 7'.

This simple observation and an induction argument shows that a linear
transformation on a finite-dimensional space has invariant subspaces of all
possible dimensions.

Theorem 3.1. Fvery operator T' on an n-dimensional space V has a totally
ordered chain

{0} =MogCM; C---C M=V

of invariant subspaces.

Exercises. (1) Find a linear transformation which has a unique totally
ordered chain of invariant subspaces, one for each dimension.

(2) Find a linear transformation which has more than one totally ordered
chain of invariant subspaces, one for each dimension.

4. MODELS FOR OPERATORS

If M C YV is an invariant subspace for T: V — V, then
Tv =T|\M
is a new linear transformation:
Th: M — M.

Think of T as a parent, T\ a child. The parent has many children, one for
each invariant subspace. How many children can one parent have?

Definition 4.1 (G. C. Rota [5]). Let M CV be an invariant subspace for
T:V — V. Let

R:H—"H
be a second operator. We call Tpy = T|M a model for R if there is a

bounded operator V: H — M such that V is one-to-one and onto and

R=V71TuV.

Rota’s Question: Is there a universal operator? Can a single operator T
be used to model all operators?

This is impossible in finite-dimensional spaces, because the eigenvalues
and eigenvectors of Th are eigenvalues and eigenvectors for T" and therefore
of very limited form.

Rota showed that in infinite-dimensional spaces it is possible to construct
a universal operator.



5. HILBERT SPACES

We add an axiom that is important in infinite-dimensional spaces.

Definition 5.1. By a Hilbert space we mean an inner product space 'H
which satisfies the completeness axiom:

o Fvery Cauchy sequence in H is convergent.
A sequence {x,}5° in $ is Cauchy if for every € > 0 there is an integer
N such that || x,, — x,|| < & whenever m,n > N. The completeness axiom

requires that for every Cauchy sequence, there is a vector x in H such that
| x — xu|| — 0 as n — oo.

Example. C" is a Hilbert space. For any Cauchy sequence of vectors

R O sl B
A AR P R P

the components are Cauchy sequences of complex numbers. Since every
Cauchy sequence of complex numbers converges,

211,221, 31 — &1,

T1n; Ton; T3n — &n,
for some numbers &1,...,&,, and hence
&
X1, X2, X3, — | !
&n
Example. Let ¢2 be the set of all sequences of complex numbers
x = (z9,x1,T2,...)
which satisfy
jzo[* + a1 * + |z2f® + - - < oo,

We think of 2 as a space of infinite-dimensional vectors of finite length.
Define

ax+ By = (axy + By1, axz + By2, axz + Bys, ... ),
(x,y) =20Yo + 171 + T2F2 + - -
for all
x = (zg,x1,T2,...),
Yy = (Y0, Y1, Y2, -+ )

We verify the axioms for a Hilbert space in much the same way as for C",
with additional attention to convergence of series.
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Since a Hilbert space is an inner product space, previous definitions apply.
Let us briefly review them. An operator is a mapping

T:H—H
such that T(ax+ fy) = o1l x + Ty. An operator T: H — H is

e isometric if |7 x|| = || x| for every = in V),
e contractive if ||T'x|| < || x| for every z in V,
e bounded if | T'x|| < M| x| for every z in V and some constant M.

Some differences arise in infinite-dimensional spaces. Not all operators
are bounded.

Theorem 5.2. The class of all bounded operators on a Hilbert space H
coincides with the set of continuous operators, that is, operators T on H
such that

X, = X = X, —Tx.

Another difference is that not all subspaces of a Hilbert space satisfy the
completeness axiom.

Theorem 5.3. The class of subspaces of a Hilbert space H which satisfy
the completeness axiom coincides with the class of closed subspaces, that is,
subspaces M of H such that

X, €M and x, - x =— x¢& M.

Here I shall speak only of continuous operators and closed subspaces.

Example. Nothing is lost from the finite-dimensional theory. In C”,

00 - 01 00 - 00
10 - 00 10 -~ 00
U,—10 1 -~ 00, &g =01 00
00 - 10 00 -~ 10

define isometric and contraction operators, respectively.

Example. On #2, the operator

U: (zg,21,22,...) — (0,20, 21,...)
is isometric, and

S: (zo,x1,x2,...) — (1,20, T2,...)

is a contraction.



6. THE MOTHER OF ALL OPERATORS

Recall that operators on a finite-dimensional Hilbert space have many
invariant subspaces. In fact, any operator T on a finite-dimensional space
has a totally ordered chain of invariant subspaces,

{0} =My CM; C---C M, =V,

and all of these subspaces are closed by finite dimensionality.

Open Problem. Given any bounded operator T on an infinite-dimensional
Hilbert space ‘H, does there exist a closed subspace M other than the zero
subspace and full space such that

TMC M?

Rota was thinking about this problem when he posed his question of
the existence of a universal operator. Let us re-pose the question about a
universal operator in the context of Hilbert space operators.

Definition 6.1. Let T' be a continuous operator on a Hilbert space K, and
let Tay = T| M be its restriction to a closed invariant subspace M. Let
R:H—H

be a second operator on a Hilbert space H. We call Thy a model for R if
there is a bounded operator V: H — M such that such that V is one-to-one
and onto and

R=V"'T\V.

If T is a bounded operator on a Hilbert space H, and if p # 0 is any scalar,
then the operators T and pT have exactly the same invariant subspaces.
Thus from the point of view of the invariant subspace problem, nothing is
lost, by replacing T' by a nonzero constant multiple.

The “mother of all operators” is a generalization of the shift operator S
on /2. Let H be a Hilbert space, and define K to be the Hilbert space of all
sequences

x = (x0, X1, X2,...)

where xg, x1, Xa,... are vectors in H such that

I 4 [ 30 [[” + [ %212 + - - < o0.
Define

ax—l—ﬁy = (OéXl +/6Y1aax2 +6y2,OZX3+ﬁY3,...),
<X7 y> = <X07 yO) + <X13 y1> + <X: Y> R

Then K is a Hilbert space, and the operator

S: (xg,x1,x2,...) — (21,20, 22,...)

is a contraction.



Rota Model. The operator S is universal in the sense that, for every
bounded operator T' onH there is a nonzero constant p and a closed invariant

subspace M of S such that Syy = S|M is a model for pT.

Idea of the proof. Let T be any bounded operator on H, and consider any
nonzero number p. Set T, = pT'".

The main step is to show that if p is sufficiently small and xg is any vector
in H, then the sequence

X = (XO,Tpxo,Tgxo,...),
belongs to I, that is,
1301 + [l 311 + [ 2] + -+ - < o0,
and the set of all such sequences is a closed subspace.
Then we can define a mapping
ViH—-M

by

V:xg— (X(),TPXO,TEXO,...)
for every xg in H.

All of the properties are now easily checked. O

Actually, more is true. It is possible to choose V itself to be an isomor-
phism, that is, in addition

(Vx,Vy) =(xy)
for all x and y in H.
Example. In ¢2, let M be the span of the vectors

blz(l,al,a%,...),

bn = (Lanaa%a . ')7

where aq, ..., a, are fixed complex numbers of absolute value less than one.
Then M is invariant under S, and the eigenvalues of S| M are precisely the
numbers o, ..., a,. Thus already in ¢2, S is capable of serving as a model

for operators with very general eigenvalues.
10



7. EPILOGUE

The end of one story is often the beginning of another. The study of the
shift operator is the beginning of many stories.

The shift operator is very closely connected with complex analysis. The
Hardy space H? is defined as the set of power series

f(2) =ao+ a1z +asz® + -

such that

lao? + a1 |* + |az]* + - - < oo,
The inner product of two series f(z) = > .0 anz" and g(z) = > 7" bp2" is
defined by

<f,g) = aobo + a1b1 + a2b2 +---

Thus H? is just another way of looking at ¢2, and so H? is a Hilbert space.
It turns out that there is a very rich interplay between the study of the
shift operator and analytic function theory. The Beurling-Lax theorem uses
analytic function theory to describe all of the invariant subspaces of the shift
operator in both the scalar and vector versions [1, 3].

The approach to the invariant subspace problem through the use of models
has failed, but the efforts in this direction and related problems for shift
operators have opened many new and unforseen directions. If I may get
personal, I will mention my book with Marvin Rosenblum [4]. In particular,
the book includes a statement and proof of the strong version of the universal
model, but it also shows connections with quite different areas.

The idea of a model itself has survived in operator theory and indeed
has many forms. It is beyond the scope of a discussion here. 1 tried to
identify a number of these models in commentary that I recently wrote for
the publication of a collection of papers by Gian-Carlo Rota [2].

As to the invariant subspace problem, it is open and a prize that somebody
some day will claim.
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