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An isometry S on Hilbert space such that S∗n → 0 strongly as n → ∞ will be called a
shift operator. We fix a Hilbert space H and a shift operator S on H. We write C = ker S∗

and we let Pn denote the projection mapping H onto SnC for each nonnegative integer n. A
contraction T on H will be called S-analytic if TS = ST .

Theorem. Let A and B be S-analytic contractions on H. A necessary and sufficient condi-
tion that A = BC for some S-analytic contraction C is that AA∗ ≤ BB∗.

A special case of this theorem [3, Proposition V.5.3] is used by Sz.-Nagy and Foiaş to show
the existence of “nontrivial” factorizations. This special case is presented in another form
by de Branges and Rovnyak [1, Theorem 3]. The proof of the theorem has been translated
from the context of the de Branges-Rovnyak model and makes extensive use of the following
lemma, which can be found in [2].

Lemma. Let A and B be bounded operators with final space H. A necessary and sufficient
condition that A = BC for some contraction C is that AA∗ ≤ BB∗.

Proof of Theorem. Since BB∗ −AA∗ ≤ BB∗, we have

BB∗ −AA∗ = BTT ∗B∗

for some contraction T . Also,

BB∗ −AA∗ ≤ BB∗ −AA∗ + AP0A
∗

= BB∗ −ASS∗A∗

= BP0B
∗ + S(BB∗ −AA∗)S∗

= B(P0 + STT ∗S∗)B∗

= B(P0 + STS∗)(P0 + ST ∗S∗)B∗

and, therefore,
BT = B(P0 + STS∗)U

for some contraction U . We define a sequence of operators {Vn} by V0 = T , Vn+1 = (P0 +
SVnS∗)U . It can be verified inductively that for each n BT = BVn, V ∗n Vn ≤ I, and

Vn =
n−1∑
k=0

SkP0(US∗)kU + SnT (S∗U)n.

(1) This is a transcription of an unpublished paper. The manuscript was circulated to various people by
J. W. Helton.
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Since PNVn = PNVN+1 for n ≥ N +1, the sequence {Vn} converges weakly to an operator V ,
|V | ≤ 1, BV = BT , and V = (P0 + SV S∗)U . Therefore,

I − V V ∗ = I − (P0 + SV S∗)UU∗(P0 + SV ∗S∗)

≥ I − (P0 + SV S∗)(P0 + SV ∗S∗)

= S(I − V V ∗)S∗.

Since

AP0A
∗ = (BB∗ −ASS∗A∗)− (BB∗ −AA∗)

= B(P0 + SV V ∗S∗ − V V ∗)B∗

= B(I − V V ∗ − S(I − V V ∗)S∗)B∗,

we have AP0 = BRP0, where

R = (I − V V ∗ − S(I − V V ∗)S∗)1/2Q

for some contraction Q ∈ B(C,H). From the inequality
N∑
M

SnRR∗S∗n ≤
N∑
M

Sn(I − V V ∗ − S(I − V V ∗)S∗)S∗n

≤ SM (I − V V ∗)S∗M ,

which holds for 0 < M < N , it follows that the expression
∞∑
0

SnRP0S
∗n

converges strongly to a contraction C. Clearly CS = SC, and the relation

AP0 = BRP0 = BC

implies that A = BC. �
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Comments on the paper of R. B. Leech

Minor problems at the end of the proof are easily repaired. It is not clear that the series
defining C converges strongly. Work instead with the adjoint C∗ =

∑∞
0 SnP0R

∗S∗n, which is
given by a strongly convergent series and defines an S-analytic operator C. By construction
AP0 = BRP0. Thus ASnP0S

∗n = BSnRP0S
∗n for all n, yielding A = BC.
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