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1 Introduction

Humans have limited capacity to process information when making decisions. People often ignore
some pieces of information and pay attention to some others. In seminal contributions, Sims (1998,
2003) formalizes limited attention as a constraint on information flow and models decision-making
with limited attention as optimization subject to this constraint. Such a framework for rational
inattention (RI) has wide applications in economics as surveyed by Sims (2011) and Mackowiak,
Matéjka, and Wiederholt (2018). Despite the rapid growth of this literature, most theories and
applications have been limited to univariate models.

Multivariate RI models are difficult to analyze both theoretically and numerically, especially
in dynamic settings. Because many economic decision problems involve multivariate states and
multivariate choices, it is of paramount importance to make progress in this direction as Sims
(2011) points out. Our paper contributes to the literature by developing a framework for analyzing
multivariate RI problems in a linear-quadratic-Gaussian (LQG) control setup.! The LQG control
setup has a long tradition in economics and can deliver analytical results to understand economic
intuition. It is also useful to derive numerical solutions for approximating nonlinear dynamic models
(Kydland and Prescott (1982)). We formulate the LQG control problem under RI in both finite- and
infinite-horizon setups as a problem of choosing both the control and information structure. The
decision maker observes a noisy signal about the unobserved controlled states. The signal vector is
a linear transformation of the states plus a noise. The signal dimension, the linear transformation,
and the noise covariance matrix are all endogenously chosen subject to period-by-period capacity
constraints. Alternatively, the information choice incurs discounted (Shannon entropy) information
costs measured in utility units.

Our second contribution is to develop an efficient three-step solution procedure. The first step
is to derive the full information solution and the second step is to apply the certainty equivalence
principle and the separation principle to derive the optimal control under an exogenous information
structure. These two steps follow from the standard control literature. The third step is to solve
for the optimal information structure under RI. We will focus on the formulation with discounted
information costs and the analysis for the formulation with period-by-period capacity constraints
is similar.

Like Sims (2011), we show that solving for the optimal information structure is equivalent to
solving for the sequence of optimal posterior covariance matrices for the state vector. It seems
natural to solve this sequence using dynamic programming. The difficulty is that this problem may
not be convex and the choice variable must be a positive semidefinite matrix. Moreover, the RI

problem involves no-forgetting constraints which are matrix inequality constraints. To tackle these

!See Sims (2006), Matéjka and McKay (2015), and Caplin, Dean, and Leahy (2018) for static non-Gaussian RI
models.



issues, we adopt the semidefinite programming (SDP) approach in the mathematics and engineering
literature, which is the mathematical tool to study optimization over positive semidefinite matrices
(Vandenberghe and Boyd (1996), Vandenberghe, Boyd, and Wu (1998), and Tanaka et al (2017)).
We first transform the original dynamic programming problem into an auxiliary convex dynamic
program and then derive a SDP representation. To facilitate an efficient and robust numerical
implementation, we construct the representation as a disciplined convex program (DCP) (Grant
(2004) and Grant, Boyd and Ye (2006)). A DCP must conform to the DCP ruleset so that it can
be easily verified as convex and solvable in a computer. DCPs can be numerically solved using the
powerful software CVX (Grant and Boyd (2008) and CVX Research, Inc. (2012)), which is freely
available from the internet (http://cvxr.com/cvx/).2

The mathematics and engineering literature typically focuses on static SDP. We contribute to
the literature by studying dynamic SDP. For the infinite-horizon case, such a dynamic program
does not give a contraction mapping. Nevertheless, we use the method of value function iteration
to show that the sequence of value functions for the truncated finite-horizon problems converges to
the infinite-horizon value function. We can then derive the optimal sequence of posterior covariance
matrices and the limiting steady state. As is well known, the method of value function iteration
can be numerically slow especially for high dimensional problems. We thus borrow the idea in Sims
(2003) to simplify the solution for the steady-state posterior covariance matrix.

We study a problem that minimizes the steady-state welfare loss including the information
cost under RI. The solution is analogous to the golden-rule capital stock in the optimal growth
model, and thus called the golden-rule information structure to differentiate it from the steady-
state solution discussed earlier. For a pure tracking problem, the golden-rule solution is the same
as that studied by Sims (2003). However, for a general control problem, we must take care of
the initial state, which is drawn from an endogenous steady-state distribution. The literature has
mistakenly ignored this initial value problem.?

We provide a characterization of the golden-rule information structure for the case in which the
state transition matrix is diagonal with equal lag coefficients. This includes two special cases: (i) the
state vector is serially independently and identically distributed (IID), conditional on a control, and
(ii) all states are equally persistent AR(1) processes with correlated innovations. The first special
case also gives the solution for the static RI problem studied by Fulton (2018) and Kdszegi and
Matéjka (2019). Our solution generalizes the static reverse water-filling solution studied in Theorem
10.3.3 of Cover and Thomas (2006, p. 314). We characterize the optimal signal dimension and
show that it weakly decreases with the information cost parameter. For tracking problems, we

prove that the optimal signal is one dimensional if the rank of the weighting matrix in the loss

2CVX supports two free SDP solvers, SeDuMi (Sturm (1999)) and SDPT3 (Toh, Todd, and Tutuncu (1999) and
Tutuncu, Toh, and Todd (2003)). These solvers use the primal-dual interior-point method.
*We are extremely grateful to Chris Sims for pointing out this issue to us.



function is equal to one. The optimal signal is equal to the target under full information plus a
noise.

Our third contribution is to apply our results to three economic problems. Our first application
is the price setting problem adapted from Mac¢kowiak and Wiederholt (2009), in which there are
two exogenous state variables representing two sources of uncertainty. We first ignore the general
equilibrium price feedback effect and just focus on the decision problem as in Sims (2011). The
profit-maximizing price is equal to a linear combination of the two shocks. We derive numerical
solutions under RI similar to those in Sims (2011). We then study a general equilibrium problem
in which the endogenous aggregate price level affects individual firms’ profit-maximizing prices.

We derive an efficient numerical algorithm to solve this problem. Because solving for an equi-
librium needs to repeatedly solve an individual firm’s RI problem, we focus on the golden-rule
information structure to save computation time. We approximate the equilibrium price by an
ARMA process and derive a state space representation for a firm’s tracking problem under RI.
We find that the optimal signal dimension is less than the state dimension. This result violates
the signal independence assumption in Mackowiak and Wiederholt (2009), which assumes that the
firm receives a separate signal for a different source of uncertainty. While they justify this signal
independence assumption by bounded rationality and tractability, this assumption is not innocuous
because it is suboptimal for the original RI problem and also leads to some qualitatively different
predictions. In particular, given our optimal signal structure, a firm is confused about the sources
of shocks and hence there is a volatility spillover effect: An increase in the volatility of one source
of the shock causes the firm to raise price responses to both sources of shocks.

Our second application is the consumption/saving problem analyzed by Sims (2003), in which
there is an endogenous state variable (wealth) and two exogenous persistent state variables (income
shocks). We find that the optimal signal is one dimensional for many information cost parameter
values. The initial responses of consumption are larger for a more persistent income shock, indepen-
dent of its innovation variance relative to other shocks. This result is different from Sims’s (2003)
finding. His Figures 7 and 8 show that the initial consumption responses to the less persistent
income shock with a larger innovation variance is larger. Moreover, he assumes that the optimal
signal is three dimensional.

Our last application is the firm investment problem in which the firm makes both tangible and
intangible capital investment. We find that the signal dimension drops from two to one when the
information cost parameter is sufficiently large. Sims (1998, 2003) argues that RI can substitute
for adjustment costs in a dynamic optimization problem. Our numerical results show that RI can
generate inertia and delayed responses of investment to shocks, just like capital adjustment costs.
Moreover, we find that RI combined with capital adjustment costs can generate hump-shaped

investment responses.



We now discuss the related literature. Sims (2003) is the first paper that introduces multivariate
LQG RI models with information-flow constraints and focuses on the golden-rule solution only.*
Sims (2011) studies the formulation with discounted information costs and formulates the LQG RI
problem without explicit reference to the signal structure. His solution procedure consists of two
steps. His first step is essentially the same as our first two steps. His second step is to transform
the control problem under RI into a problem of choosing a sequence of optimal posterior covariance
matrices for the state vector. Sims (2011) proposes to solve for the steady state as the limit point of
the optimal sequence. He outlines a method based on first-order conditions when the no-forgetting
constraints do not bind and recommends to use the Cholesky decomposition when they bind without
providing a detailed analysis. Sims (2003) suggests that the optimal signal is typically equal to the
state vector plus a noise. The impulse responses are generated by the Kalman filter based on this
signal vector. He does notice the nonuniqueness of the optimal signal and the possibility that the
signal vector is only equal to a linear combination of a subset of state variables. But he does not
offer an explicit solution.

While Sims’s methods are insightful, numerically solving first-order conditions for optimization
problems with matrix inequality constraints is nontrivial. Our approach using the software CVX
can handle such problems efficiently and robustly. Moreover, Sims’s approach does not solve for
the optimal information structure. His choice of the signal as the state plus noise is typically
suboptimal for multivariate RI problems so that the impulse response functions generated by that
signal vector are incorrect. Based on our theoretical and numerical results discussed earlier, we
find that the no-forgetting constraints often bind and the signal dimension does not exceed the
minimum of the control and state dimensions.

Because of the difficulty of solving multivariate RI models, researchers often make simplifying
assumptions. For example, Peng (2005), Peng and Xiong (2006), Mac¢kowiak and Wiederholt (2009,
2015), Van Niewerburgh and Veldkamp (2010), and Zorn (2018) impose the signal independence
assumption or some restriction on the signal form. Under this assumption, solving for the optimal
information structure is equivalent to solving for the noise covariance (or precision) matrix for the
signal. An undesirable implication is that initially independent states remain ex post independent.
Mondria (2010) and Kacperczyk, Van Niewerburgh, and Veldkamp (2016) remove this assumption
in static finance models. The former paper considers only two independent assets (states), while
the latter studies the case of many assets given some invertibility restriction on the signal form.
Except for Mac¢kowiak and Wiederholt (2009, 2015) and Zorn (2018), all these papers study static
models.

Under our formulation, both the linear transformation and the noise covariance matrix in the

“Luo (2008), Luo and Young (2010), and Luo, Nie and Young (2015) follow Sims’s approach closely, but mainly
focus on univariate models.



signal form must be endogenously chosen. In addition to the attention allocation effect emphasized
in the literature, the learning effect induced by the linear transformation of states is also important
for decision making because the linear transformation determines how the decision maker collects
different sources of information by combining different states. Linear combination of states can
cause the decision maker to be confused about different sources of uncertainty, thereby generating
a spillover effect.

In independent work Fulton (2018) and Ké&szegi and Matéjka (2019) analyze similar multivariate
RI problems in the static case and derives results similar to our generalized reverse water-filling
solution. Fulton (2017) discusses dynamic RI tracking problems and proposes an approximation
method for the special case of low information costs (or high information-flow rate).” Mac¢kowiak,
Matéjka, and Wiederholt (2018) study a dynamic tracking problem with one control and one
exogenous state, which follows an ARMA process. They also briefly discuss the extension to the
case with multiple exogenous states, but still with one control. Consistent with our result, the
optimal signal is one dimensional. Our approach is different from those in these three papers and
applies to general dynamic LQG control problems under RI with both multiple states and multiple
controls.

Our paper is also related to other studies that are not in the discrete-time LQG framework. This
literature is growing. Recent papers include Steiner, Stewart, and Matéjka (2017), Dewan (2018),
Hébert and Woodford (2018), and Zhong (2019). Miao (2019) studies continuous-time LQG RI
problems, which require different mathematical tools. He focuses on the golden-rule steady state,

but he does not study transitional dynamics and many economic examples in this paper.

2 LQG Control Problems with Rational Inattention

We start with a finite-horizon linear-quadratic control problem under rational inattention. Let the

n, dimensional state vector x; follow the linear dynamics
Tip1 = Ay + Byug + €41, £ =0,1,..,T, (1)

where u; is an n, dimensional control variable and €,y is a Gaussian white noise with covariance
matrix W;. The matrix W} is positive semidefinite, denoted by W; > 0.6 The state transition matrix
A; and the control coefficient matrix B; are deterministic and conformable. The state vector
may contain both exogenous states such as AR(1) shocks and endogenous states such as capital.

Suppose that the decision maker does not observe the state x; perfectly, but observes a multi-

SWe would like to thank Gianluca Violante for pointing out Fulton’s papers to us, when we presented a preliminary
version of our paper in a conference in the summer of 2018.

SWe use the conventional matrix inequality notations: W > (5)'1/17 means that W — W is positive definite
(semidefinite) and W < (=) W means W — W is negative definite (semidefinite).



dimensional noisy signal s; about x; given by
s¢ = Chwy + vy, t=0,1,...,7T, (2)

where C; is a conformable deterministic matrix and v; is a Gaussian white noise with covariance
matrix V; > 0. Notice that we do not impose any other restriction on Cy or V;.” In particular, C; may
not be an identity matrix or invertible. Assume that zg is a Gaussian random variable with mean
Zo and covariance matrix > _; > 0. The random variables €, v, and z( are all mutually independent
for all t. The decision maker’s information set at date t is generated by s' = {sg, s1, ..., 8¢} . The
control w; is measurable with respect to s.

Suppose that the decision maker is boundedly rational and has limited information-processing

capacity. He or she faces the following period-by-period capacity constraint®
I (wt;st\st_l) <k, t=0,1,...,T, (3)

where k > 0 denotes the information-flow rate or capacity and I (mt; St|8t_l) denotes the conditional

(Shannon) mutual information between x; and s; given s'~1,

I (zg;sls'™ 1) = H (2] s'™") = H (4]s") -

Here H (-|-) denotes the conditional entropy operator.® Let s~' = @. Intuitively, entropy measures

=1 observing s; reduces uncertainty about

uncertainty. At each time ¢, given past information s
x¢. The decision maker can process information by choosing the information structure represented
by {C4, V;t}z:o for the signal s;, but the rate of uncertainty reduction in each period is limited by
an upper bound k.

Notice that the choice of {C}, Vt}tT:(] implies that the dimension of the signal vector s; and the
correlation structure of the noise v; are endogenous and may vary over time. The decision maker
makes decisions sequentially. He or she first chooses the information structure {Cy, Vt}?:o and then
selects a control {Ut}tho adapted to {st} to maximize an objective function. Suppose that the

objective function is quadratic. We are ready to formulate the decision maker’s problem as follows:

Problem 1 (Finite-horizon LQG problem under RI with period-by-period capacity constraints)

T

-E Z B (2}Qeat + uy Ryuy + 27 Spur) + BT T alpq Pz

max
fwh{Chvy |

subject to (1), (2), and (3), where 8 € (0,1] and the expectation is taken with respect to the joint

distribution induced by the initial distribution for x¢ and the state dynamics (1).

"As will be clear later, the signal form in (2) is not restrictive and can be recovered from the optimal posterior
covariance matrix for the state vector (see Proposition 1).

8We do not adopt the capacity constraint on the total information flows across periods because this formulation
causes the dynamic inconsistency issue.

See Cover and Thomas (2006) or Sims (2011) for the definitions of entropy, conditional entropy, mutual informa-
tion, and conditional mutual information.



The parameter § € (0, 1] represents the discount factor. The deterministic matrices @, Ry,
and S; for all ¢ and Pry; are conformable and exogenously given. In applications it may be more

convenient to consider the following relaxed problems with discounted information costs.

Problem 2 (Finite-horizon LQG problem under RI with discounted information costs)

T

max — K L) 2+ U Ry + 20.Su,) + T+1$/ P .
{ui}.{Ci}.{Vi} ;ﬁ (20 Que + uiRyue #Stur) + B T Pryirria
T
=AY B (wsels)
=0

subject to (1) and (2), where € (0,1] and the expectation is taken with respect to the joint

distribution induced by the initial distribution for xo and the state dynamics (1).

In this problem A > 0 can be interpreted as the shadow price (cost) of the information flow. For
the infinite-horizon stationary case, we set T' — oo and remove the time index for all exogenously
given matrices A, By, Q¢, Rt, St, and W;. Under some stability conditions, the posterior distribution
for x; will converge to a long-run stationary distribution.

For simplicity we will focus our analysis on Problem 2 and its infinite-horizon limit as T' — oc.

We will discuss how we solve Problem 1 in Appendix B.

2.1 Full Information Case

Before analyzing Problem 2, we first present the solution in the full information case, in which the
decision maker observes x; perfectly. The solution can be found in the textbooks by Ljungqvist
and Sargent (2004) and Miao (2014). Suppose that Pryq = 0, R, > 0, and

Qt St
-
[ S Ry |~ 0
for all t =0,1,...,7. Then the value function given a state z; takes the form

T
ol (2) = —a, Py — Z BTy (W, Pryy) (4)

T=t

where P, = 0 and satisfies

P, = Qi+ BAP 1A, (5)
— (BAYP1Bi+ S1) (Ru + BB{Py1By) " (BB{Pipa A+ S7)
for t =0,1,...,T. Here tr(-) denotes the trace operator.

The optimal control is
Ut = —Ftl‘t, (6)



where
Fy = (R + BBPiy1By) " (S, + BBIPs1 Ar) . (7)

For the infinite horizon case, all exogenous matrices are time invariant. As T' — oo, we obtain
the infinite-horizon solution under some standard stability conditions. The value function is given

by
FI (

v (xy) = —2, Py — tr (WP),

p
1-p
where P = 0 and satisfies

P=Q+BAPA— (BAPB+S)(R+3BPB)"' (BBPA+S').
The optimal control is given by
Ut = —Fl‘t, (8)
where
F=(R+8B'PB)"" (S + 8B'PA).
2.2 Control under Exogenous Information Structure

We solve Problem 2 in three steps. In the first step we derive the full-information solution as
in Section 2.1. In the second step we observe that Problem 2 is a standard LQG problem under
partial information when the information structure {C}, V}}tTZO is exogenously fixed. Thus the usual
separation principle and certainty equivalence principle hold. This implies that the optimal control
is given by

up = —Fiay, (9)

where 7; = E [a:t\st] denotes the estimate of z; given information s’. Notice that the matrix F} is
determined by (7) in the full information case, which is independent of the information structure.

The state under the optimal control satisfies the dynamics
Ti+1 = Atl’t — BtFt/Jf\t + €t41- (10)
By the Kalman filter formula, Z; follows the dynamics

~ ~ -1 ~
T = Tyoq + Byp1 01 (OB O+ Vi) (st — Cilly—n) (11)
Ty = (Am1— BiaFy1) By, (12)

where 7,1 = E [a:t\st_l] with Zp_; = Zo and Xy, = E [(a:t — §t|t—1) (a:t — Eﬂt_l)/ \st_l] with

Y|—1 = X1 exogenously given. Moreover,

Zt-i-l‘t = AtztAé + Wt, (13)

2= (S, e (14)

9



for t = 0,1,...,T, where 3y = E [(z¢ — %) (2, — T;)" |s'] denotes the posterior covariance matrix
given s* and ®; denotes the signal-to-noise ratio (SNR) defined by ®; = C{Vt_lCt =0,t=0,1,....,7T.
We need the following lemma to derive the optimal information structure. Its proof and proofs

of all other results are collected in Appendix A.

Lemma 1 Under the optimal control policy in (9) for fized information structure {Cy, V}}tT:O, we

have
T
E Z gt (ZE;tht + uy Ryuy + 251325:51%) + 5T+1x£f+1PT+1517T+1
t=0
T T
= E[2(Pozo] + > BT e WiPra) + Y Bltr (450),
t=0 t=0
where
Q = F/(R; + BB;Piy1B;) F; = 0. (15)

Notice that the matrix €); is positive semidefinite because R; = 0 and P, > 0. Since F} is an
Ny, by n, dimensional matrix, the rank of Q;, denoted by rank(2;), does not exceed the minimum of
the dimension n, of the state vector and the dimension n, of the control vector. Thus it is possible
that € is singular. If n, > n, and F} has full column rank, then rank(9;) = n,. lf n, < n, and F;

has full row rank, then rank(Q;) = n,.

2.3 Optimal Information Structure

In the final step of our solution procedure, we solve for the optimal information structure {C;, V;} .

In doing so, we compute the mutual information'®

I (zeses'™) = H(zy]s"™) — H (z4s")

1 1
= 3 log det (At_lﬁt_lAi_l + Wt_l) ~3 log det (%)
fort=1,2,..,7T, and
. 1 1
I (zo;s0ls™") = H (z0) — H (zq]s0) = 5 logdet (X_1) — 5 log det (3)

for t = 0, where the functions H (-) and H (-|-) denote the entropy and conditional entropy operators,
and det(-) denotes the determinant operator.

Since {P;} is independent of the information structure and E [z{Pyzo| is determined by the
exogenous initial prior distribution, it follows from Lemma 1 that solving for the optimal information
structure in Problem 2 is equivalent to solving for the optimal sequence of posterior covariance

matrices for the state vector:

10The usual base for logarithm in the entropy formula is 2, in which case the unit of information is a “bit.” In this
paper we adopt natural logarithm, in which case the unit is called a “nat.”

10



Problem 3 (Optimal information structure for Problem 2)

T

min Zﬁt [tr (U3) + N (:Et;8t|8t_1)]
(£ o

subject to

_ 1 1
I (:Et;8t|8t 1) =3 log det (At_lzt_lAg_l + Wt_l) — §log det (3),

1 1
I (xo;s()]s_l) = glog det (X_1) — 5 log det (3) ,
i = AN A+ Wi, (16)
Yo 2 X, (17)

fort=1,2,..,T.

It follows from Lemma 1 and (4) that the expression Ztho Bltr (£,3;) represents the expected
welfare loss due to the limited information (i.e., the difference between the expected discounted
utilities under full information and under limited information). The optimal information structure
under RI minimizes the welfare loss plus the discounted information cost. Sims (2011) formulates
an essentially identical problem for the infinite-horizon case as T — oo, except that there is a
difference in constraints at date zero. The matrix inequalities (16) and (17) are called the no-
forgetting constraints (Sims (2003, 2011)). They can be derived from (13) and (14) as the SNR &,
is positive semidefinite. After obtaining {¥;}, we can recover {®;} and hence {C;} and {V;} from

the following result.

Proposition 1 Given an optimal sequence {Zt};[zo determined from Problem 3, the optimal SNR
s given by

_ _ _ —1
g =3g" —S7], &y =5 — (A S Ap_ + W), > 1

An optimal information structure {Ct, Vt}tT:o satisfies & = Cﬂ/;_lCt. A particular solution is that
Vi = dz’ag(gpi_tl)ztl and the my columns of ny x my matriz C| are orthonormal eigenvectors for all
positive eigenvalues of @, denoted by {¢;}ir, . The optimal dimension of the signal vector s; is

equal to rank (®4) = my < n,.

This proposition shows that the optimal information structure {C, V}}tT:O is not unique and can
be computed by the singular-value decomposition. The optimal signal can always be constructed
such that the components in the noise vector vy of the signal s; are independent. Throughout
the paper we will focus on the signal structure such that V; is diagonal for each ¢. In this case
C} is unique up to a scalar constant and up to an interchange of rows. When C} is scaled by a
constant b, V; is scaled by b?. By the Kalman filter, the impulse responses to structural shocks

to all state variables do not change, but the responses to noise shocks are scaled by 1/b. Notice

11



that optimal signals are in general not independent in the sense that the matrix C; may not be
diagonal or invertible. The signal independence assumption is widely adopted in the literature
(e.g., Mackowiak and Wiederholt (2009)), but we show that this assumption can be restrictive and

lead to suboptimal solutions.

3 Dynamic Semidefinite Programming

In this section we focus on the analysis of Problem 3, which is not a trivial dynamic problem because
the choice variables are positive semidefinite matrices and the constraints are matrix inequalities.
We extend the semidefinite programming approach recently proposed by Tanaka et al (2017) for
static programs to the dynamic case. We also provide some characterization results for some special

cases.

3.1 Finite-Horizon Case

We use dynamic programming to study Problem 3 (Stokey and Lucas with Prescott (1989) and
Miao (2014)). Let Vp (X_1) be the value function for Problem 3. Let V; (£;_1) be the value function

for the continuation problem in period ¢t > 1 defined as

T
Vi (Xi-1) = migl ZﬁT_t [tr (Q2,)+ A (mT;sT\sT_l)]
020 S—;

subject to
T—1 1 / 1
I (a:T; Srls ) =3 log det (AT_lzT_lAT_l + WT_l) ~3 log det (%),

ET = AT—lzT—lA;——l + WT—17

forr=tt+1,..T.

The sequence of value functions V; (3;_1) for ¢ > 0 satisfies Bellman equations. But V; (3;_1)
may not be convex, as will become clear later. We thus solve an auxiliary convex problem. We
formulate this problem as DCP so that we can apply the efficient software CVX. Specifically, in
the last period T, consider

Jr (X7—1) = min  tr (QpXy) — A log det (X7) (18)
S0 2
subject to (16) for t = T'. Since the log-determinant function is strictly concave and (16) is a linear
matrix inequality, the problem in (18) is a convex program and hence Jp (Xp_1) is also strictly
convex in Xp_1.
In any period t =0,1,...,T — 1, consider the Bellman equation:

. A
Jt (Et—l) = gtli—n() tr (QtEt) + 5 [ﬁ log det (AtEtA:g + Wt) — log det (Et)] + BJt—i—l (Et) (19)

12



subject to (16) for ¢ > 1 and (17) for ¢t = 0.
It is straightforward to verify that

A
Vo (S1) = Jp (Be_1) + 3 log det (A;—13¢—1 A} | + Wi_1) (20)

for t > 1 and
A
Vo (X-21)=Jo (2_1) + 5 log det (2_1) . (21)

Moreover, the optimal solution {Et}fzo for (18) and (19) also gives the optimal solution to Problem
3 by the dynamic programming principle.

In Lemma 2 of Appendix A we show that
B log det (AtEtAé + Wt) — log det (%)

is strictly convex in ¥; when 8 € (0,1]. Thus we can show that the problem in (19) is a convex
program. However, the software CVX cannot recognize whether the difference of two concave
functions is convex by its ruleset. We need to transform this problem into a DCP form. To achieve

this goal, the following proposition derives a dynamic semidefinite program representation.

Proposition 2 Suppose that W; = 0 and Q = 0 for t = 0,1,...,T. Then the value function
Ji (X¢—1) is strictly convex in X1 and satisfies the dynamic semidefinite program fort =0,1,...,T—
1:

. A
Ji(Xim1) = Ht}ng}gﬁ>0 tr (2:%) — 3 (1 — pB)logdet () (22)

A
+7ﬁ (log det Wy — logdetIl;) + BJiy1 (3)

subject to (16) and
Et — 1I; ZtAé
A3y W+ A A

where Jp (X7_1) satisfies (18) and is also strictly convex. Fort =0, (16) is replaced by (17).

=0,

Since Jy (X4—1) is strictly convex for ¢ = 0,1,...,7 and since the log-determinant function is
strictly concave, the objective function in (22) as the sum of four convex functions is convex in ¥
and Il;. Since the constraints are linear matrix inequalities, the dynamic programming problem
in Proposition 2 is a DCP. We can then apply the software CVX to derive numerical solutions
efficiently. Notice that V; (X;-1) also satisfies a dynamic programming equation. But we do not
solve it directly because V; (X¢—1) may not be convex as it is equal to the sum of a convex function
Ji (X¢—1) and a concave function by (20).

The assumption of W; = 0 ensures that logdet W; is well defined. This assumption can be

restrictive in economic applications. It implies that there must be a nontrivial random shock to
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each state transition equation (1). It is possible that there is no random shock to the state transition
equation for some state variables. For example, we typically assume that the capital stock k; follows
the law of motion ki1 = (1 — 9) k¢ + I, where 6 > 0 denotes the depreciation rate and I; denotes
investment. To get around this issue, one can eliminate this constraint by substituting out I;.
Another way is to introduce a depreciation or capital quality shock often used in the literature.
See Section 5.3 for the details. Alternatively, we allow W; = 0 and present a result similar to
Proposition 2 in Appendix C. We need to impose a new assumption that A is invertible. This
assumption can also be restrictive. For example, it rules out the case in which an IID shock is used
as a state variable. This shock may represent a component of the TFP shock that enters the profit
function in a firm’s price setting problem or investment problem analyzed in Section 5.

After obtaining the solutions for {F}, ¥, Cy, Vi}, we use the system of equations (1), (2), (6),

(11), and (12) to generate impulse responses and simulations of the model.

3.2 Infinite-horizon Case

In the infinite-horizon case, all exogenous matrices Ay, By, Q;, R, S¢, and W are time invariant. We
can derive the solution for the infinite-horizon case by taking the limit of the finite-horizon solution
as T' — oo. For numerical implementation, we can apply the method of value function iteration.
We present a formal analysis in Appendix D, where Proposition 9 establishes a convergence result.
Here we sketch the key idea.

Under some stability conditions in the standard control theory, P, and F; converge to P and F

given in Section 2.1 as T'— oo. By (15), §; converges to
Q= F'(R+BB'PB)F = 0. (23)

Moreover, the value functions J; (3;_1) and V; (X;_1) also converge to some time-invariant functions
J(3—1) and V (X4-1) for any fixed t > 1 as T — oo. Let the optimal policy function for problem
(19) be ¥ = hy (3;—1) for a finite T. As T' — oo, hy converges to a time-invariant function h for
any fixed ¢ > 1. Since the initial no-forgetting constraint (17) is different from (16) for ¢t > 1, the
initial policy function hyg is different from h.

In the infinite-horizon case, as t — oo, ¥; = h (X;—1) may converge to a steady state 3. We can

then recover the steady-state SNR @ using the no-forgetting constraint
o= - (A4 + W) ' =0, (24)

and recover the steady-state information structure (C, V) using ® = C'V~1C. The signal s; takes

the form s; = Cxy + vy, where v; is a Gaussian white noise with covariance matrix V.

14



3.3 Golden Rule of Information Structure

The procedure of solving the dynamics of X; and the limiting steady state in the previous subsection
is complicated. To simplify the steady-state solution, suppose that xg is drawn from the prior
Gaussian distribution with covariance matrix ¥o_; = Y1 = AY A’ +W, where X is the endogenous
steady-state posterior covariance matrix. Then we have ¥; = ¥ for all £ > 0 by the Kalman filter.
In this subsection we present a simple method to solve for X.

In the steady state, it follows from Lemma 1 that, under the optimal control policy,

E Z B (2;Qxy + uyRuy + 22,5y
=0

o 1 1
= Z\PZo+tr (A PAY) + - Btr (WP) + . Btr (Qx),
where we have used the fact that
E [2(Pxo] = ZoPZo + tr (PY_1) = Z(PZo + tr (P (ASA + W)) . (25)

The steady-state mutual information is given by
t—1 1 1 1
I (zg;8]sh) = ilogdet (ASA +W) — ilogdet (%) for t > 0.
The steady-state no-forgetting constraint becomes
Y ATA +W. (26)
Now we consider the following static problem that determines X.
Problem 4 (Golden rule of information structure for Problem 3)

1%1301 (1—B)tr (A'PAX) + tr (Q%) + % [log det (AX A"+ W) — log det ()] (27)

subject to (26).

To understand this problem, we draw an analogy to the optimal growth model with the resource
constraint Cy + K11 = f(K;). The steady-state optimal capital stock satisfies the first-order
condition Bf’ (K) = 1. But the golden rule of capital that maximizes the steady-state discounted
utility (or consumption) satisfies f'(K) = 1. These two levels of the capital stock are generally
different. Similarly, the optimal information structure for Problem 4 maximizes the steady-state
discounted utility minus the discounted information cost multiplied by 1 — 8,!' or equivalently,

minimizes the steady-state welfare loss including the information cost. We call this solution the

"'Notice that we have ignored the term zZ{,PZo because they are independent of 3.
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golden rule of information structure to differentiate it from the limiting steady state studied in
Section 3.2.

Sims (2003) simplifies the formulation of the steady-state problem with information-flow con-
straints and much of the literature follows his formulation. In particular, he studies the following
static problem:

min tr (QX)
-0

subject to (26) and
log det (AX A" + W) —log det (X) < 2k.

The steady-state RI problem with discounted information costs can be similarly formulated by
removing the first term in (27).

The pitfall of this formulation is that maximizing the steady-state expected utility under limited
information is not equivalent to minimizing the steady-state expected welfare loss for general control
problems.'? This is because the expected welfare loss nets out the initial value E [z(,Pxo], but this
value in the steady state is endogenous as the prior distribution for zq is drawn from the Gaussian
distribution with endogenous covariance matrix AX A" + W (see (25)). This pitfall does not arise
in Problem 3 because in that problem z( is drawn from an exogenously given prior distribution. It
also does not arise in tracking problems studied in Section 4.

As in Proposition 2, we transform Problem 4 into a DCP using a semidefinite program repre-

sentation.

Proposition 3 Suppose that W = 0 and Q = 0. Then the golden-rule solution > to Problem 4 is
the solution to the following semidefinite program.:

A
. _ ! - _
UL (1—p)tr (A'PAY) + tr (Q%) + 5 [log det W — log det II] (28)

subject to (26) and
-1 YA

AY  AYA+W = 0. (29)

Because of the difficulty of the dynamic multivariate RI problems, characterization results are
rarely available in the literature. We are able to derive an analytical result for the special case
in which all states are equally persistent in the sense that A = pI with |[p| < 1. We find that the
golden-rule RI problem admits a generalized reverse water-filling solution described below.

We first introduce some notations. Let

Q=Q+(1-B)APA.

12\We are extremely grateful to Chris Sims for raising this issue to us.
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Let W2 = 0 denote the positive definite square root of W. Then the positive semidefinite matrix
W2QW? admits an eigendecomposition W2QWs2 = U QuU’, where U is an orthonormal matrix
and Qg = diag(dy, ...,dy, ) is a diagonal matrix with d; > 0, i = 1, ..., n,, denoting the eigenvalues

of the positive semidefinite matrix WaQWs.

Proposition 4 Suppose that Q = 0, W = 0, and A = pI with |p| < 1 in Problem 4. Then the

golden-rule posterior covariance matriz for x; is given by
1 S0 1
Y=Wa2UXUWz, (30)

where S = diag <§,>m with

i=1

“ 1 <\ a1 [ ] 20

To understand this proposition, we consider two special cases. First, in the IID case with

p =0 or A = 0, the solution reduces to that for the static problem with 7" = 0. The static case
corresponds to 2 = Qp and W = ¥_1, and the optimal posterior covariance matrix is given by
(30) with 53 = min (1, A/ (2d;)) . This static solution generalizes the standard reverse water-filling
solution analyzed by Cover and Thomas (2006) for the problem in which € is an identity matrix
and W is diagonal.!® For that problem, we have Q = Q = I, W :diag(w?)zzl . Then the optimal
posterior covariance matrix is diagonal with the ith diagonal entry given by ¥; = min (wiz, A/ 2) .
This means that any prior variance higher than A/2 is reduced to A\/2 ex post. The decision
maker does not pay attention to the components of prior variances lower than A/2 so that the
corresponding posterior variances remain the same.

Second, consider the dynamic univariate case with n, = 1, Q = 1, and W = w?. Then

1 1 202\
¥ = w? min — =53 1+ P —1 .
1 — p2’ 2p? w?

If0 < A < 2w?/ (1 — p2)2, then the posterior variance Y is reduced from the stationary prior

variance w?/ (1 — p2) to a smaller variance. But if A > 2w?/ (1 — p2)2 , no information is collected
and ¥ =w?/ (1 -p?).

Proposition 4 generalizes the preceding two special cases. In particular, d; is the ¢th eigenvalue
of the weighted innovation covariance matrix and b may be interpreted as a scaling factor for
these eigenvalues. The attention is allocated according to a decreasing order of {d;}, instead of
innovation variances. High eigenvalues d; are scaled down by the factor iz for sufficiently small

information costs.

13See Fulton (2018) and Kdszegi and Matéjka (2019) for similar results.
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What kind of signal structure can generate the optimal covariance matrix 3 for Problem 47 Let
the signal be s; = Cx; + vy, where v; is a Gaussian white noise with covariance matrix V. Using
equation (24), we can recover ®, C, and V. Then by the steady-state version of the Kalman filter,

we have

.',/Z'\t - ‘/T\t‘t—l + (AEA, + W) C, [C (AZA, + W) C, + V] ! (St - C‘%\t‘t—l) 5 (32)
‘/T\t\t—l = (A - BF) T 1, ‘/T\O\—l = Zo. (33)

The posterior covariance matrix ¥, of x; will stay at X for all ¢ > 0 by (13) and (14), whenever xg
is drawn from the prior Gaussian distribution with covariance matrix A¥X A’ + W. The following

result characterizes the signal structure.

Proposition 5 Suppose that Q = 0, W = 0, and A = pI with |p| < 1 in Problem 4. Then the

golden-rule information structure (C,V') satisfies

CVTlo =wTiU dz'ag{max <o, %di [1 —(1-p%) E:D} ’ U'ws,
=1

where f‘,j is given in Proposition 4. The signal dimension is equal to the number of d; such that
A< 2d;/ (1 — p2)2. The signal dimension (weakly) decreases as A increases if positive eigenvalues

d; > 0 are not identical.

This proposition shows that the signal dimension decreases with the information cost. The
maximal dimension does not exceed the rank of the matrix Q = Q + (1 — 8) A’PA, which does not
exceed the minimum of the state dimension and the control dimension. For the general case, we
are unable to derive analytical results, but Proposition 3 offers a useful formulation to implement
an efficient numerical procedure using semidefinite programming. After obtaining the solutions for
{F,%,C,V}, we use the steady-state Kalman filter equations (32) and (33) to generate impulse
responses and simulations of the model. By contrast, Sims (2003, p. 679) adopts a different system
in which he assumes that the signal vector is given by s; = x; + &,. Proposition 5 shows that this
signal vector may be suboptimal for multivariate problems. Moreover, any prior assumption on the

signal form and dimension can lead to a suboptimal solution.

4 Tracking Problems

Consider the following tracking problem similar to that in Sims (2011). Suppose that the state

vector x; and the target ¥y, have a state space representation:
Ty = Azt + 0y, Y = Gay,

where G is a conformable matrix, zo is Gaussian with mean Zy and covariance matrix X_1 = 0,

and 7, is a Gaussian white noise with covariance matrix W. The decision maker does not observe
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x; and wants to keep an action z; close to y; with a quadratic loss, given his or her observation
of histories of signals s'. The signal s; satisfies (2) with T = oco. The decision maker selects an
optimal information structure before choosing z; by paying an information cost of A\ per nat.

Let ¥; denote the posterior covariance matrix of z; given information s’. We formulate the

tracking problem with discounted information costs as follows:

Problem 5 (Tracking problem with discounted information costs)

{Ztn}ﬂ’i{%t}E; B [(ye — z) (g — 20) + M (2 84]s' )]

subject to (17),

1 1
I (xo;so|s_1) = glog det (X_1) — 5 log det (Xp) ,

1 1
I (:Et; St|8t_1) =3 log det (AEt_lA' + W) ~5 log det (33;) ,
Y < AY A+ W, (34)

fort>1.

As is well known, it is optimal to set z; = GE [zy[s"] . Thus E [(y: — 2)' (yr — 21)] = tr (G'GSy)
and this problem becomes an infinite-horizon version of Problem 3 with 2 = G’G. The analysis in
Section 3 applies. In particular, the golden rule of information structure solves Problem 4, where
the first term in (27) is removed (or 8 = 1). The reason is that we do not need to consider the
initial utility value E [z, Pxo] for the tracking problem as the objective is already a loss function.
Propositions 4 and 5 still apply.

To understand the distinction between the steady state as the limit point of the optimal sequence
{X:} and the golden rule of information structure studied in Sections 3.2 and 3.3, we consider a
simple univariate example with n, =1, A = p, W = w?, and G = 1, similar to that of Sims (2011).
Then the no-forgetting constraint (34) becomes the usual scalar inequality constraint. When (34)
does not bind in the long run, the first-order condition gives

A A 2
A LA B (35)
2Et 2 pzzt + ’lU2
When A is sufficiently small, this is indeed the case and the positive root 3; of equation (35) gives
the steady-state optimal posterior variance.
By contrast, the golden rule of information structure satisfies the following first-order condition
when (34) does not bind:
XX PP
l-——=+—-—=="—"——-=0. 36
2% + 2 p2Y + w? (36)
Again this happens when A is sufficiently small and the positive root ¥ of equation (36) gives the

golden rule of variance. Clearly the preceding two solutions are different for g € (0, 1).
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It is interesting to consider the special case in which G is an n,-dimensional row vector. Then
the rank of Q = G'G is one. We are able to derive an analytical result for the golden-rule solution

when all states have the same persistence parameter p, but innovations are arbitrarily correlated.'?

Proposition 6 Consider Problem j where the first term (1 — ) tr (A'PAX) in (27) is removed.
Let G be an ng,-dimensional row vector. Suppose that Q@ = G'G, W = 0, and A = pI (|p| <1). If
A>2 HW1/2G’H2 / (1 — ,02)2 , then no information is processed and the optimal posterior covariance
matrix is given by X = W/ (1 — p2) LIfO< A< 2 HW1/2G’H2 / (1 — p2)2 , then the golden-rule signal

is one dimensional and can be normalized as'®

so=y+ [ WG

Vt. (37)

The variance V' of v satisfies

2|[we|”
A

and the golden-rule posterior covariance matriz X3 for x; is given by

%% waw 1 o

2 2[(1_92) _El}v

7w

- 1 20\
St | 1+ —L2 1.
T W e )

Using numerical examples we can easily verify that Proposition 6 holds. For the general case,

vol= - (-5 >0,

Y=

where

we are unable to derive analytical results. We can verify numerically that the signal dimension is
still one even if the exogenous states have different persistence. But the signal does not take the
form as in (37).

To see this, we numerically solve an example taken from Sims (2011) using the methods de-
veloped in Section 3. This example can be interpreted as a single firm’s price setting problem
adapted from Mackowiak and Wiederholt (2009).'6 Let z; represent exogenous shocks, y; the full
information profit-maximizing price, and z; the optimal price under RI. We use the same parameter

values as in Sims (2011): g = 0.9,

0.95 0 0.0975 0
A‘[ 0 0.4}’W_[ 0 0.85}’G_[1’1]'

We first set A = 2.17 It takes about 3 seconds for a PC with Intel Core i7-7700 CPU and 16GB
memory to compute the golden-rule posterior covariance matrix using CVX:

o 0.3376  —0.1779
| —0.1779  0.7996

“When p = 0, Proposition 6 reduces to the IID case, which is also the static case studied by Fulton (2018).
5We use ||-|| to denote the Euclidean norm.

6See Woodford (2003, 2009) for related pricing models.

"The parameter X in our paper corresponds to 2\ in Sims (2011).
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We also find that the eigenvalues of AXA’ + W — % are —8.53 x 107% and 0.2529. Thus the
no-forgetting constraint (26) binds in the sense that AX A" + W — ¥ is singular and hence the
golden-rule signal is one dimensional with an error less than 107°. The signal takes the form
st = [1,0.6836] 2y + vy, where v, is a Gaussian white noise with variance 1.1901.

We next solve for the steady state as the limit point of the sequence of optimal posterior
covariance matrices. As is well known, the convergence for the method of value function iteration
is sensitive to the discount factor 8. For § = 0.9, it takes about 18 minutes for the same PC to get
convergence of J; and ¥; with an error less than 1074.1® Given the initial prior ¥_; = W, it takes
about 18 periods for the optimal posterior covariance matrix to converge to the steady state:

0.3590 —0.1769

=1 01760 0.7945

Again we find that the no-forgetting constraint (26) binds in the steady state (the eigenvalues of
AL A+ W — ¥ are 3.53 x 107> and 0.2551) and the steady-state optimal signal is one dimensional
with an error less than 1074,

When A = 0.2 and 8 = 0.9, the steady-state optimal posterior covariance matrix and the
golden-rule posterior covariance matrix are respectively given by

5 0.3199 —0.3041 5 0.3181  —0.3040
- | —0.3041 0.3861 |’ - | —0.3040 0.3875

The no-forgetting constraint (26) binds for both solutions with an error less than 10~* (the two
eigenvalues of AX A’ +WW —X are —4.58 x 107> and 0.6020, and 1.94 x 10~® and 0.6010, respectively)
and the implied signals are one dimensional.

In summary, the golden-rule solution and the limiting steady-state solution are generally differ-
ent, but close together especially for 8 close to 1. Both solutions imply a similar one-dimensional
signal structure. Sims (2011) shows that the solutions for A = 2 and A = 0.2 are respectively given
by

> 0.373 —0.174]’ 2:[ 0.318  —0.300

—0.174 0.774 —0.300 0.380
The implied eigenvalues of AN A'+W —3 are 4.5x 1073 and 0.2665 for A = 2, and are 2.3 x 10™3 and

0.6050 for A = 0.2. While Sims’s solutions are close to ours, they may lead to a different conclusion
regarding signal dimension and impulse response functions when errors are specified to be less than
1073

Because the golden-rule solution is much easier to compute numerically and because much of
the literature just analyzes this type of solutions following Sims (2003), we will also focus on it in

the next section for a better comparison with the literature.

¥ The convergence is much faster for small values of 8. For example, the program converges in about 2 minutes for
£ =0.4.
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5 Applications

In this section we study three applications to illustrate our results. We analyze a pure tracking
problem in an equilibrium setting in the first application and dynamic control problems in the other
two. In the first application there are two exogenous states and one control. In the second appli-
cation there are one endogenous and two exogenous states and one control. In the last application

there are two endogenous and two exogenous states and two controls.

5.1 Equilibrium Sticky Prices

We extend the pricing problem in Section 4 to an equilibrium setting as in Mackowiak and Wieder-
holt (2009). Here we present the key equilibrium conditions directly and refer the reader to their
paper for detailed derivations and interpretations.

Consider an economy with a continuum of firms indexed by j € [0,1]. Firm j sells good j and
sets its prices to maximize the present discounted value of profits. The full-information profit-
maximizing price is given by

pje = (1 — a2) pr + a2t + az2je, (38)

where p; is the aggregate price level, ¢; is nominal aggregate demand, and zj; represents an idiosyn-
cratic shock. The parameter ay € (0, 1] describes the degree of strategic complementarity. Suppose

that z;; and ¢ follow exogenous AR(1) processes

Zjt = pPiZji-1+ €, 0<p; <1,

G = Pdi—1+€a, 0<p, <1,

where €j; and €,; are independent Gaussian white noise processes with variances a? and ag. Assume
that z;; is also independent across firms j € [0, 1] such that [ ejdj = 0.

Each firm j does not observe ¢; and zj;;. It acquires an optimal signal vector s;; about a vector
xj; of unobserved states subject to discounted entropy information costs. To fit in the framework of
Section 4, assume that the vector of states xj; and the target p;t have a state space representation.
We will specify the state vector x;; later.

Firm j sets price pj; to track p7, subject to entropy information costs. For simplicity, we focus
on the long-run Golden-rule solution to the following problem:

géﬁ(j a B [(pjt —p;t)z] + A <:Ejt;sjt|s§-_1) , (39)
subject to a no-forgetting constraint, where oy > 0, ¥; is the posterior covariance matrix, s;; =
Cjxji + vji, and vj; is a Gaussian white noise with covariance matrix V;. Then the optimal price

under RI is given by p;; = E [p’ft!s;] . Assume that vj; is independent of all other shocks, and is

J
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independent across firms j € [0,1] such that [v;dj = 0. The model is closed by the equilibrium

condition: .
Pt :/ pjtdy. (40)
0

In the analysis below, we normalize a1 = 1.

5.1.1 No Strategic Complementarity

When there is no strategic complementarity (ae = 1), we have p;t = @t + a3z;;. Then there is
no equilibrium price feedback to individual pricing decisions. After defining the state vector as
zjr = (2t q:)’, we obtain the state space representation: P = Gy, G = (as, 1),
_ €t | pi O _ 0? 0
xjt—Aa:j,t_l—F[e ],A—[ ) },W—[ }

2
at 0 a 0 0,

The problem (39) becomes a single firm’s pricing problem under RI studied in Section 4.

Firm j’s optimal price under RI is given by
pjt =E [p;ft\sﬂ =GE [xjt]sf] = Gjy, (41)
where 7j; satisfies the Kalman filter:
Tjr = (I = K;Cj) AT 1 + Kjsji, (42)

for t > 0, with Z; _1 = 0. Here {C}, V;} is derived from Proposition 1 and

Kj = (ASA + W) CL[C; (ASA' + W) O+ V]~
is the Kalman gain and ¥ is the solution to (39). Notice that ¥ is the same for all firms j, but
(C;,V;) may not be the same across firms because this pair is not uniquely determined. We focus on
symmetric equilibrium in which all (C}, V;) are the same across firms j, so we remove the subscript
7

Equations (41) and (42) show that individual price responses pj; to shocks through sj; are
determined by two effects: (i) the learning effect reflected by the term G K, and (ii) the attention
allocation effect reflected by the optimal choice of information structure C, V, ¥, and K.

In Appendix E we show that the equilibrium aggregate price satisfies
1 1
e = / pyedt = G/ Fadj = G — (I — KOYAL ™  KC(I — ALY [0, 1] eus,
0 0

where L represents the lag operator. Since we can verify that KC = I — X (AN A" + W)_l, Py 18
determined by G, A, and X, and is independent of C' and V.
When p; = p,, Proposition 6 applies. Equation (37) shows that the optimal signal can be

normalized as the profit-maximizing price plus a noise (i.e., sj; = P+ vj¢). This signal form
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implies that the impulse responses of individual prices to the idiosyncratic shock z;; are larger than
to the aggregate shock ¢ if and only if it carries a larger weight ag as shown in equations (41)
and (42). The individual price responses are the same when as = 1. This result is independent
of the dimension of states and the innovation covariance matrix W. By contrast, Mackowiak and
Wiederholt (2009) assume that the firm receives one signal about one shock and the two signals
are independent. They argue that this assumption is reasonable in practice. They show that the
price is more responsive to the shock with a higher variance even when p, = p, and az = 1.
When p; # p,, based on numerical solutions for a wide range of parameter values, we find
that the optimal signal is still one dimensional, but it does not take the normalized form of the
profit-maximizing price plus a noise. Instead of presenting a detailed comparative statics analysis

here, we turn to the more interesting case with strategic complementarity.

5.1.2 Strategic Complementarity

When there is strategic complementarity, i.e., ag € (0,1), there is equilibrium price feedback in
(38). The equilibrium solution becomes more involved due to higher-order beliefs. We present the
technical details in Appendix E.

We focus on the equilibrium in which the aggregate price p; follows a causal stationary pro-
cess, which has an MA(oo) representation. We approximate such an equilibrium by a stationary
ARMA (r,m) process p; = W (L) ey for a large enough r > m + 1, where L represents the lag

operator and
bo + b1z + baz? 4 4 b 2™
1—a1z —agz? — - —az2"

U(z)

Here z is a complex number in the unit circle. All coefficients in the rational function ¥ and the

(43)

order (r and m) are endogenous with a, # 0 and b,, # 0. Notice that the equilibrium aggregate
price p; contains only aggregate innovations €,¢, because idiosyncratic innovations €;; wash out in
the aggregate.

We adopt the following state space representation (Hamilton (1994)):

p; 0.0 0 0 -~ 0 0 €t
0O p,b, 0 0 0 --- 0 0 €at
0 0 a az -+ -+ ar_1 ay €at
T = o 0o 1 o O --- 0 0 Ti-1 + 0 |, (44)
o o o 1 0 --- 0 0 :
: : : : . : : : 0
0 0 0 0 0 - 1 0 | | 0 |
pj = Guji, G=laz, as, (1—ag)D], D=[by by -+ brp br1], (45)

9This assumption ensures the state transition matrix A constructed in equation (44) is invertible.
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;t = [zjt, qt, 52] consists of the exogenous states zj;, ¢;, and an endogenous

where the state vector x
state (column) vector &, such that p; = DE,. Moreover, we set by, 11 = bpto = ... = by—1 = 0. Let
the (r +2) x 1 noise vector be 1, = [€;t, €at; €at, 0; .-, 0]". Then n;: is a Gaussian white noise and
its covariance matrix W is singular. Let A denote the transition matrix in equation (44). We can
check that A is invertible.

Because W is singular, we cannot apply Proposition 3 to solve for the golden-rule solution to
the RI problem. But we can apply Proposition 8 in Appendix C as A is invertible. After obtaining
the optimal information structure, we aggregate individual optimal prices using (40) and (41). We
then obtain a fixed point problem for (aj,as, ..., ar, bg, b1, ...,by) . In Appendix E, we describe the
algorithm to solve this fixed point problem and determine the endogenous r and m. Once obtaining
these coefficients, we can determine the equilibrium aggregate price function and individual pricing
rules.

We set baseline parameter values as follows: A = 0.002, p; = p, = 0.95, 0; = 10%, o, = 1%,
a3 = az = 1, and ay = 0.15. For these parameter values we find that an ARMA(2,1) process
is a good approximation of the equilibrium aggregate price p;.2° Then the state vector Tt is
r + 2 = 4 dimensional. We also find that the optimal signal vector s;; is three dimensional and the
no-forgetting constraint binds. Thus the signal vector violates the signal independence assumption
in the literature (Mackowiak and Wiederholt (2009)). Moreover, Proposition 6 does not apply in
that the optimal signal cannot be normalized as the profit-maximizing price plus a noise. Impor-
tantly, the optimal signal form implies that the aggregate and idiosyncratic shocks (¢; and z;;) are
confounded. We will show below that this feature has interesting economic implications.

Now we consider the impact of the information cost A on the impulse responses of the aggregate
equilibrium price to a one-standard-deviation shock to the nominal aggregate demand, shown in
the left panel of Figure 1. Under full information, the aggregate price moves one-to-one with the
nominal aggregate demand shock so that real output does not change. Under rational inattention,
the responses are dampened and delayed. The higher the information cost A, the less responsive

the aggregate price is.
[Insert Figure 1 Here.]

The right panel of Figure 1 shows the impact of the degree of strategic complementarity as. The
case with ap = 1 corresponds to the solution without strategic complementarity studied earlier.
As in Mackowiak and Wiederholt (2009), when the profit-maximizing price is less sensitive to real
aggregate demand (i.e., when aw is lower), the response of the price level to a nominal demand

shock is more dampened and delayed. The reason is that the price feedback effects are stronger.

20Tt takes about 24 seconds for a PC with Intel Core i7-7700 CPU and 16GB memory to find an equilibrium.
The order of the ARMA process of the aggregate price may be higher for a high innovation variance and a high
information cost.
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Next we study the impact of innovation volatilities presented in Figure 2. Under the signal
independence assumption, Mac¢kowiak and Wiederholt (2009) find when the innovation variance
of a shock increases, firms shift attention toward that shock, and away from the other shock. By
contrast, Figure 2 shows that when the innovation variance of a shock increases, the individual price
responses to both aggregate and idiosyncratic shocks rise. Thus there is a spillover effect similar to
that in Mondria (2010). The intuition is that the optimal signal structure implies that aggregate
and idiosyncratic shocks are confounded. The effect of an increase in the innovation variance of

one shock is transmitted to the other shock due to the learning effect via the term GK.
[Insert Figure 2 Here.]

We finally study the impact of persistence of shocks presented in Figure 3. When we change a
persistence parameter p, or p,, we adjust the innovation variance to hold the unconditional variance
fixed as in Mackowiak and Wiederholt (2009). We find that the impact of persistence on individual
price responses is ambiguous, a result similar to Ma¢kowiak and Wiederholt (2009). For the baseline
parameter values, Figure 3 shows that individual price responses to the aggregate shock are larger if
the idiosyncratic shock is less persistent. But individual price responses to the idiosyncratic shock
are not monotonic with the persistence of the idiosyncratic shock. By contrast, individual price
responses to the aggregate shock are larger if the aggregate shock is more persistent, even though
its unconditional variance is much smaller than that of the idiosyncratic shock. But individual price

responses to the idiosyncratic shock barely changes with the persistence of the aggregate shock.
[Insert Figure 3 Here.]

5.2 Consumption/Saving

In this subsection we study a consumption/saving problem similar to those in Hall (1978), Sims

(2003), and Luo (2008). A household maximizes its quadratic utility over a consumption process

{eit:
g [f: B (ce — 5)2]
2 t=0
subject to the budget constraint
Wiy = (1 + 7’) (wt - Ct) + Yit1, t> 0,

where ¢ is a bliss level of consumption, w; is wealth, and y; is income. For simplicity we suppose

B(14+7r) = 1. Suppose that income y; consists of two persistent components and a transitory
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component:

Yo = Y+ 210+ 221+ €y,
2t = P11t Mg
2ot = PaR2i—1 1T Moy,

where ¢ is average income and innovations €, 114, and 7y, are mutually independent Gaussian

2

s a%, and O’%. The two persistent components z1; and 294, and the

white noises with variances o
transitory component €,; may capture aggregate, local, and individual income uncertainties. The
state vector is x; = (wt, 21t Z2,t)/ plus a constant state 1.

By the certainty equivalence principle, it is straightforward to show that optimal consumption
under RI is given by
7 —Zi/—r + %H (@t + H—?p"il—plgl’t + ﬁ%,t) ;

Ct =

where 7; = E [mt]st] . We need to use numerical methods to solve for the optimal information
structure {C,V'} for the signal vector s; = Cxy + v;. Set the same parameter values as in Sims
(2003): B = 0.95, p; = 0.97, py = 0.90, o} = 0.01, o7 = 0.0001, and o3 = 0.003. Unlike Sims
(2003), we focus on the golden-rule information structure with discounted information costs, instead

of capacity constraints.?!
[Insert Figure 4 Here]

For the information cost parameter A = 0.01, we find that the optimal signal vector s; is
one dimensional and C' = [1, 11.7433, 5.8978] and V = 1.4319.22 Thus the household processes
information about a linear combination of all three state variables with the more persistent shock
21+ having the largest weight. As A increases, the linear transformation C' barely changes. But the
signal noise variance increases significantly. Intuitively, the signal becomes more noisy when the
information cost is larger.

Figure 4 plots the impulse response functions for consumption to a one-standard-deviation shock
to each of the three true income components and the signal noise, starting from zero consumption.
The flat lines correspond to the responses for the full information case. Under RI, the consumption
responses to all three true component income shocks are damped initially, and then gradually rise
permanently to high levels. Intuitively, the rationally inattentive household responds to shocks

sluggishly. Lower consumption early leads to higher wealth. The extra savings earn a return 1+ r

2'We have also solved for the transition dynamics of the posterior covariance matrix and its steady state. In
previous version of the paper we solved the case with capacity constraints. The impulse response functions are
qualitatively similar.

22We normalize C; = 1 for all cases.
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and allow the household to accumulate higher wealth to fund higher consumption later. We also
find that the initial response is larger for a more persistent income shock given the same A. And the
initial responses to all true income shocks are larger when A is smaller. Unlike the income shocks,
the noise shock causes consumption to rise immediately and then gradually decreases over time.
Our numerical results are different from that reported by Sims (2003). His Figures 7 and 8
show that the initial consumption response to the less persistent income shock is larger. He argues
that this is because the innovation to this shock has a larger variance. Based on a wide range
of parameter values, we find that the initial response to the less persistent income shock (ny,) is

smaller, even if its innovation variance is very large.

5.3 Firm Investment

We finally solve a firm’s investment problem subject to convex adjustment costs. The firm chooses

two types of capital investment to maximize its discounted present value of dividends:
o0
max [E B,
{I1,t,12,t} LZ:;
subject to

I 2 I 2
di = exp(z+e) kK, — Ly — Iy — O (e 01 ) kit — P (Lar _ 02 | kay
’ ’ 2 klt 2 kgt

) )

-7 (exp (2 +er) kla,tk?,t - XI2,t) )

where d;, k1 ¢, k2.4, 11, and Iz ; denote dividends, tangible capital, intangible capital, tangible capital
investment, and intangible capital investment, respectively. The parameters satisfy 01,02, a, 6,7 €
(0,1), a+ 6 < 1, and ¢y, > 0. The variables z; and e; represent persistent and temporary
Gaussian TFP shocks, z; = pzi—1 + €. We include taxation of corporate profits because a key
distinction between the two types of capital is that a fraction x of intangible investment is expensed

and therefore exempt from taxation. The capital evolution equations are

kigv1r = (1 =061) ki + Iie + €641,
katrr = (1 =062)koy + Loy + €441,

where € ;41 and €441 represent depreciation or capital quality shocks. Suppose that €, e, €1,
and ez ; are mutually independent Gaussian white noises with variances o2, 02, a%, and O’%.

To solve this problem numerically, we first approximate the firm’s objective function by a
quadratic function in the neighborhood of the nonstochastic steady state. We then obtain a linear-
quadratic control problem with the state vector z; = (zt,et,lzzlvt,l;:lt)/ plus a constant state 1,
where l;:i,t, 1 = 1,2, denotes the deviation from the steady state. From this problem we can derive

the decision rules and the weighting matrix {2 in the control problem in which the relevant state
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vector is x¢. For the no adjustment cost case under full information, the linearized optimal decision

rules are given by
kip
l—a—10

where k; is the steady-state capital stock. Notice that the optimal capital and investment choice is

]%i,t—l—l = zt + €41,
independent of transitory shocks e;.

We now solve for the long-run golden-rule information structure using the semidefinite program-
ming approach.?? We set baseline parameter values as in McGrattan and Prescott (2010): o = 0.26,
6 = 0.076, 61 = 0.126, 5 = 0.05, 7 = 0.35, and x = 0.5. Set p = 091, 0, = 01 = 02 = 0.01,
and o, = 0.1. We choose 8 = 0.9615 to generate a 4 percent steady state interest rate. Following
Saporta-Eksten and Terry (2018), we set the capital adjustment cost parameter values as ¢; = 0.46
and ¢, = 1.40. For these parameter values, the steady-state levels of capital are k; = 0.98 and
ko = 0.639.

[Insert Figure 5 here.]

Since this model features two control variables and four state variables, we can study the non-
trivial determination of the information structure. We find that the signal dimensional decreases
with the information cost A. As shown in Proposition 5, the signal dimension does not exceed the
minimum of the state dimension and the control dimension. To understand how the signal dimen-
sion changes, we display here the optimal signal structure for two values of A with no adjustment

costs: For A = 0.01, B B
—0.94z; + 0.30/317t + 0.16/~<;2,t
—0.042; 4 0.39k1 ¢ — 0.92k2 ¢

where the covariance matrix of v; is diag(0.03,0.15) , but for A = 0.08,

St = + vy,

s = —0.932; + 0.23k1 4 + 0.30ks¢ + vt

where the variance of v; is 0.65. With adjustment costs, the optimal signal structure is similar.
Note that in neither case does the signal depend on e, the transitory productivity shock;
since e; does not affect the value-maximizing level of investment under full information, there is
no point using information capacity to learn about it. Thus rational inattention does not explain
why investment responds to transitory shocks in the data documented by Saporta-Eksten and Terry
(2018). If the information structure is exogenously given as in a standard signal extraction problem,
then firms would be confused about the source of a productivity change; as a result, they would
respond to transitory shocks. However, since value-maximizing investment is independent of the
transitory shock e, if the firm can choose the allocation of attention, it will ignore the transitory

shock completely.

23We have also numerically solved for the transition dynamics and the limiting steady state of the optimal posterior
covariance matrix.
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We now turn to the impulse responses of two types of capital investment to a positive one-
standard-deviation shock to the persistent TFP component displayed in Figure 5. Each panel of the
figure includes the full information case as well as at least one case with sufficiently high A such that
the signal vector becomes one-dimensional. The top two panels show the case without adjustment
costs. Under full information, in response to a positive persistent TFP shock, investment increases
immediately and then falls back to the steady state following a path similar to the TFP shock.
As the information cost A rises, the investment responses under RI become dampened and delayed
— investment rises less on impact and remains above the steady state longer. If A is sufficiently
large, then the signal becomes one dimensional and the responses are very small and persistent (see
dashed lines).

In the case with adjustment costs displayed in the bottom two panels, investment responses
under RI are delayed further, and can become hump-shaped, a pattern not present in the full
information case. The reason for the hump-shape is a horse race between two effects. Consider the
response of tangible investment to a positive TFP shock z; (bottom left panel). Value-maximizing
investment under full information rises on impact and then gradually falls back to the steady state,
but at a slower rate than the case without adjustment costs. Under rational inattention, since the
firm does not know z; with certainty, exactly how much investment has risen is unknown. Since
the firm learns slowly and the capital adjustment is costly, it takes several periods before the firm
knows the investment level it should have chosen on impact, which leads to a rising investment
path. On the other hand, since z; is mean reverting the value-maximizing level of investment is
falling over time. Thus optimal investment under RI will eventually falls back to the steady state.
Without adjustment costs, mean reversion is sufficiently fast such that learning is always behind,
leading to monotonic but delayed responses. With adjustment costs, but without information cost,
there is no hump-shaped investment response either.

Our results are similar to Zorn’s (2018) findings, while his model has only one type of capital
and assumes there is no capital quality shock.?® He documents evidence that investment at the
sectoral level displays a hump-shaped response to aggregate shocks and a monotonic response to
sectoral shocks. He shows that a model with both rational inattention and capital adjustment costs
can deliver the two different types of responses. In contrast, models with just capital adjustment
costs, models with just investment adjustment costs, and models with just rational inattention

cannot match both types of impulse responses.

2"Notice that this assumption is subtle. Without capital quality shocks €; ¢11, ki++1 is measurable with respect
to date t information. The firm only needs to track the persistent shock z; and the optimal signal is always one
dimensional. Such an analysis is available upon request.
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6 Conclusion

We have developed a framework to analyze multivariate RI problems in a LQG setup. We have
proposed a three-step solution procedure to theoretically analyze and numerically solve these prob-
lems. We have provided generalized reverse water-filling solutions to some special cases. We have
also applied our approach to three economic examples. Our analysis demonstrates that many sim-
plifying assumptions adopted in the literature such as signal independence are not innocuous. They
lead to suboptimal behavior and some qualitatively different predictions from ours. While some
simplifying assumptions may be justified by bounded rationality and deliver interesting results, re-
moving these assumptions can generate new insights such as different roles of the shock persistence
and the innovation variance, information spillover, and price comovement. Our approach provides
researchers a useful toolkit to solve multivariate RI problems without simplifying assumptions and

will find wide applications in economics and finance.
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Appendix
A Proofs

Proof of Lemma 1: Fix the information structure {Cy, V;}. Consider the control problem:

T
U = I{nn]}E Z BT (2L Qrar + vl Rrur + 220 Srur) + BT el Priqori st]
ur T=t

subject to (1) and (2) from period ¢ on. Claim that

T T
i)\t =K [:EtPtJEt|St] + Z 5T_t+1t1" (WTP7—+1) + Z ﬁT_ttI‘ (QTET) s (Al)

T=t T=t

where P; and € satisfy (5) and (15). We prove this claim using backward induction. In the last

period T, we compute the objective function as

E [(QJ/TQTQJT + U/TRTUT + 2x’TSTuT) + 535/71+1PT+11’T+1’8T] (A.Q)
= E [(ZE/TQT$T + v Ryur + 2x/TSTuT) |sT]

+BE [(Arzr + Brur + er41) Proa (Arar + Brug + eppq) |s7]
Rewrite the above expression as

E [(¢7Qrar + wpRpur + 27 Sur) ]sT]
+BE (2 A Pry1 Arar + wpBrPryi Brur + E/T+1PT+1€T+1|3T]

+28E (27 Ap Priq Brug|s” |

= ptr (WrPri1) + E [24.Qrar|s”| + BE [2 A7 Pri Arar|sT]
+E [UIT (RT + BB%PT—HBT) ur + 21”T (ST + BA,TPT—HBT) UT‘ST]

Taking the first-order condition gives the optimal control up = —FpZp, where Fr satisfies (7) for

t = T. Substituting this equation back into the objective function yields
or=E [:E/TPT:ET|ST] + Btr (WpPryq) + tr (QrXy),

where Pr satisfies (5) for + = T and where we notice that 7 conditional on s’ is Gaussian with
mean Z7 and covariance matrix 7.

Suppose that (A.1) holds for v441 in period ¢ 4+ 1. By dynamic programming, we have

Uy = H&}:DE [(l‘é@t$t + uiRtut + 23)25}/1%) + ﬁi}\t+1|8t] .
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Rewriting the objective function by the induction hypothesis yields

E [(2)Quzs + ujRyuy + 227Spu;) + Bopi|s']
= E [(2}Qsz: + ujReuy + 227 Spuy) |8t] + BE [$t+1Pt+1ZEt+1|8t]
T T
+ > BT e (WePrg) + Y BT (Q,3,).
T=t+1 T=t+1

The expression on the second line has the same form as in (A.2). By the previous analysis, we
deduce that the optimal policy is given by u; = —F;x;, where F; satisfies (7). Substituting this
policy back into the preceding objective function, we find that the resulting objective function

equals

E [.Z'éPt‘Tt‘St] + ﬁtr (WtB+1) -+ tr (QtZt)

T T
+ Y BT (WePrya) + Y BT (0%,
T=t+1 T=t+1

where P, satisfies (5). Thus v; takes the form in (A.1), completing the induction proof. Finally,

letting t = 0 and taking unconditional expectations, we obtain the desired result. Q.E.D.

Proof of Proposition 1: For simplicity we omit the time ¢ subscript for all variables in the
proof. By the singular-value decomposition of a positive semidefinite matrix, there exists an n, x n,

orthogonal matrix U and a diagonal matrix ¥ such that ® = UWU’. Let

\112\1’07
0 0

where U = diag(¢q, ..., ¢,,) is an m x m diagonal matrix and {¢;}", are the positive eigenvalues
of ®. Clearly, rank(®) = m < n,. The matrix ® can be factored into ¥ = A'TA, where A =
[Im Omx(nz_m)] .Let C =AU and V = \/I}_l, completing the proof. Q.E.D.

Proof of Proposition 2: We first prove the following lemma:
Lemma 2 Suppose that Wy > 0, ¥y > 0, and 8 € (0,1]. Then
B log det (AtEtAé + Wt) — log det (X¢)

18 a strictly conver function of 3.

Proof: We can write

Blog det (AtEtAé + Wt) —log det ()
= B [logdet (A4S A + Wy) —log det (3)] — (1 — B) log det (%) .
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Since the log-determinant function is strictly concave, it suffice to prove that the expression in the
square bracket is convex in ;. The matrix determinant lemma (Theorem 18.1.1 in Harville (1997))

implies that
log det (A;X¢A; + Wy) — log det (3;) = log det W; + log det (Et_l + A;Wt_lAt) . (A.3)

By Diggavi and Cover (2001), the last expression is convex in Y; as desired. Notice that Sims
(2003, page 678) proves the convexity by direct differentiation assuming A; is invertible. Q.E.D.
O

Now we prove that Jy (3;_1) is strictly convex in ;1 for t = 0,1, ..., T by backward induction.
In the last period, it follows from (18) that Jp (X7_1) is strictly convex in ¥X7_j. Suppose that
Jip1 (2¢) is strictly convex in ¥y for any ¢ < T — 1. Then, by Lemma 2, the objective function in
(19) is strictly convex. Since the constraint set is convex, we can verify that J; (X;_1) is strictly
convex.

Finally we transform the dynamic programming problem (19) into a semidefinite program rep-
resentation. The matrix determinant lemma (Theorem 18.1.1 in Harville (1997)) implies that the

preceding expression is equal to
log det (A;X¢A; + W;) — log det () = log det W; — log det (Zt_l + A;Wt_lAt)_l . (A.4)
Due to the monotonicity of the determinant function, we have

—1ogdet(z;1-+fgvV;1A¢)‘1::ﬁpné — log det I,
t

subject to
< (57 + AW, A4,) (A.5)

Apply the matrix inversion formula to rewrite (A.5) as
I, < 5 — S AL (W + AtztA:t)_l A,
which is equivalent to

Et — Ht EtAé

-
AtZt Wt + AtZtAé - 07 (AG)

by the Schur complement property. By (A.4) and the preceding derivations, we have
log det (AtEtAQ + Wt) = %Ini% — log det I1; + log det Wy + log det (3;)
t

subject to (A.6). Replacing log det (A;X: A} + W;) in (19) with the preceding minimized value, we

obtain the representation in the proposition. Q.E.D.
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Proof of Proposition 3: Using a similar transformation in the proof of Proposition 2, we can

derive the desired semidefinite program representation. We will not repeat the detailed derivation.
Q.E.D.

Proof of Proposition 4: The matrix determinant lemma implies that
log det(AX A’ + W) — log det ¥ = log det W — log det (37" + A’W‘lA)_l .

Thus Problem 4 becomes

HI,ISEO tr (Q%) + % [log det W — log det IT] (A.7)
subject to
M= (S 4 AW A) (A.8)
ASA '+ W = 3. (A.9)
Recall the positive semidefinite matrix W2QW? admits an eigendecomposition WiQWs =
UQuU’. Define matrices
O=UW W 2U, $=UW :SW :U
Then we can derive that
M= WU W, © = WiUSUW:, o (%) = tr (25)
logdet W — log det Il = — log det .
Given A = pl, we can also show that equations (A.8) and (A.9) are equivalent to
O '=3' 4+ p2I, (A.10)
I=(1-p)%. (A.11)

Now the problem in (A.7) is equivalent to

. A .
min tr (Qd2> — ~logdetIl
i% 2

subject to (A.10) and (A.11). By the Hadamard inequality for positive definite matrices (Cover
and Thomas, 2006, Theorem 17.9.2),
det ﬁ < H ﬁ,’,
i=1
where ﬁz is the diagonal element of II. The equality holds if and only if I is diagonal. Thus, if

diagonal elements of II are fixed, det II is maximized by setting all off-diagonal entries to zero. As

35



a result the optimal solution for I must be diagonal. Let = diag (ﬁ,)m . By (A.10), 5 is also

=1
diagonal and its diagonal elements are given by

~ ~ o\l
= (H; _p ) =12, n,. (A.12)
Thus the problem is equivalent to

~ A& ~

min tr (Qd2> - = Z log IT;

I 24

subject to (A.12) and
(1-p*) S <1, i=1,.,n,.

Equivalently rewriting this problem in terms of il using (A.12) yields

n n
Irgn Z d;>¥; + 5 Z log <p + §> (A.13)
toq=1 i=1 4
subject to
~ 1 .

If d; = 0, then ﬁ, =1or i, =1/ (1 — p2) . If d; > 0, then we use the Kuhn-Tucker condition to
show that

. 1 -~

= 1 / 202\
¥r=— 1 —-1]. Al

The proof is completed. Q.E.D.

where

Proof of Proposition 5: The optimal signal-to-noise ratio is given by

o = vl (W)

1.~ 1 1~ 1 —1
— WUSTUW - [p2W§U2U’W5 + W}
S N | _1 28 |
— WUSTWUWTE - W 2U[p2+f} U'W "3
~ —~ —1
- WU <2—1 _ [p22 + I} ) U'w"s

Ny

— WU diag {max (0, 2sz [1 - (1-p% i:])

where the last equality follows from (A.15) and (A.16). The dimension of the signal is determined

} U'ws,
i=1

by the rank of the inside diagonal matrix, which is determined by the number of d; such that
2d; a
S-a-E o

Using equation (A.16) we obtain the desired result. Q.E.D.
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Proof of Proposition 6: Since rank (Q) = 1, we have rank (W%QW%> = 1. We claim that ma-

. 1 1 . L. . 2 . o .
trix W2 QW2 has a unique positive eigenvalue d; = HWI/ el H and an associated unit eigenvector

WaG' / HWl/ 2@'|| where ||| denotes the Euclidean norm. To prove this claim we verify that

1 1 1
1ol W2GE 1y LN WeGE 1 WaEl
W gy = (V) (V) gy = (V26) O
2 1
_ 1 HWl/zG,H _ 12002 W2GE
= (V) e = e
Thus €4 has only one positive element d; = HWl/ el Hz and other diagonal elements d; = 0 for

i =2,...,n;. Moreover, the optimal signal dimension is at most one.

By Propositions 4 and 5, we have

N . 1 o,
El = 1min (1_—/)2,21> s

where

The optimal information structure {C, V'} satisfies

C'Vlo =wrU diag {max <O, 27(12 [1 - (1- p2) i:]) ) } U'ws.

i=1
IfA>2dy/(1— p2)2 , we can check that 3; = 1/ (1 — p?) for all i so that ¥ = W/ (1 — p?) and no

information is collected. There is only one positive element in the above inside diagonal matrix if
0<A<2dy/(1- p2)2, which is

2d w1 d
71[1—(1—,)2)21]=A—;2 1+p2— (1-p2) 1+

202\
dy

> 0,

The optimal information structure corresponds to the positive eigenvalue’s eigenvector and is given
by

1
;1 W2l B G
C =V e = ¢ T e
_ d 202\
vle—;Q 1402~ (1-p%) L+ == >0

The optimal conditional covariance in the proposition follows from Proposition 4. In particular,

1

>0 UWz,

0 1_1p21

S — WiU
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Partition U = [Uy, U] conformably, where Uy = W%G// HW1/2G’H. Then we have U1 U+ U U} = I.

Thus
1 , 1 N 1
= -t (= ) v

Simplifying yields the expression in the proposition.

N

YX=W

We can normalize C' as C' = G so that the normalized optimal signal is given by

Vt.

si = Gy + HW1/2G’

We then obtain (37). Q.E.D.

B RI Problems with Period-by-Period Capacity Constraints

In this appendix we study Problem 1 with period-by-period capacity constraints. As in the analysis
of Section 2, we can show that the optimal information structure is determined by the following

problem:

Problem 6 (Optimal information structure for Problem 1)

T
min Z Bltr (%)

1020 F A —
subject to
log det (At_lﬁt_lAg_l + Wt_l) — log det (2;) < 2k, (B.1)
logdet (X_1) — logdet (X) < 2k, (B.2)
S < Ay 1D 1 A+ Wiy, (B.3)
S < Y1, (B.4)

fort=1,2,..,T.

Since the log-determinant function is concave, the constraint set may not be convex in {Et}tho-
Thus the Kuhn-Tucker conditions may not be optimal. By dynamic programming, the value func-

tion satisfies the Bellman equation
Jt (Et—l) = min tr (QtEt) + 5Jt+1 (Et)
=0

subject to (B.1) and (B.3) for ¢ > 1. In the last period T, Jp41 (X7) = 0. In the initial period, we
have

Jo (2_1) = min tr (Qogo) + BJ1 (X0)
Yo>0

subject to (B.2) and (B.4). Since the log-determinant function is concave, the value function

Ji (X¢—1) may not be convex for t = 0,1,...,7. This can be easily seen for Jp (X7_1) in the last
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period using the envelope theorem. For a univariate problem with n, = 1, ¥; is a scalar and we
can rewrite (B.1) and (B.2) as linear scalar constraints so that J; (X¢—1) is convex.
Nonconvexity poses substantial difficulty when solving the above dynamic programming prob-

lem. This issue does not arise when solving for the long-run golden rule of information structure.

Problem 7 (Golden rule of information structure for Problem 6)

IZI:l;I(']l (1—B)tr (APAY) + tr (QX) (B.5)

subject to (26) and
log det (AXA" + W) — log det (X) < 2k.

By Lemma 2, logdet (AX A"+ W) — logdet (X) is a convex function of X. Thus the above
problem is a convex program. This problem is the same as that in Sims (2003) except that there
is a new term in (B.5) as discussed in Section 3.3. Notice that software CVX does not recognize
that log det (AX A’ + W) — log det (X) is convex in ¥ by its ruleset.

To apply CVX, we need to transform Problem 7 into a DCP. As in the proof of Proposition 2,
we can show that logdet (AX A" + W) — logdet (X) = ¢(X), where ¢(X) is a new function defined
as

c(X) = min — log det IT + log det W

subject to
Y—1I A
>~ 0. .
s wyasa | =0 (B.6)
Since the objective function is convex and the constraint is a linear matrix inequality, ¢ (X) is convex
in 3 and can be added to the CVX atom library. We then transform Problem 7 into the following
DCP:

12111;101 (1—B)tr (A'PAY) + tr (QX) (B.7)

subject to (26) and
c(X) < 2k.

For tracking problems, the term (1 — 3) tr (A’PAY) does not appear in (B.7). We have used this
method to numerically solve the pricing example in Section 4.

In an earlier version of our paper, we solve the following inverse problem as in the rate-distortion
theory in the engineering literature:

1 1
R(D) = min log det (AXA" + W) — 3 log det (X) (B.8)

subject to (26) and
(1—p)tr (A’PAY) +tr (Q%) < D.
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The function R (D) is decreasing and convex in D. Given any capacity k£ > 0, we can find D using
this function and then solve the corresponding Y. The earlier version of our paper also derives

results similar to Propositions 4 and 5. We omit the details here.

C The Case of W >0

When W > 0, we cannot apply the semidefinite program representation in Proposition 2 to solve
the dynamic programming problem in (19) for the finite-horizon RI problem. We can impose a new

assumption (the state transition matrix is invertible) and use a different representation.

Proposition 7 Suppose that Wy = 0 is singular for some t, Q; = 0, and rank(A;) = ny for
t =0,1,....,T. Then the value function Jy (X;—1) is convex in X4y for t = 0,1,...,T and satisfies

the dynamic semidefinite program:

. A
Ji (Bim1) = g tr (2:2) — 3 (1 —B)logdet () (C.1)
A
+75 (2log |det A;| — log det Uy) + BJey1 (X4)

subject to (16) for t > 1 and (17) for t =0, and

-, M
> .
M; AtEtAg + Wil — 07 (C 2)

where Wy = My M| with My = 0. Moreover, Jr (X7—1) satisfies (18).
Proof: We can apply the same proof for Proposition 2 to show that J; (3;—1) is convex using
the Bellman equation (19). Now we derive a different semidefinite program representation. Since

W; = 0, we have the decomposition Wy = MM/ with M; > 0. Since A; is invertible, A;Y;A} is also

invertible. Applying the matrix determinant lemma yields
det (AtEtA:g + Wt) = det <I + Mt/ (AtEtAg)_l Mt) det (AtEtAé) .
Thus we have

log det (AtZtA; + Wt) — log det (%)
-1
= —logdet (I + M (AtEtAg)_l Mt> + log det (AtEtA;) — log det (3;)

—1
—  _logdet (1+M; (AtEtA;)_lMt> + 2log |det A .

Due to the monotonicity of the determinant function, the last expression is equal to the optimal
value of

n%in 2log |det A¢| — log det Wy
t
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subject to
-1
0< W, < (T+ M (A~ 04y) (C.3)

Now use the matrix inversion lemma to get
-1
(I + M (A5 AL Mt> =T — M (A A} + M, M]) M,.

By the Schur complement property, (C.3) is equivalent to

-, M
= 0. .
[ M,  AXA+ Wt:| =0 (C4)

In sum, we have shown that
log det (AtZtAé + Wt) = gli% 2log |det A;| — log det ¥y + log det (X;)
t

subject to (C.4). Substituting this equation into (19) yields the desired result. Q.E.D. O
To illustrate the application of this proposition, we consider the LQG control problem with

VAR(p) state dynamics
vy = Axp_1 + Asxy_o + ...+ Apﬂj‘t_p + Bout + €,

where Ay, ..., and A, are n x n matrices and ¢ is Gaussian white noise with covariance matrix

Wy > 0. We transform the state dynamics into VAR(1) form:
Ty = ATy 1 + Buy + &,

_ o . . . . . . .
where Z; = [}, z}_q, Ty +1]'+ & is a Gaussian white noise with covariance matrix W, and

i Al A2 Ap_l Ap i BO In
I, 0 0 0 0 0
A=| 0 I O 01, B=] o0 |, W=|0 |W[L 0 0 0 0].
P 0 0 0 0
0 0 0 I, © 0 0

Now the problem fits in our general LQG RI framework. Notice that the covariance matrix of €
satisfies W > 0 and it is singular. So Proposition 2 does not apply. As long as A, is invertible so
that A is invertible, we can apply Proposition 7 to solve the model numerically.

For the infinite-horizon RI problem, we can take limits in Proposition 7 as T" — oo to obtain the
infinite-horizon semidefinite program representation. We can then derive the steady-state solution
for ¥; as t — oo.

We can also modify Proposition 3 to derive the golden-rule solution for Problem 4.
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Proposition 8 Suppose that A is invertible, 2 = 0, and W = 0. Then the golden-rule solution X

for Problem 4 is the solution to the following semidefinite program:

: / A
Jing (1—-B)tr (APAY) + tr (O%) — 3 log det ¥ (C.5)

subject to (26) and

11—y M’

M avaw) =Y (C.6)

where W = MM’ with M > 0.

Proof: Use the method in the proof of Proposition 7 to derive
logdet (AS A"+ W) = min 2 log |det A| — log det ¥ + log det (%)
—

subject to (C.6). Substituting above equation into (27) and eliminating the constant term 2log |det A,
we obtain the desired result. O
Finally, we can apply Proposition 8 by removing the term (1 — ) tr (A’PAY) to derive the
golden rule ¥ for the infinite-horizon tracking problem under RI in Section 4.
Notice that the above two propositions can be applied to solve models with ARMA(p,q) pro-

cesses as shown in Section 5.1.2 as long as we can derive a state space representation.

D Infinite-Horizon Case

We study the following infinite-horizon problem with discounted information costs at time 1:

{Em}lg Zﬁt_l [tr (QX) + % (log det (A1 A"+ W) — log det %) (D.1)
Hi=14—1

subject to
Y AN AW, t=1,2,..., ¥ given. (D.2)

Define the value function as V (%) . By the dynamic programming principle (Stokey and Lucas
with Prescott (1989) and Miao (2014)), it satisfies the Bellman equation

V(%) = min tr(Q¥) + A [log det (AX0A" + W) —logdet S| + BV (%),
YN (o) 2

where
' (%) = {E =0:3 <A A + W} (D.3)

To convert this problem into a DCP, we study an auxiliary problem. Define

A
J (o) =V (X0) — B log det (AXgA" + W).
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Then it satisfies the Bellman equation:

A
J(3g) = Egi(go) tr (QX) + 3 [Blogdet (ASA" + W) —logdet (X)] + BJ (X). (D.4)

Let ¥ = h(Xg) be the associated optimal policy function. The policy function h generates a
sequence of optimal covariance matrices {¥;},2, through ¥; = h(3;_1), t > 1. Notice that the
above problem is not a bounded discounted dynamic programming problem. We use the method
of successive approximations (value function iteration) to analyze it.

Define the value function

. A
fo(Zo) = Eg%go) tr (%) — 5 log det (2). (D.5)

Because the constraint set in (D.3) is convex and the log-determinant function is strictly concave,
the problem in (D.5) is a convex program and hence fj (Xg) is also strictly convex.

Define the Bellman operator B on the set of functions of positive semidefinite matrices:
A
B(f) (%) = EH&IEI : tr (QX) + 5 [Blogdet (ASA" + W) —logdet (X)] + 8f (2). (D.6)
€ 0

Iterating this operator, we can construct a sequence of functions:

£r (Z0) =BF (fo) (Zo), k> 1.

By induction and Lemma 2, each function f () is strictly convex and is obtained by solving a DCP
problem. Let the corresponding optimal policy function be ¥ = hy (%) .
Say a sequence of matrices {3;};, is feasible if ¥; € I' (X;_1) for each ¢ > 1.

Proposition 9 Suppose that = 0. For any ¥g = 0, if there is a feasible sequence of matrices
{Z¢};2, such that the objective in (D.1) is finite, then fi (o) increases monotonically to a finite
limit function J (Xo) as k — oo, which satisfies (D.4). Moreover, hy (Xg) converges to h (%)

pointwise on any compact set as k — oo.

Proof: We first show that fi (3¢) > fo (Z0). For any ¥ € I' (Xp), let £* € T'(X) be the optimal
solution that attains the value fo (X). Then since ¥* < AX A" + W, we have

log det (ASA’ + W) > logdet (X*).
It follows that
tr (QX) + g [Blog det (AX A"+ W) —logdet (X)] + Bfo (X) (D.7)
= tr(QX)+ % [Blog det (AXA" + W) — logdet ()]
+6 [tr (2X") — %log det (X%)

> r(OF) ~ J logdet (%) > fo (Vo).
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where we have used the fact that tr (QX*) > 0 as © > 0 and ¥* > 0. Minimizing the expression on
the first line of (D.7) over ¥ € I" (Xy) yields f1 (20) > fo (Xo) -

It is easy to see that B(f) > B (g), if f > g. Thus we can show that fr11(20) > fx (X0) by
induction. By assumption, for any ¥ > 0, there is a feasible sequence of matrices {¥;};°, such
that the objective in (D.1) is finite. Thus the increasing sequence { fi (¥¢)} is bounded above and
has a finite limit. Let the limit function be J (X¢). To show J satisfies (D.4), notice that

[ (Z0) = B (fr—1) (£0) < B(J) (X).

On the other hand,
J (Z0) = fr (Zo) = B (fr—-1) (o) -

Taking limits on the above two inequalities yields J (3¢) = B (J) (Xo) .

By induction, each function fi (3) is strictly convex and hence the policy function hy is unique.
The limit function J is convex. Since J = B (J) and the objective function in (D.4) is strictly
convex, J is also strictly convex. Thus the policy function h is also unique. Since fj is continuous,
fr (30) converges to J (3g) uniformly on any compact set. By Theorem 3.8 of Stokey and Lucas
with Prescott (1989), hx (X0) converges to h (%) pointwise. O

Sims (2011) suggests to use the first-order conditions to solve (D.1). If the no-forgetting con-
straints (D.2) do not bind, it is straightforward to derive the first-order conditions. He mentioned
to use dynamic programming and Cholesky decomposition when the no-forgetting constraints bind,
but he does not provide a detailed formal analysis. We now present the first-order conditions for
(D.1) by taking into account of binding constraints from convex analysis.

Notice that the choice variable ¥; is in the set of n, x n, positive semidefinite matrices, denoted
by S'*. Define the inner product e for any two elements X and Y in this set as X Y = tr (X'Y).
The dual cone of ST is itself. Introduce a slack variable Z; = 0 such that AN AW =7, + 3.
Following Vandenberghe and Boyd (1996) and Vandenberghe, Boyd, and Wu (1998), we define the
Lagrangian for (D.1) as

[e.e]

A
L = i t_l[t O2) + = (logdet (AX;_1 A"+ W) — logdet X
T i 2 (1790 + g (s (Aa W) —logde)

+Y BTN e (Zi+ D — AN A - W),
t=1
where the dual variable A; € S}* is the Lagrange multiplier associated with (D.2).

We can write the Kuhn-Tucker conditions as follows:

B+ i—AA (AT A"+ W) TH A+ Ay — BAA 1 A, (D-8)

A
—0-Z
0 2
At [ ] Zt = 0, (D9)
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A =0, Z; =0, (D.10)

for all t > 1. Equation (D.8) is the first-order condition for ;. Equation (D.9) is the complementary
slackness condition. Condition (D.10) requires A, Z; € S}”. The system of an infinite sequence
of these conditions is difficult to solve numerically. The key difficulty is that we need to ensure
positive semidefiniteness of A; and Z;.

The mathematics and engineering literature has developed rigorous theories to study semidef-
inite programs. Efficient and robust software to numerically solve such problems is also publicly
available on the internet. Most software uses the primal-dual interior point method. Here we in-
troduce the basic idea of this method. The key step is to add a parametrized barrier function to

the objective function in (D.1):

00
—v Z Bttogdet Z;, v > 0.
t=1
This function ensures that Z; is invertible. Introduce a similar barrier function to (D.1) for the
dual variable A;. Use the Newton method to solve the first-order conditions associated with the
modified (D.1) for any v > 0. Taking limits as v — 0, we obtain the solution for (D.1). Notice that
the mathematics and engineering literature typically focuses on static semidefinite programs. Our
approach is to transform problem (D.1) into a dynamic semidefinite programming form. At each
time we solve a semidefinite program using CVX and iterate the Bellman operator until the value

function converges.

E Equilibrium Sticky Prices

In this appendix we derive the equilibrium solution for the model in Section 5.1.2 and provide a
numerical algorithm to solve the equilibrium. We focus on the long-run stationary equilibrium.
Suppose that the equilibrium aggregate price level can be approximated by a stationary ARMA
process: py = W (L) €4¢, where WU is given by

bo+ biz 4 baz? 4 -+ + by 2™
U(z) = . 5 ol (E.1)
— A1z — A% — - — QpZ

We will solve for an equilibrium with » > m + 1.

As discussed in Section 5.1.2, we can construct a state space representation for firm j :

g = Axji1+nj, (E.2)
p;t = Ga:jt, Sjt = ijjt + vj¢, (E3)
where A and G are given in (44) and (45), and n;, = €/t €ats €at; 0, ..., 0] and vj; are indepen-

dent Gaussian white noise processes with covariance matrices W and V;. Assume that v;; satisfies
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fol vjidj = 0. Notice that W > 0 and Vj; > 0 by our construction. In particular, the (1,1) entry of
W is o2, the (2,2), (2,3), (3,2), and (3, 3) entries are o2, and all other entries are zero. We can
easily check that W is singular and A is nonsingular.

We use the results in Appendix C to solve for the golden rule of information structure under
RI. We then obtain the posterior covariance matrix 3 for z;; and (Cj,V;). Notice that ¥ is the
same for all firms j, but (C}, V;) may not be the same across firms because this pair is not uniquely
determined. We focus only on symmetric equilibrium in which (C}, Vj) is the same for all j. Thus
we remove the subscript j.

The optimal price under RI for firm j is given by
pjit =E [p;t|s§-] =GE [xjt|s§-] = GTjy, (E.4)

The Kalman filter gives
Z/E\jt = (I - KO) Ai‘\j7t_1 + KSjt, (E5)

where the Kalman gain is given by
K = (ASA + W) ' [C (AsA + W) '+ V] 7.
Using the matrix inversion lemma, we can show that
KC = (ASA + W) C' [C(ASA +W)C' +V] ' C=1-S(ASA + W) ', (E-6)

which is independent of C' and V.
Assume that all eigenvalues of (I — KC') A lie in the unit circle. Using the lag operator L, we

can rewrite (E.5) as
ijt =X (L) Sijts (E?)

where

X(z)=[I-(I-KC)A2] 'K,

and z is in the unit circle on the complex space. It follows from (E.3) and (E.7) that
Tjp = X(L)Cxjy + X (L)vj.
Assuming that all eigenvalues of A are in the unit circle, we can rewrite (E.2) as
zje = (I — AL)_lnjt-
It follows from the preceding two equations that

T = X(L)C(I — AL) 'n;, + X(L)vjs.
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Aggregating across j yields
1
/ Zjdj = X(L)C(I — AL)"*Me,, (E.8)
0

where M =[0,1,1,0,...,0]" is a (r + 2)-dimensional vector and we have used the assumptions

1 1
/ thdj = 0, / Ejtdj =0.
0 0

It follows from (E.4) and (E.8) that the aggregate price level satisfies

1 1
P = / pjdt = G / Zjdj = GX(L)C(I — AL)™' Me,.
0 0

Given the conjectured form of the equilibrium aggregate price p, = ¥ (L) €44, we obtain the equi-
librium condition:

U(z) = GX(2)CI — Az)"' M, (E.9)

where

X(2)C =[I— (I - KC)Az] ' KC,

is independent of (C,V) by (E.6). Equation (E.9) is a functional equation for the coefficients
(a1,a2,...;a.,b0,b1,....by,) . The solution determines the equilibrium pricing function W.

We use the following algorithm to solve for these coefficients.?

Step 0. Initialize k > 2. Let {21, ..., 25} be an evenly spaced grid on (—1,1) for some integer N.

Step 1. Given a positive integer k, set r = k and m = k— 1. Initialize the polynomial coefficients
¢ =(a1,a2, ..., ar, b0, b1, ..., b))

Step 2. Given 7, m, and ¢, compute the values {W(z;)},, where ¥(2) is given by (E.1).

Step 3. Derive the state space representation in (E.2) and (E.3). Use Proposition 8 to derive
the golden-rule solution to the RI problem to obtain (C,V') and 3. This step can be implemented
in CVX.

Step 4. Compute the updated pricing function values

UH(z) =GX(%)CI — Az)"'M, i =1,2,....N.

Find the updated polynomial coefficients ¢t = (af, a;, - a; , bar , bf, - b:;b +) such that the implied
rational function W+ (z) fits the set of values {U*(z;)}Y,. Here r* and m* are the maximal integers

such that a’y #0,b%, #0, 7t <k, and r* > m* + 1.

mt

Step 5. Set ¢ :=c™, r:=r*, and m := m™. Repeat Steps 2-4 until

VIR, [0 () — W (z))
ity [¥(z))

25We have applied the toolbox, Ztran, developed by Han, Tan, and Wu (2019).

< €1.
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for some prespecified tolerance level €; > 0.

Step 6. If there is no convergence in Step 5, set k := k+ 1 and go to Step 1. Otherwise, let the
solution obtained in Step 5 be U*(z). Find a rational function ¥(z) for an ARMA(r,m) process
that fits the values {U*(z;)} Z]\i , without the upper bound k restriction on the orders r and m. Check
whether the distance between the MA(oo) representations (or the impulse response functions) for
the ARMA processes implied by W(z) and ¥*(z) is within some prespecified tolerance level e; > 0.
If so, then stop; otherwise, set k := k + 1 and go to Step 1.
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Figure 1: Impulse responses of the aggregate price to a one-standard-deviation innovation in nom-

inal aggregate demand.
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Figure 2: Impulse responses of the individual price to a one-standard-deviation innovation in nom-
inal aggregate demand and idiosyncratic productivity for different innovation variances.
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Figure 3: Impulse responses of the individual price to a one-standard-deviation innovation in nom-
inal aggregate demand and idiosyncratic productivity for different persistence of shocks.
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Figure 4: Impulse responses of consumption to a one-standard-deviation innovation in various
shocks for different information cost parameter values.
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Figure 5: Impulse responses of tangible and intangible investment to a one-standard-deviation
persistent TFP shock for different information costs.
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