1 Notes on Markov Chains

A Markov chain is a finite-state process that can be characterized completely by
two objects — the finite set of states Z = {z1, ..., 2z, } and the transition matrix
Il = [m;]; ;_; ,, that describes the probability of leaving state i and entering
state j. Il must have rows that sum to 1 and are not negative:

Tij > 0
Zjﬂ'ij = 1 Vi

That is, with probability 1 you must move from state ¢ to some state j and
transition probabilities are never negative. II gives the probability of transi-
tioning between states in ¢ and t + 1; correspondingly, II" gives the probability
of transitioning between states in ¢ and t + n.

For dynamic programming purposes, we will need the transition probability
matrix to be time-invariant. We also need the invariant distribution, which
is the ”long-run” probability of being in a given state, to be unique. Markov
chains that have two properties possess unique invariant distributions.

Definition 1 State i communicates with state j if 7, > 0 and 77, > 0 for
some n > 1. A Markov chain is said to be irreducible if every pair (i,7)
commaunicate.

An irreducible Markov chain has the property that it is possible to move
from any state to any other state in a countable number of periods. Note that
we do not require that such a movement is possible in one step, so m;; = 0 is
permitted.

Definition 2 The period of state i is given by
k=ged{n: x> 0}.
If k =1 for all i the Markov chain is aperiodic.

For a Markov chain that is both irreducible and aperiodic, II possesses only
one eigenvalue of modulus 1 (that is has one such eigenvalue is a consequence of
the Perron-Frobenius theorem). It also does not possess more any absorbing
states (a state i* such that m;«;» = 1) or transient states (a state i* such
that m;+; = 0 Vj # i*). If these two conditions are satisfied, then there exists a
set of probabilities [7*],_, , that define the unconditional probability of being
in state ¢; this vector solves the eigenvalue problem

IIr* =7,

so that the invariant distribution is the eigenvector associated with the single
unitary eigenvalue after the eigenvectors are orthonormalized; given that there



is only one such eigenvector, the invariant distribution is unique. An alternative
method is to compute
= lim IT*

t—o00
which produces a matrix with identical columns, each of which is the invariant
distribution. Under the assumptions of irreducibility and aperiodicity, this limit
exists and (of course) is unique. We can interpret the invariant distribution in
two ways: (i) 7f is the unconditional probability that the chain is currently in
state 4; (ii) 7} is the probability that the chain will be in state ¢ in ¢ steps as ¢
diverges to co. For the invariant distribution, it follows that
;= Zl Ty
for each j.

Taking conditional expectations of Markov chains is trivial:

Elz z = z] E mjzj

Other moments are straightforward to compute as well, such as the variance

2
var (2|2 = z;) = E 7ng ]7(5 jm-jzj) .

The long-run mean and variance can be obtained using the invariant distri-
bution:
Elz] = Zz ;2

2
_ * 2 *
var (z) = g Ti% —(g l_ﬂ'izi> .

We can also calculate statistics like the "return time,” the expected number of
periods before the chain revisits state i:

m; = FElinf{n>1:2"=z|z =z}
1

T
One point to note is that a symmetric Markov chain with an even number
of nodes will not have its mean as a node — I suggest you use n odd in these
cases. Another point to remember is that normal are negative half the time;
to use a log-normal, approximate the normal and take exp (z) for each node.
Remember that the mean of a log-normal is pu + %02, so adjust the mean of the
underlying normal appropriately.

1.1 Tauchen’s Method

We will be interested in representing general Markov processes as Markov chains,
since they are computationally convenient (they have bounded support). For
example, take an AR(1) process

Zt = pz—1 + €



where € is white noise with variance o2. Let |p| < 1. We need to choose Z
and IT in such a way as to best approximate the continuous process for a given
n. The unconditional variance of this process is

we therefore choose z; = —mo, and z, = mo, in order to cover m standard
deviations in both directions. Choosing an evenly-spaced grid is then straight-

forward:
Zn T R1 .
—1).
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Based on standard probability results, m = 1 would cover 67 percent of the
support of the unconditional distribution, m = 2 would cover 96 percent, m = 3
would cover 99 percent, and so on. Keep in mind that there is a tradeoff — for a
given number of nodes, accuracy is lower when the range is larger (in the sense
that conditional moments may be poorly approximated).

The elements of II are chosen to match the probability of moving from z;

into the interval
1 /(z,— 2= 1 (2, —2
(zﬂ_z<n—1>’zj+2<n—1 '

For the first interval we use

—OOZ—FE Zn — 21
T \n-1

and the for the last we use

L (e
Zn 9 n—1 , 00 | .

zi =21+

That is,
1 [z, —2 1 /(z,—2
Tij = Pr(et+1§zj+2<;;11>_pzi)—Pr(et+1§zj—2<;11)
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where @ is the cdf of the standard normal. Most programming languages
provide a built-in function that evaluates ®, and others are available on the
web. Obviously we can accomodate other density functions as well.

1.2 Tauchen-Hussey

A better choice for the grid would be to use the zeros from an nth-order Hermite
polynomial, since these polynomials are used to numerically integrate normal
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random variables. That is, the approximation becomes a version of Gauss-
Hermite quadrature, which is particularly useful for computing expectations
of normal random variables because the weighting function is proportional to
the density of the standard normal. The quadrature rule is given by

> 2 N ni/m (2n)
| rwe dr = wif @) + L),

2n (2n)!

the weights and nodes for some values of N are given in the following table (the
nodes are *+x; with the same weights on both) and the rest can be obtained
using any number of publicly-available routines:

Table 1
Gauss-Hermite Quadrature

n iz w; n Z; w;
2 0.7071067811  0.8862269254 | 7  2.651961356  0.000971781245
1.673551628  0.05451558281
0.8162878828  0.4256072526
3 1.224744871  0.2954089751 0.0000000000  0.8102646175
0.000000000 1.1816359 10  3.436159118 0.0000076404
4 1.650680123  0.08131283544 2.532731674  0.001343645746

0.5246476232
5 2.020182870
0.9585724646
0.0000000000

0.8049140900
0.01995324205

0.3936193231

0.9453087204

1.756683649
1.036610829
0.3429013272

0.03387439445
0.2401386110
0.6108626337

To apply Gauss-Hermite quadrature to expectations of functions of nonstandard
normal random variables, we simply use the linear change of variables

and compute

/ Sy o)

% ;wif (U\/ixi + u) .

Unfortunately, we cannot blindly use Gauss-Hermite quadrature, because
the nodes used would be conditional on the current value and this dependence
would propagate forward and make the number of states very large (in fact,
they would nearly fill the real line). To fix this we renormalize by conditioning
on the current nodes. The expectation becomes

E(Z)|z=2z]= in,jv (5)



where

z; = V20?z; + (1 - p)Z+ pzi
I iwﬂs(zﬂzi)

" Vo (2]2)
_ As
Aij = 2

2o Aig

and z; and w; are the nodes and weights for the nth order Hermite polynomial
and ¢ is the standard normal pdf. Essentially we create the transition matrix

as
n
1= El}j]i,j:1
and the realizations are the z;. The benefit of this approach is that it pro-
vides a better approximation in the tails of the distribution, since the nodes are
concentrated there. The Tauchen-Hussey programs, available on the web in
Fortran and Matlab, implement this procedure for vector processes.

1.3 Floden’s Method

For extremely persistent processes, Floden recommends using

2

op = wol+ (1 —-w)o?

w = 05+0.25p
as the ”variance” that goes into the Markov chain approximation. A Matlab
program to implement this approximation procedure is available at Martin’s

website. The advantage is that it approximates the conditional moments at
the extreme nodes better than the blind Tauchen-Hussey approach.

1.4 Rouwenhorst’s Method

Recently Kopecky and Suen have resurrected the Rouwenhorst method of ap-
proximating an AR(1). Let

14y
P—Q—iz .

Then the N state transition matrix can be constructed using the recursion

1. For N = 2, set

_ p 1l-p
ng_{l_q ) ]

2. For N > 3, construct

Myt Ox . [Ov Tnal,,. [ 05 o0 0
[ oL 0 ]Hl p)[ 0 of }Hl q){HN_1 ox | 79| oy



3. Divide all rows except the top and bottom by 2 to obtain Iy.

The realizations are set to be evenly spaced between z; = —1 and zy = ¥
with ¢ = 0,/ N — 1. This approach seems to be the best approximation, in
terms of reproducing the conditional and unconditional moments closely.



