
Homework #4

Mathematical Methods II

Spring 2009

1. This problem studies the consumption/savings problem faced by a consumer who must allo-

cate his savings between a variety of assets with differing risk characteristics. Let Wt be the

consumer’s wealth at the beginning of period t. For simplicity, suppose that there are two

assets, asset A and asset B. Let Qjt, j = A,B, denote the amount that the consumer invests

in asset j in period t. The consumer’s wealth evolves according to the following equation:

Wt+1 = RA,t+1QAt +RB,t+1QBt

where Rj,t+1 is the gross rate of return on asset j between periods t and t+ 1. Define Rt =

[RAt RBt]
′. Assume that {Rt}∞t=1 is a sequence of independently and identically distributed

random vectors, each with cumulative distribution function F . Although the consumer does

not observe the vector of returns Rt+1 when he makes his period t savings decisions, he does

know the cdf which governs realizations of this vector.

Let

ct ≡Wt −QAt −QBt

be the consumer’s level of consumption in period t. The consumer’s preferences over streams

of consumption {ct}∞t=0 are given by

E0

[ ∞∑
t=0

βtu (ct)

]

where 0 < β < 1 and u (c) satisfies continuous differentiability, strict increasing monotonic-

ity, and strict concavity. The consumer seeks to solve the following dynamic optimization

problem:

max
{QAt,QBt}∞t=0

E0

[ ∞∑
t=0

βtu (ct)

]

subject to the wealth evolution equation, given the cdf F and an initial level of wealth W0.

1. Display the Bellman equation for the problem.



The Bellman equation is

v (W ) = max
QA,QB

{
u (W −QA −QB) + βE

[
v
(
R′AQA +R′BQB

)]}
.

2. Derive the two Euler equations for this problem.

The first-order conditions for the choice of assets are

−u′ (W −QA −QB) + βE
[
v′
(
R′AQA +R′BQB

)
R′A
]

= 0

−u′ (W −QA −QB) + βE
[
v′
(
R′AQA +R′BQB

)
R′B
]

= 0.

The envelope condition is

v′ (W ) = u′ (W −QA −QB) .

The resulting Euler equations are

−u′ (W −QA −QB) + βE
[
u′
(
R′AQA +R′BQB −Q′A −Q′B

)
R′A
]

= 0

−u′ (W −QA −QB) + βE
[
u′
(
R′AQA +R′BQB −Q′A −Q′B

)
R′B
]

= 0.

3. Use your answer from part (b) to show that

E
[
u′
(
c′
) (
R′B −R′A

)]
= 0

and that

−u′ (c) (QA +QB) + βE
[
u′
(
c′
)
W ′
]

= 0.

Setting both Euler equations equal to each other yields

−u′ (c) + βE
[
u′
(
c′
)
R′A
]

= −u′
(
c′
)

+ βE
[
u′
(
c′
)
R′B
]

which implies

E
[
u′
(
c′
) (
R′B −R′A

)]
= 0.
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Multiplying the Euler equations by QA and QB respectively yields

−u′ (c)QA + βE
[
u′
(
c′
)
R′AQA

]
= 0

−u′ (c)QB + βE
[
u′
(
c′
)
R′BQB

]
= 0.

Adding these together and using

W ′ = R′AQA +R′BQB

yields

−u′ (c) (QA +QB) + βE
[
u′
(
c′
)
W ′
]

= 0.

4. Let u (c) = log (c). Let asset A be riskless with gross return RAt = R ∀t. Let

RBt = R+zt, where {zt} is an iid sequence of random variables with known cdf. Define

st ≡
QAt +QBt

Wt

and

θt =
QBt

QAt +QBt
;

st is the savings rate in period t and θt is the fraction of savings invested in the risky

asset in period t. Use the results from part (c) to show that st and θt are both constant

over time. Determine the constant value of st and find an equation that determines the

constant value of θt.

Let

Wt+1 = RQAt +RQBt + zt+1QBt

ct = Wt −QAt −QBt

ct+1 = (R− 1)QAt + (R− 1)QBt + zt+1QBt.
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From part (c) we have

Et

[
zt+1

(R− 1)QAt + (R− 1)QBt + zt+1QBt

]
= 0

− (QAt +QBt)
Wt −QAt −QBt

+ βEt

[
RQAt +RQBt + zt+1QBt

(R− 1)QAt + (R− 1)QBt + zt+1QBt

]
= 0.

Note that

Wt+1 = R (1− θt) stWt + (R+ zt+1) θtstWt.

We can rewrite the problem as

max
{St,θt}∞t=0

E0

∞∑
t=0

βt log (Wt − St)

subject to

Wt+1 = R (1− θt)St + (R+ zt+1) θtSt

where St = stWt. The Euler equations for this problem are

− 1
Wt − St

+ βEt

[
R+ zt+1θt
Wt+1 − St+1

]
= 0

βEt

[
Stzt+1

Wt+1 − St+1

]
= 0.

We guess that

St = πWt

where π is undetermined. This implies

Et

[
Stzt+1

Wt+1 − πWt

]
=

1
1− π

Et

[
Stzt+1

Wt+1

]
= 0

or

Et

[
zt+1

R+ zt+1θt

]
= 0.

This equation determines θt = θ∗ ∀t, since zt is iid. We must now verify that St = πWt.

Inserting this into the other Euler equation yields

− 1
Wt − πWt

+ βEt

[
R+ zt+1θ

∗

Wt+1 − πWt+1

]
= 0
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or

− 1
Wt

+ βEt

[
R+ zt+1θ

∗

Wt+1

]
= 0.

Using the definition of Wt+1 we arrive at

−1 +
β

π
Et

[
R+ zt+1θ

∗

R+ zt+1θ
∗

]
= 0

which implies

π = β.

Therefore, the solution is

St = βWt

or

st = β.

5. Now suppose that R = 1 and that zt is uniformly distributed on the interval [−0.2, H],

where H ≥ 0.2. (Note that if a random variable is distributed uniformly on the interval

[a, b] then its density function is equal to (b− a)−1 on this interval.) For what value

of H does the fraction of savings invested in the risky asset equal 0.5? What happens

to this fraction as H approaches 0.2? Give an intuitive explanation for your answer.

Hint: The following fact may prove useful:

∫
x

ax+ b
dx =

1
a
x− b

a2
log (ax+ b) .

Start with the Euler relation

Et

[
zt+1

R+ zt+1θ
∗

]
= 0.

With R = 1 this implies

Et

[
zt+1

1 + zt+1θ
∗

]
= 0.
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Computing the expectation yields

∫ H

−0.2

zt+1

1 + zt+1θ
∗

1
H + 0.2

dzt+1 = 0

1
H + 0.2

[
zt+1

θ∗
− 1

(θ∗)2
log (1 + θ∗zt+1)

]H
−0.2

= 0.

Evaluating this expression yields the equation

H + 0.2− 1
θ∗

[log (1 + θ∗H)− log (1− 0.2θ∗)] = 0.

We can solve this numerically using fzero; for θ∗ = 0.5 we find H = 0.2143. As

H → 0.2 θ∗ → 0. Intuitively, as H → 0.2 the risky asset approaches a mean preserving

spread of the riskless asset. With concavity of the utility function, the agent will prefer

the riskless asset.

2. Consider the dynamic program

P (x) = max
a

{
xTQx+ aTRa+ 2aTWx+ βE

[
P
(
x′
)
|x
]}

where Q, R, and W are matrices such that the return function is jointly strictly concave in

(x, a) and

x′ = Ax+Ba+ ε

ε ∼ N (0,Σ)

for some positive semidefinite matrix Σ. Both Q and R are symmetric.

1. Prove that the policy function a = π (x) is independent of Σ.

Since the return function is quadratic, existence of the value function can be obtained

by setting φ (x) = 1 and assuming β < 1. Then monotonicity and discounting constants

are immediate: if P1 and P2 are such that P1 (x) ≥ P2 (x) holds ∀x, then

(TP1) (x) = max
a

{
xTQx+ aTRa+ 2aTWx+ βE

[
P1

(
x′
)
|x
]}

≥ max
a

{
xTQx+ aTRa+ 2aTWx+ βE

[
P2

(
x′
)
|x
]}

= (TP2) (x)
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and

(T (P + Z)) (x) = max
a

{
xTQx+ aTRa+ 2aTWx+ βE

[
P
(
x′
)

+ Z|x
]}

= max
a

{
xTQx+ aTRa+ 2aTWx+ βE

[
P1

(
x′
)
|x
]}

+ βZ

= (TP ) (x) + βZ.

Therefore, the value function is the unique solution to the Bellman equation. Guessing

that

P (x) = xTPx+ d

we obtain

xTPx+ d = max
a

{
xTQx+ aTRa+ 2aTWx+ βE

[(
xTAT + aTBT + εT

)
P (Ax+Ba+ ε) + d|x

]}

= max
a


xTQx+ aTRa+ 2aTWx+

βE

 xTATPAx+ xTATPBa+ xTATPε+

aTBTPAx+ aTBTPBa+ aTBTPε+ εTPAx+ εTPBa+ εTPε+ d|x




= max
a

 xTQx+ aTRa+ 2aTWx+ βxTATPAx+

βxTATPBa+ βaTBTPAx+ βaTBTPBa

+ βE
[
εTPε

]
+ βd

= max
a

 xTQx+ aTRa+ 2aTWx+ βxTATPAx+

βxTATPBa+ βaTBTPAx+ βaTBTPBa

+ β trace (PΣ) + βd.

The Bellman operator preserves concavity, so xTPx must be concave, meaning that P

is negative definite. The first-order conditions are therefore necessary and sufficient:

(
R+ βBTPB

)
a+

(
W + βBTPA

)
x = 0.

The optimal action is

a∗ = π (x) = −
(
R+ βBTPB

)−1 (
W + βBTPA

)
x.
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Substituting into the problem yields

xTPx+ d = xTQx+ xT
(
W T + βATPB

) (
R+ βBTPB

)−1
R
(
R+ βBTPB

)−1 (
W + βBTPA

)
x−

2xT
(
W T + βATPB

) (
R+ βBTPB

)−1
Wx+

βxTATPAx− βxTATPB
(
R+ βBTPB

)−1 (
W + βBTPA

)
x−

βxT
(
W T + βATPB

) (
R+ βBTPB

)−1
BTPAx+

βxT
(
W T + βATPB

) (
R+ βBTPB

)−1
BTPB

(
R+ βBTPB

)−1 (
W + βBTPA

)
x+

β trace (PΣ) + βd.

Matching matrices yields that P satisfies

P = Q+
(
W T + βATPB

) (
R+ βBTPB

)−1
R
(
R+ βBTPB

)−1 (
W + βBTPA

)
−

2
(
W T + βATPB

) (
R+ βBTPB

)−1
W +

βATPA− βATPB
(
R+ βBTPB

)−1 (
W + βBTPA

)
−

β
(
W T + βATPB

) (
R+ βBTPB

)−1
BTPA+

β
(
W T + βATPB

) (
R+ βBTPB

)−1
BTPB

(
R+ βBTPB

)−1 (
W + βBTPA

)
,

which is independent of Σ; therefore π (x) is independent of Σ as well.

2. Suppose that Σ is diagonal. Prove that lifetime utility is decreasing in the variance of

each element of ε.

The constant term in the value function satisfies

d = β trace (PΣ) + βd

so that

d =
β

1− β
trace (PΣ) .

P is negative definite and Σ is positive semidefinite, so trace (PΣ) < 0. Let Σ1 and

Σ2 be diagonal with Σ1 (j, j) > Σ2 (j, j); that is, the variance of the jth element of ε is

strictly higher under Σ1 than Σ2. Then the trace of trace (PΣ1) < trace (PΣ2), since

trace (PΣ) =
∑
i

P (i, i) Σ (i, i)
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whenever Σ is diagonal and P (i, i) < 0. Therefore, P (x) is decreasing in the diagonal

elements of Σ.

3. Prove that the decision rules in part a) are the same as the decision rules in a version

of the problem where x′ is replaced with E [x′|x]. This property is called certainty

equivalence.

The value function will again be quadratic, so the new problem is

xTPx+ d = max
a

 xTQx+ aTRa+ 2aTWx+

β
(
xTAT + aTBT + E

[
εT |x

])
P (Ax+Ba+ E [ε|x]) + βd


= max

a

 xTQx+ aTRa+ 2aTWx+ βxTATPAx+

βxTATPBa+ βaTBTPAx+ βaTBTPBa+ βd

 .

The first-order conditions are identical to the ones in part a), and so is the matrix

equation that defines P . The only difference is that d = 0 is the constant term here.
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