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Mathematical Methods 11
Spring 2009

1. Dynamic programming involves iterating on the Bellman operator

(Tw) (z) = max) {r(z,a) + pw (t (z,a))}

a€l(z

to convergence. Consider the alternative operator

(Trw) (x) = 7 (z, 7 () + Pw (¢ (z, 7 (2))) ,

for some specified policy function 7 (x). Assume that 8 < 1, r is bounded
and continuous, and t is continuous.

()

Prove that T} is a strict contraction mapping on the space of contin-
uous and bounded functions for any .

Since r is bounded we are free to choose ¢ () = 1. Let v () > w (x)
Vz. Then

(Trv) (z) = r(z,m(2))+Po(t(z,7(z)))
r(z,m(2)) + Pw (t(z, 7 (z)))
(Trw) (x).

Now let A be a constant function. Then
r(z,m(z)+ B (w(t(z,7(z)))+ A)

t ™
= r(z,7(z)) + P (t(z,7(z))) + LA
(Trw) (z) + BA.

Y

(Tr (w + A)) (2)

Having verified both Blackwell-Boyd conditions we prove that T is
a strict contraction mapping.

In practice we cannot carry out the Bellman iterations exactly —
we must carry out iterations on an approximation to the current w
function. Consider approximations L that map functions w into a
family of functions F' that satisfy two conditions. First, they are
projections: Lo L = L (that is, if w € F then Lw = w). Second,
they are nonexpansive:

[[Lv = Lw|[ < [v—w|[4
Yv,w. Define
(Tw) @) = [(LoT)(w)] ()
[L ( max) {r(z,a) + Pw (¢ (x,a))})] (z)

a€l(z



to be the Bellman operator on approximated functions. Let v*
denote the true value function and v, denote the fixed point of 7.
Show that

0" (2) = vx (2) < (Be +[|v" = Lv*|l,)

2
2
(1-5)
for some € > 0.
First, by the triangle inequality we have

" — Vx| < Hv* —fnvoH + Hf"vo — Uy
o0

oo

By the triangle inequality and the contraction mapping theorem, we
have

[lv" —onlle £ (0" = Tonllo + TN — on]| o
< Bl —onlle + [ Tvw — onllo
so that
(L= V" —vnlloe < [Ton — il -
Now

I Ton —vN+1ll + oN+1 — oN ]l
llont1 = Ton|| + Bllon —on-1lls
= ||LTUN 7T”UN||OO +ﬂ€.

[[Tvn — vn ||

IN A

Thus, we have

(1=0)||v" —un||ly < Be+||[LTon — Ton||, -
Next, by the triangle inequality we have

lon = vrlloe < lon = Ton|l o + [[Ton — vrll -
By the definition of T, we have

Toy (x) = Jax, {r(z,a) + Bon (t(z,a))}

and from the definition of T, we have
Tron (z) =7 (2,7 (2)) + Bun (L (2,7 (2))) -

Since m maximizes given vy, Tvy = Trvy. Thus, since T, is a
contraction we have

||T'UN _UTrHoo < ||T7TUN _TwUﬂHoo < ﬁHUN _UWHOO .



Therefore,
lon = vrlloe < llov = Ton|lo + Bllon — vxll

or
(1 =B) o~ = vallo < llow = Ton|l, -

By the previous result we can conclude

(L =B) llow = vxllo < Be+ || LTvn — Ton|l, -
Combining our inequalities leads to

(1 =B) [[v" = vlloe < 2(Be+ [[LTvn — Ton|l)

which can be rearranged to obtain the error bound condition.

(¢) Interpret the error bound condition.

The condition states that the difference between the true value func-
tion and the value function obtained using the approximation is
bounded by a multiple of the distance between the true value func-
tion and the approximation to the true value function, letting ¢ — 0.
That multiple is smaller when the operator T is "more contractive”
(that is, when f is smaller).

2. Consider the dynamic program

v (z) = max {Qz® + Ra® + 2Wazx + Bv (z')}

with law of motion
2’ = Az + Ba.

Assume that (@, R, W) are such that the objective function is strictly
increasing and strictly concave over the relevant ranges for (z,a). Both
z and a are scalars.

(a) Prove that the value function takes the form
v(z) = Pa?
and the decision rule takes the form
a(x) = Fx.
Substituting those guesses into the Bellman equation yields
Pz? = max {Qx2 + Ra* + 2Waz + BP (Az + Ba)Q} .
The first-order condition is

2Ra + 2Wzx + 2BSP (Az + Ba) = 0.



Solving for a yields

W + BBPA

Inserting this into the Bellman equation yields

W + B3BPA\? W + BBPA W + BBPA\\?>
2 2 2 2 _ 2
Pz = Qz“*+R (-i-ﬂ 5 ) = —2W <+ﬂ 5 | ® +8P|(A—B 7—|—ﬂ 5 z°.

P is therefore a solution to

3 W + BBPA\? W + BBPA W+ 3BPAY\®
PQ+R<R+6PB2> 2W<R+5PB2 >+6P<AB<R+6PB2 >) '

Does P exist? Is P unique? What is the sign of P?

To prove that P exists and must be unique, we only need to show
that iterations on the Bellman operator produce a contraction on a
Banach space. It is clear that if v (z) is quadratic then (Tw) (z) is
also quadratic and that the limit of a sequence of quadratic functions
is also quadratic; since quadratic functions are ¢-bounded by the con-
stant function, we only need to prove that the operation is monotone

and contracts constant functions. Monotonicity: let Py, P, be such
that Pyz? > Pox?® Vz. Then

(TP) () = max{Qa®+ Ra® + 2Waz + 5Py («/)°}

Y

max {Qx2 + Ra® + 2Waz + 3P, (xl)Q}
(TPhy) (z).

Discounting constant functions: let Z be a constant function. Then
(T(P+2)(x) = max {Qx2 + Ra® + 2Waz + 8 (P (2')? + Z)}

= max {sz + Ra® + 2Waz + B3P (9:’)2} + BZ
= (TP)(z)+pZ.

Thus, the Bellman operator is a contraction, so P exists and must
be unique. The Bellman operator preserves concavity, so P must
be negative since we can start the iterations with P = 0 (a concave
function).

Assume that Q = —1, R= -2, and W =0. Let 8 =0.96, A = 0.5,
and B =0.1. Compute P and F', where

a* (z) = —Fux.



Iterating on the Bellman operator yields the solution P = —1.3132
and

W + BBPA

R+ BPB?
= 0.0313.

F =



