1 Stochastic Dynamic Programming

Formally, a stochastic dynamic program has the same components as a deter-
ministic one; the only modification is to the state transition equation. When
events in the future are uncertain, the state does not evolve deterministically;
instead, states and actions today lead to a distribution over possible states in
the future. We'll assume that P (B, z,a) is the induced probability that tomor-
row’s state will lie in the set B given that today’s state is x and today’s action
is a.

Let’s take a look at the Bellman equation for a stochastic dynamic program:

v(z) = max {r(z,a)—l—/Xv(a:')P(d:c',x,a)}.

a€l(x)

We have to relate this expression to

V(xo) = max Ey Z Blr (24, a:),
t=0

{ztyat}?io

the value function defined over the sequential problem. It turns out to be a
bit more work than it was before because we need to be clear how to construct
expectations. There are three important concepts buried in here that we need
— conditional expectations, expectations over sequences of events that unfold
over time, and the law of iterated expectations. To understand these concepts
formally we need to take a detour into measure theory.

1.1 Measure Theory Detour

Definition 1 Let S be a space. A family F of subsets of S is called a o-
algebra if (i) A € F implies S\A € F; (i) if A, € F Vn then U2, A, € F;
and (iii) S € F. The pair (S, F) is called a measurable space.

Note that because the union of sets is equal to the intersection of the com-
plements of those sets, o-algebras are also closed under intersections. Also,
0 € F because ) = S\S and S € F. The largest o-algebra on S consists of all
subsets of S and the smallest consists of S and the empty set. The o-algebra
generated by open sets (meaning that it is obtained by taking open sets and
then adding whatever is needed to make the collection closed under unions and
complements) is called the Borel field and is typically denoted B (S) (or B™ if
S =R"); this field contains all open and closed sets as well as arbitrary unions
of open sets and arbitrary intersections of closed sets (but not arbitrary unions
of closed sets or arbitrary intersections of open sets, only countable ones). The
restriction of B™ to a subset of R™ is also a o-algebra. One vocabulary word
you may come across: the probability space (S, B(S)) where S is a complete
metric space is called a Polish space.

Definition 2 A sequence of o-algebras {F,}, with Fy C Fi41 is called a filtra-
tion.



Filtrations are the natural method for expressing the flow of information.
To see this, let’s imagine a world that lasts two periods. Before period 1 nature
selects a sequence of two outcomes, good or bad, in each period. Thus, the
space of outcomes is

S={(G,G)U(G,B)U(B,G)U (B,B)}.

at time 0 the agent knows only that nature chose; therefore, the appropriate
o-algebra is

Fo=10,5}.

At time 1 the first part is revealed, meaning that the agent now has the o-algebra
F1=H{(G G u(G B)} A{(B,G)U(B,B)},0,5}.
Finally, at time 2 everything is revealed, yielding
F»={(G,G),(G,B),(B,G),(B,B),0,S}

unioned with all the appropriate unions and complements (which take up too
much space to write out). Note that Fo C F1 C Fa, so that this sequence is a
filtration.

Definition 3 A probability measure on (S, F) is a mapping pn : F — [0,1]
such that (i) p(0) = 0; () p (U1 An) =Y 00 w(Ay) if AyNAy, =0VYn#m
and A, € F; and (i) p(S) = 1.

Thus, p(A) is interpreted as the probability of event A. Measures are
monotone: x4 (A4) < p(B)if AC B. Also, if {A,} C Fand A; C A3 C ---
and A = U, Ay, then p(A,) / u(A). Also, if {4,} C Fand A; D A2 D ---
and A = Ny Ay, then u(A4,) \, £ (A4). And finally, for any collection of sets
{A4,}°, C F we have

14 (UnAn) < Zn 14 (An)

where the A,, may not be disjoint. You will prove these facts for homework.
Definition 4 A triple (S,F,u) is called a probability space.

The key thing we need are concepts of integration and random variables. In
particular, we need to know how to decide whether a function can be integrated
with respect to a particular o-algebra.

Definition 5 Let (S, F) and (T,G) be measurable spaces. A function f: S —
T is measurable if and only if VA € G we have f~1(A) € F, where

fHA) ={s€S:f(s) € A}.



In particular, if we have F = B™ then f is measurable if and only if the sets
{seS:f(s)<r}

are contained in F for each r. Any continuous function is measurable, since
those sets are all closed and thus must be in B™; measurability is "not quite”
continuity however: functions which are measurable on a set can be shown to
be within € of a step function and within € of a continuous function, but there
is still a "gap.” This notion leads directly to the idea of a random variable.

Definition 6 If (S, F,u) is a probability space and f : S — R™ is measurable,
then we call f a random variable.

It is straightforward to apply the definition of measurability to prove the
following facts:

Proposition 7 Suppose f, : S — R is measurable Vn and that f,, (x) — f(x)
Vz. Then f is measurable.

Proposition 8 If f : S — R is measurable and g : R — R then go f is
measurable where (go f)(s) =g (f (s)).

Proposition 9 If f : S — R and g : S — R are measurable then f + g and
f — g are measurable.

Proposition 10 If f : S — R is measurable and a is a constant, then of is
measurable.

Proposition 11 If f : S — R and g : S — R are measurable, then fg is
measurable where (fg)(s) = f(s)g(s). f/g is measurable if g(s) # 0 Vs,
where (f/9) (s) = f (s) /g (s)-

To define integration, we need to define some types of functions.

Definition 12 A function 14 : S — R is called the indicator function for
A (sometimes called the characteristic function of A) if it takes the form

we={4 15

A function f: S — R is called a stimple function if it takes the form
fls) = aila,(s)
i=1

for some real numbers {«;} and disjoint sets A; such that U;A; = S.



Indicator functions are nonzero only over the set A, and simple functions are
step functions created through linear combinations of indicator functions over
disjoint sets. It is straightforward to see that indicator functions are measurable
if and only if A € F; that is, the o-algebra must allow you to ”identify” whether
the set A "happened” or not. To see this, consider r > 1; then

{seS:1la(s)<r}=SeF

because indicator functions always take values less than or equal to 1. For
r < 0 we have
{seS:1la(s)<r}=0¢eF.

For any r € (0,1) we have
{s€8:14(s) <r}=5\A4,

so that 14 is measurable if and only if A € F (because it needs to have S\A €
F). Simple functions are measurable if and only if every A; € F; that is, we
need to be able to identify whether each A; happened.

We then define the Lebesgue integral of a simple function f (which is
nonnegative) as

/NWWM:ZMM&%

the notation p (ds) is meant to make clear that we are summing the height of
the simple function times the size of the interval ds. If f is both positive and
negative we simply define the positive and negative parts separately and then
put them together:

er(S):{f(S) if f(s)=>0

0 otherwise
. (5) it f(s)
N _ ) —f(s if f(s)<0
fm ()= { 0 otherwise
so that

[t = [ 1@ uts)+ [ 1 5.

This function is not measurable if both terms are infinite.
For 'nonsimple’ functions we define their integral as the limit of the integrals
of simple functions that ’fit under’ f. That is,

/f (s)p(ds) = Sl;p {/g(s)u (ds) : g is a simple function and 0 < g (s) < f(s) VS.}

Again, to integrate a function that has both negative and positive parts we
simply do each piece separately and ”reassemble” them.

Definition 13 A function f is integrable if [ f (s)p(ds) < co.



It is straightforward to see that

/f@MMﬁ=/f@LM@M%%
A

which is the notion of integrating over a limited domain; obviously, if f is
integrable over S it is integrable over any subset of S. One helpful property
that we will use later is the fact that

\/f@uu@

s/ﬁ@nmww

this is just an application of the triangle inequality. Other facts are equally
easy to establish, once we note the property of ”almost everywhere.”

Definition 14 A property P of f is said to hold almost everywhere (a.e) if
the set
P¢={seS: f(s) does not have property P}

has measure p (P°) = 0.
We then can easily establish the following.

Proposition 15 Let f,g be integrable. Then f+g is integrable, af is integrable
Ya, and

[ura@uas) = [rou@s+ g6
[@nou@s) = afrenas.

Proposition 16 If f = 0 almost everywhere, then [ f(s)pu(ds) = 0.
Proposition 17 If f < g almost everywhere, then [ f (s)pu(ds) < [ g(s) pu(ds).
Proposition 18 If f = g almost everywhere, then [ f (s) u(ds) = [ g(s) p(ds).

Proposition 19 If f > 0 and p({s € S: f(s) > 0}) > 0 then [ f(s)u(ds) >
0.

Now we will define a space that will be relevant for our application to dy-
namic programming.

Definition 20 Let (S,F, i) be a probability space. The space L' (S,F,u) is
the space of all functions that are integrable with respect to p.

We will now prove that L' is a Banach space. The proof requires two
theorems.



Theorem 21 (Monotone Convergence Theorem) Suppose E is a measur-
able set. Let {fn} be a sequence of measurable functions such that

0< fi(e) < falz) <--

forxz € E. Let f be defined by f, (x) — f(x) asn — oo. Then

[t utde) = [ f @) utdo).

Proof. Asn — oo,

Lhwmw@Ha

for some «; since [ fn, < [ f, we have

o< [ f@na).

Choose ¢ such that 0 < ¢ < 1 and let s be a simple measurable function such
that 0 < s < f. Put

E,={z: fo(x) >cs(x)}.
By monotonicity, £y C E5 C --- and by the convergence of f, to f we have
E=U E,.

For every n,

[ @unz [ fi@anze [ @),
E n

E,

Let n — o0o; since the integral is countably additive set function we can obtain

a> c/ s(x)p(dx).
E
Letting ¢ — 1 we have
a> /Es(:v)u(d:v)
Therefore,
o> [ @),

Theorem 22 (Fatou’s Lemma) Suppose E is measurable. If {fn} is a
sequence of nonnegative measurable functions and

f (@) =1im inf {f (@)}



then
/f w(dz) <lim inf fn () p(dz) .
E

n—oo

Proof. Set g, () = inf;>, {fi (x)}. gn is measurable on E and

0 < gi(z)<ga(x)<---
gn(z) < fo(z)
gn (@) — f(2).

Therefore, by the Monotone Convergence Theorem

[ ont@utdn) — [ fan)

The conclusion is now immediate. M

Theorem 23 (Riesz-Fischer Theorem) L' is a Banach space.

Proof. We need to show that if {f.} is a Cauchy sequence in L', then there
evists f € L' such that {f,} — f in L*. Since f, is Cauchy, there exists a
sequence {ny}, k =1,2, ..., such that

1
ank _fmc+1H < 2_k

Choose g € L*. By the Schwarz inequality

/ }g (fnk - fmc+1)|,“(d517) < %
X

Hence,
g(fnk_fmc+1) M(d$)§||9||
> /| |

Interchanging the order of integration and summation, we have
o
DY | i (2) = frpey (2)] < 00
k=1
almost everywhere on X. Therefore,
)
Z |fmc (CL‘) - fnk+1 (CL‘)| < 90,
k=1

for otherwise we could take g (x) # 0 on a subset of E of positive measure and
contradict the previous inequality. Since the kth partial sum of

D (frs @) = fur (@)
k=1



18
fnk+1 (.I) - fnk (I)

and the series converges almost everywhere on X, we have
f @)= Jim o, (@)
— 00

defines f (x) for almost all x € X ; it does not matter how we define f (x) on
those other points.

To show that f has the desired properties, let € > 0 be given and choose N
such that n > N and m > N implies || fr, — fm|| < € (which is possible because
fn is Cauchy). If ng, > N, Fatou’s lemma shows that

||fn _f'ﬂkH < hzfgégfﬂfm _fnkH <e

Thus, f — fn, € L' and since f = (f — fm) + fn,, we have f € L'. Since € is
arbitrary,

Tim [[f ~ f,, ]| =0.
Finally, the inequality

= full < Nf = frill + 1 fne = fll

shows that f, converges to f in L', for if we take n and ny large enough each
of the terms on the RHS can be made small. m

This point will be useful, because it will enable us to apply the CMT to
a stochastic dynamic programming problem. The final step is to define an
expectation, which is of course just an integral.

Definition 24 Let (S, F, u) be a probability space. If f: S — R is a random
variable then the expectation of f with respect to u is defined to be

B, [f] :/f(S)u(dS)-

When the measure is not ambiguous, it will be dropped from the expression
leaving just F [f]. What we are interested in is the conditional expectation of a
random variable, which is a bit more challenging to define since we must worry
about the possibility that our conditioning event has probability 0 (say, if it is
continuous). What we will do is define a conditional expectation as a random
variable over a o-algebra that is smaller than F so that G C F; that is, any set
that is measurable with respect to G is also measurable with respect to F.

Definition 25 A measurable partition of S is a collection G of subsets of
S such that (i) GNG' =0 VG € G; (ii) UgegG = S; and (i1i) G € F if G € G.



If g is a measurable function with respect to G, then g must take on constant
values over sets in G. This idea makes sense as a theory of information — if
G is to represent the ”things you know” then any function which you can take
expectations of must not provide you any information about stuff you don’t;
that is, it cannot take on different values inside sets G because then you would
know more than you do. We can now define a conditional expectation.

Definition 26 The conditional expectation of f relative to G is a function
E, [f;G](s) that is measurable with respect to G and that satisfies the require-

ment
| Bisa e = [ 16

It can be shown that E, [f;G] defined in this way is unique up to a set of
measure zero. Since E, [f; G] must take on a constant value over G, we have

[ Ealssol()utds) = B.(r:6) [ wlas
G G
= B.AGR(G).

If 1 (G) > 0, we have the familiar expression

for any G € G.

fig) = Ja 11 (@),

Fulfidl =)

if ©(G) =0, we still can employ this concept although we cannot solve for the
expression analytically. Conditional probabilities are then obtained by letting
f be an indicator function:

Jo1a(s)p(ds)
1 (G)

has the interpretation as the probability of event A conditional on G, provided
again that u (G) > 0.

The law of iterated expectations can now be defined. Suppose we have two
o-algebras contained in F such that G; C Gs. Define the random variables
E.[f;G1](s) and E, [f;G2] (s), which are the conditional expectations with re-
spect to each o-algebra. By definition we therefore have

[ Bl () utas) = [ 7 ntas
G G

over any set G € G;. Let’s now consider the conditional expectation of
E,. [f;G2] (s) with respect to G, which must by definition be

E;L [1A;g] =

/E ATIAL 1@mm=4Em%mmww



Since G € Gy implies G € Gy the RHS is

/ E ;] (s) p (ds) = / £ (s) 1 (ds).
G G

For any G € G; we must also have

/ E[f:G1] (s)  (ds) = / £ () e (ds).
G G

Therefore, for any G € G;

| BB G160 () = [ BIFG 6 nlds).
G G

In the sequential problem this law enables us to get rid of expectations of future
events with respect to information we gain only in the future; that is, taking
the expectation with respect to information today is not inconsistent with the
fact that the agent knows that some things will be learned and used to form
expectations in the future.

We can now be very precise about the term stochastic transition.

Definition 27 A mapping P : F x X x A — [0, 1] is a stochastic transition
function on (X, F) if, Ve € X and a € A, P(-,x,a) is a probability measure
on F and for each B € F P(B,-,-) is a measurable function on X x A.

An important class of stochastic processes are called Markov processes with
stationary transitions. ’'Markov’ means that the transition probabilities only
depend on a finite history of past realizations and ’stationary’ means that cal-
ender time is irrelevant. These notions are important for dynamic program-
ming, as they imply that ¢ is again irrelevant and that the state vector is finite-
dimensional. Some familiar stochastic processes are Markovian with stationary
transitions. For example, let @ (x) denote the cdf of a standard normal. Then
the transition function

P{a' 12/ <r},2)=1-®(r — px)
describes an AR(1) process
Ti41 = Pt + €141

with €11 ~ iid N (0,1). Another familiar and useful stochastic process is a
Markov chain, which arises when X is a finite set. The transition function is
usually written as P = [p;]; ;_,  y, with the interpretation that

pij = Pr{zip1 =z 1 2y = 35}

to be consistent with rules of probability requires p;; > 0 and ), p;; = 1.

10



Stochastic transition functions can be used to define probability measures
over sequences, which need to do to define the sequential problem. That is, we
can define

uT(B;xO):/ / / P (dxp,xp—1) P(dep—1,27-9) - P (dx1, 20)
Al J Ao Ar

as the probability of B given the initial state xg, so
J%s (-;,To) = PI’{,Tl € Al,JJg € AQ, cee L, T € AT|£L'Q}.

It is not hard to show that p is in fact a probability measure on F7 = F@ F®
- ®F. As T — oo we can define u,, which is technically not a measure on
JF**° but something a bit weaker; we use the o-algebra H which is the smallest
o-algebra that contains all finite unions of sets of the form

B=A1 x Ay x A3 X -+ X Ap x X x X ---

where A; € F for each ¢ and all but finitely many of the sets equal X so that

Hoo (B;ZCO)Z/ / / P (dxp,x7-1) P (der—1,27-2) - - P (dr1,20)
A1 J Ao At

where T is the largest date beyond which A; = X V¢ > T. We can uniquely
extend this measure to all events (that is, those that do not require A, = X
V¢t > T) in ‘H using one of the Hahn-Caratheodory extension theorems.

For a Markov chain pp is straightforward to see — it is just the transition
matrix raised to the T power, so that

Pr{zr = zjlxg =2} = piTja

the (i, j)th element of PT (not the (i, j)th element of P raised to the T power).
Under certain circumstances P°° exists and is unique and therefore can be
used to formulate expectations over infinite sequences; this matrix defines the
invariant distribution of the Markov chain (the unconditional distribution of
states).

For P> to exist we need to rule out the existence of cyclically-moving sub-
sets of the Markov chain — that is, subsets through which the chain moves
deterministically. As an example, consider

p:[gﬂ

This Markov chain does not possess a stationary distribution because P" = P
for odd n and

0

')

O =

|

for even n.

11



For P*° to be unique we need to rule out the presence of absorbing states
(a state @ such that p;; = 1). Consider the matrix

0.5 0.25 0.25
P = 0 1 0
0 0 1

Once this process leaves state 1 it moves to a state which it never leaves; as a
result, the unconditional distribution is not unique, since it depends on which
state gets chosen. The required condition for uniqueness is often stated as the
requirement that there exists T such that piTj > 0 for every (i,7), so that it
is possible to move from state ¢ today to state j today in a finite 7" number
of moves. This requirement is actually a bit stronger since it also rules out
transient states (a state ¢ such that p;; = 0 Vj # ), which are states that are
never revisited once left. Each absorbing state is associated with an invariant
distribution that assigns it probability 1, so uniqueness is lost above.

For the AR(1) p., exists if and only if |p| < 1, so that the unconditional
distribution has well-defined moments. If that condition is not satisfied, in
some cases it may be possible to alter the state space to generate a modified
problem that does not have this problem, for example by defining the state as
a ratio of two other states.

Consider the functions

T
Fr(z1,22,....;27) = Zﬂt_lf(xt)
t=1

and

F(21,29,..) =Y B f (1)
t=1

Each Fr is measurable with respect to H and {Fr} converges pointwise to F,
so F' is measurable with respect to H. We can therefore write

E[F;z0] = /Xf(arl)P(d:cl,xo)—l—

B/X [/Xfuz)mdm,xl)]P(dxl,xo>+

52/)([/)( [/Xf(xg)P(d:cg,xg)}P(d:cg,xl)}P(dxl,xo)—F

so that
E[F;:vo]:/X[f(xl)—i—ﬁE[F;xl]]P(d:cl,xo).

That is exactly what we want to have — the lifetime expected value is the sum of
the first-period return and the lifetime expected value from tomorrow onward,
discounted back to today.

12



1.2 Back to Dynamic Programming Again

Consider the functional equation

v(a:)—arenlg();){rxa +ﬂ/ P (dz’ xa)}

where 2’ is a set of events tomorrow. We want to relate this functional equation
to the sequential problem

o0

V(zg)= max EpY B'r(xs,ar)
{z+,a:}52, ZO

subject to the restrictions embedded in the state transition and feasible control

sets. The sequences which solve the sequential problem should be interpreted as

conditional on outcomes — that is, they unfold over event trees. This expression

is often written as

{z+, at]»r o

V(x0) = max Zﬁw “s0) r (2, ar)
=0

where s’ is the history of events up through time ¢ (s* = {so, s1, ..., 8:}) and

7 (s?]so) is the probability of that history conditional on s.
We want to prove that v (x) exists and is unique. Define

(Tw) () = max {r z,a +6/ P(da',x a)}

a€l(x)

We make the same continuity assumptions as before. To apply the Blackwell-
Boyd conditions we need a ¢ (z) > 0 function; this function must additionally
now satisfy an integrability condition.

Theorem 28 Assume (1) the one-period return function r is continuous on
X x A and the feasible actions correspondence I' is continuous and compact-
valued; (2) there is a function ¢ € E with ¢(x) > 0 such that (i) there exists an
M < oo with

max {jr(e,a)]} < Mofa) (1)
Ve e X, (i)
o) oo
g { mas { [ Segpa s o))<t @)
and (i)

/ ¢ (2") P (dz',z,a) < 0o
X

Ve € X and a € T'(z); and (3) for any continuous w € =y

/X w(z") P (da',x,a)

is continuous on X x A. Under these conditions the Bellman operator is a
strict contraction map.

13



Condition (2)(iii) guarantees the integrability of any member of =g, since

|f ()]
¢ (x)

}

Al = s {
171, = sup

and therefore f is bounded in absolute value by an integrable function ¢.

We now show that T : (E¢, ||||¢) -

continuous by the maximum theorem, so T : (

(E¢,||-||¢>. If w e =Zg then Tw is

E¢7||'||¢)—> E,||||¢) To see

that T'w has finite ¢-norm, note that

(Tw) (z)] = arél%{ z.a +6/ P (e x a)H
< ma {lr o)l +5 Igfa(x){/ 0 @) P (e 5.}
— mx (o)l + 0 max { [ 1200 ,)>|¢(I/>p<dxgx,a>}
< max

a€l'(x)

@)+ slull, mox { [ o) P

which is finite in the ¢-norm by conditions (i) and (iii).
Now we check monotonicity. Let v > w. Then

(Tv) (x)

v

max
a€l(x)

Pl na)}

frmas [ ot
- dm>}

85, \rea +8 f vt

(Tw) ().

And then discounting constant functions:

(T'(w + Ad)) (z)

IN

IN

<

with 8 < 1 by condition (ii).

max
a€l(x)

{r (z,a) + ﬁ/ [w (")
{[ o

(Tw) (2) + A6 () mavx {
(Tw) (z) + 0A¢ (x)

(Tw) (z) + BA Jmax

¢ (2')
x ¢ ()

Therefore, we know that v is the unique function

that satisfies the Bellman equation.

It is not as straightforward to prove that v = V; it turns out that it could
be the case that V' cannot be integrated, meaning that it could not satisfy the
Bellman equation (the example is due to Blackwell and can be found in SLP).

14



We will now show that our assumptions rule out this pathological case. To
begin, let IT denote the collection of all policies 7 : X — A such that

() €T (),

the function
Q(B,z) =P (B,z,7(z))

is a stochastic transition on (X, F, ), and 7 (x, 7 (z)) is a measurable function
with respect to F. This set is nonempty under the conditions that r is con-
tinuous, P is continuous (condition 3 guarantees this), and that I" admits a
continuous selection (continuity of I' guarantees this).

A given m € II defines a probability measure over realizations {xt}thl for
any finite T" defined by

Q(B,z) = P(B,z,m(x))
= Pr{zy1 € Blz, =z}

call this measure pp (+; xg, m) for each T. That is,

Hr (XthlAt;l’o,W):/A /A 1 Q (drp,xr—1)---Q (dw1,20) .

For finite T' we therefore have

T
EOZQtr(xt,at) = r(mg,m (x0)) +

t=0

ﬂ/XT(azl,ﬁ(:El))Q(dzrl,xo)—F
BQ/X/Xr(:Eg,w(;vg))Q(dxg,:El)Q(d:vl,xo)+

:BT/X/X---/Xr(xT,w(:vT))Q(de,xT_l)---Q(dwl,xo).

We need to show that this sum converges to a finite number as T — oo.
Since we have assumed that r is bounded by ¢, we have

r (@, 7 (7))l
¢ (%)

for every ¥ € X and w € II. Take last term in the summation and consider the

<M
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innermost integral:

IN

'/Xr(xT,w(xT))Q(de,le)

/ Ir (o, 7 (27))| Q (dr, w71
X

Ir (z7, 7 (o7))|
< /XW(MHET)Q(CZITJTQ

IN

M /X 6 (21) Q (dor, 271)

IN

Moteryswp { [ Lo ).

reX X ¢(.”L‘)

By assumption 3sup,cx {fX %Q (do, x)} = BA < 1. Thus, the innermost

integral is bounded by M A¢ (z7—1) in absolute value. If we repeat this pro-
cedure for every integral we get that the entire last term of the summation is
bounded by M (8A)" ¢ (z) in absolute value. If we then move to the next-to-
last term we get it is bounded by M (8A)" ™' ¢ (z), and so on. Thus, the entire
summation is bounded by

1_(ﬁA)T+1

M (@) (14 84+ 5242 + - 47 AT) = Mo () 7

As T — oo we therefore have that the summation is bounded by M¢ (x) 1—16 v
and the infinite expected value is well-defined, since A < 1.

Define
Zﬁ r (e, (21))

the lifetime expected utility at « obtained by using 7. The value function is
V (z) = supren {wr (2)}; since we know that w, € =4 then sois V. We want
to know if v =V and if V = w,+ for some optimal policy 7*.

For any 7 € Il it is true that there exists a unique V; € Z4 that satisfies

To =X

)

Va(z) =r(z,7(x —|—ﬁ/ P (da',z, 7 (x))

by immediate application of the CMT; that is, V. is the unique fixed point of
the strict contraction mapping 7T, defined as

(Tru) () =r(x,m( —|—ﬂ/ P (dz',x, 7 (z)).

Now we need to show that V; = w,; that is, w, is the unique function in =
that satisfies

wy (2) = (Trwy) () =7 (z,7 (x —|—ﬁ/ wy (') P (da’, z, m (1)) .
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That this is true is again an immediate implication of the CMT.
Take any function v € =, and any policy 7 € II. It is true that

|| Tru — ully

r — <
e = ull, <

where # < 1; this property is an immediate corollary of the CMT. Also Ve > 0
there exists a policy 7 € II such that

lm = oll, <

that is, there exists a policy that "nearly” achieves the function v, which should
be easy to accept given the form of the fixed point operators that generate v
and wy.

Now suppose v > V. Since there exists a policy 7 such that wz is arbitrarily
close to v we can find one such that wz > V. This contradicts the fact that V'
is the value function and therefore the supremum over all such policies. So we
know that v < V.

By the definitions of T" and T we must have T,v < Tv = v (because T
performs a maximization and T does not). T, is monotone so that T/ v < v
as well. Taking the limit yields w, < v, which holds for arbitrary =. If
v (z) > wy (z) for every x and m, we must have

v(@) 2V (x) = sup (wr (1))

Therefore, v > V. Combined with the previous result we get v = V.
To check the optimal policy condition v = w,~, note that

v(z) =r(z, 7" () + 6/}( v(2') P(da',x, 7" (2));

that is, 7* attains the maximum on the RHS of the Bellman equation. Since
v =V, we have
T V=Tnv=Tv=v=1V,

so that
TV =V.

Thus, the value function is the fixed point of T+, which is equal to wy«. There-
fore, V = wy~.
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