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Abstract

Motivated by evidence of portfolio frictions at the level of both households and
global mutual funds, we analyze a two-country DSGE model of the global equity
market where investors have a constant probability of making a new portfolio de-
cision. There are both dividend and financial shocks, which lead to exogenous
portfolio shifts. The model is solved with a global solution method that combines
a Taylor projection method with the modified Shepard’s inverse-weighting inter-
polation. Intuition is developed by deriving an approximated portfolio expression.
A numerical illustration shows that the portfolio friction significantly affects the
behavior of asset prices, expected excess returns and portfolios in response to fi-
nancial shocks. For the same size financial shock, the impact is much larger with
the friction. The model with the friction can account better for the observed ex-
cess return predictability and other moments involving excess returns and portfolio

shares.

JEL classification: F30, F41, G11, G12
Keywords: portfolio frictions, infrequent portfolio decisions, international port-

folio allocation, excess return predictability, financial shocks.



1 Introduction

The response of portfolio allocation to changes in expected returns is a critical ele-
ment of open economy macro models. The extent of the portfolio response affects
asset prices as well as capital flows, which in turn affects business cycles. Most
models of international capital flows driven by portfolio choice are frictionless mod-
els where all investors reallocate their portfolios each period based on changes in
expected returns and risk.! Recently Bacchetta, Tieche and van Wincoop (2020),
from here on BTW, provide evidence on the importance of portfolio frictions for in-
ternational portfolio choice. Similar to Garleanu and Pederson (2013), they extend
the standard Markowitz frictionless mean-variance portfolio to allow for portfolio
frictions in the form of costly deviations from benchmark portfolios (lagged port-
folio share and buy-and-hold portfolio share). They apply the resulting portfolio
expression to international equity portfolios of U.S. mutual funds and find strong
evidence of portfolio frictions. These frictions lead to a more gradual portfolio
response, and weaker initial response, to changes in expected returns. Giglio et
al. (2019) provide related evidence, although not for international data. Using
a survey of U.S. based Vanguard investors, they document a response of equity
portfolio shares to expected returns that is too weak to make sense in the context
of frictionless models. They further provide evidence that changes in expected
returns have limited explanatory power for when investors trade, but help predict
the direction and the magnitude of trading conditional on its occurrence. They
suggest that this can be captured by introducing infrequent random trading, a la
Calvo.?

An important contribution of the paper is to develop and solve a model with
infrequent random portfolio decision making, which has not been done before. We
introduce the Calvo type portfolio friction in a two-country DSGE model for the
global equity market. Infinitely lived investors can hold equity of both countries

and a risk-free bond. Each period with probability p they choose a new portfo-

!Examples of recent DSGE models of capital flows based on portfolio choice include Benhima
and Cordonier (2020), Davis and van Wincoop (2018), Devereux and Sutherland (2007, 2010),
Didier and Lowenkron (2012), Evans and Hnatkovska (2012, 2014), Gabaix and Maggiori (2015),

Hnatkovska (2010) and Tille and van Wincoop (2010a,b, 2014).
2Qther papers that have documented portfolio inertia by households include Ameriks and

Zeldes (2004), Bilias et al. (2010), Brunnermeier and Nagel (2008), Mitchell et al. (2006).

However, these papers do not consider the portfolio response to changes in expected returns.



lio and otherwise hold their portfolio allocation constant. The Taylor projection
method developed in Levintal (2018) is used to obtain a global solution. An addi-
tional contribution is to develop intuition about optimal portfolio decisions in this
framework and the effect of the portfolio friction on asset prices, excess returns
and portfolios. Finally, in a numerical illustration we show that the model is more
consistent with data on excess returns and portfolio shares than the frictionless
model.

To develop intuition, we derive an approximate expression of the equity portfo-
lio share in the Home country that uses techniques related to Campbell and Viceira
(1999). This approximation of the optimal portfolio is equal to sum of three terms:
a term proportional to the expected present discounted value of all future excess
returns, a term that depends on exogenous portfolio shocks, and a hedge term
that depends on the present discounted value of risk associated with future asset
returns. We show numerically that the first two terms account for almost all of
the fluctuations in portfolios by agents making new portfolio decisions. Making
infrequent portfolio decisions implies that investors have longer effective horizons
when they do make a portfolio decision. Their portfolio choice therefore depends
on expectations of expected excess returns further into the future.

A key implication of the portfolio friction is that it leads to a weaker, and more
gradual, portfolio response to changes in expected excess returns. This is the case
both because a limited fraction of investors make new portfolio decisions each pe-
riod and because those that do make a new portfolio decision have longer effective
horizons and are therefore less responsive to expected excess returns in the near fu-
ture. The weaker portfolio response implies that financial shocks, associated with
exogenous portfolio shifts, have a much bigger impact on asset prices, expected ex-
cess returns and portfolio shares. Examples of financial shocks are portfolio shifts
due to changes in risk-aversion or the risk-bearing capacity of financial institutions,
liquidity trade, noise trade or FX intervention. Since portfolios are less sensitive to
expected excess returns under the portfolio friction, a larger change in equilibrium
expected excess returns is needed to clear the market. This implies larger changes

in asset prices. Equilibrium portfolio shares will also change more.?

3In frictionless models, a portfolio shift from the US to the rest of the world causes a very
small (third-order) drop in the relative US asset price, leading to an equally small increase in its
expected excess return that reverses the flows and generates equilibrium. Tille and van Wincoop

(2014) show that first-order changes in portfolio shares are associated with third-order changes



Gabaix and Maggiori (2015) and Itskhoki and Muhkin (2019) have recently
emphasized the importance of financial shocks for global capital markets.? Itskhoki
and Muhkin (2019) show that they account for the disconnect between exchange
rates and observed macro fundamentals. Gabaix and Maggiori (2015) show that
financial shocks can have large effects on exchange rates and capital flows in a
model where global financiers who intermediate financial flows have limited risk-
bearing capacity. They cite a variety of evidence consistent with the view that
financial shocks are an important driver of exchange rates and capital flows.?

The larger equilibrium expected excess returns as a result of the portfolio fric-
tion are consistent with excess return predictability based on on international
equity return differentials. In Table 1 we report results from a panel regression of
monthly US minus foreign stock returns on the differential in the log earning-price
ratio. The panel includes 73 foreign countries and is based on a half century of data,
from January 1970 to February 2019. There is strong evidence of predictability
of international return differentials at horizons of 1, 3, 12 and 48 months. Anal-
ogous that what is typically found for excess returns of stocks over bonds, the
predictability coefficient and R? increase with the horizon.® Such predictability of
international equity return differentials is analogous to the well-known predictabil-
ity of international short-term bond return differentials by the interest differential,
also known as the forward discount puzzle or Fama puzzle.

Assuming a constant probability p of making a new portfolio decision has simi-
larities to Calvo price setting, but is more complex. The similarity is most apparent

in the approximated portfolio expression that we derive. The portfolio depends

in expected returns because expected excess returns are divided by second order moments (e.g.

the variance of the excess return) in optimal portfolios.
4In a similar spirit, the literature on limited arbitrage has documented various cases of demand

shocks, e.g., see Gromb and Vayanos (2010).
>Two of the papers they cite are Blanchard et al. (2015) and Hau, Massa, and Peress (2010).

Blanchard et al. (2015) provide evidence that foreign exchange intervention, an example of a
financial shock, has a significant effect on exchange rates. Hau, Massa, and Peress (2010) show
that after a change in the weights of the MSCI World Equity Index, countries that see their
weight increase experience capital inflows and a currency appreciation. The portfolio response
to the re-indexing is itself evidence of portfolio frictions as it suggests that it is costly to deviate
from the benchmark. Also relevant is Rey (2013), who finds that changes in the VIX (a measure

of stock price risk or risk-aversion) affects asset prices and cross-border financial flows.
6See Campbell, Lo and MacKinlay (1997) for a textbook discussion and Cochrane (2007) for

further evidence.



on the present discounted value of expected future excess returns and risk. Under
Calvo price setting the optimal price depends on the present discounted value of
expected future marginal costs. In both cases the discount factor is the same,
equal to 1 — p times the time discount rate.

But adding the friction to portfolio choice significantly complicates the solution.
It raises the number of state variables from 5 to 15 and control variables from 9
to 15. Seven of the additional state variables are associated with lagged portfolio
decisions, one is lagged relative wealth, and the other two are lagged financial
shocks; none of these terms matter if portfolios adjust immediately. The additional
control variables include variables that summarize the expected products of future
excess returns and stochastic discount factors (beyond the next period) that enter
the portfolio Euler equations. The Taylor projection method used to solve the
model involves local linear solutions at many nodes of the ergodic state space,
which are then combined into a global solution through modified Shepard’s inverse-
weighting interpolation.

Our approach differs from the related literature on infrequent portfolio ad-
justment. Most of this literature assumes that agents adjust their portfolios in a
staggered way every T periods.” In empirical applications this has the drawback
that it generates a significant discontinuity in the impulse response to shocks that
happens T periods after the shock. This occurs because the initial group of infre-
quent traders who change their portfolio at the time of the shock will change their
portfolio again T periods later, with predictable certainty. The anticipation of this
adjustment by other traders significantly affects the equilibrium. The constant
probability setup that we adopt here implies more smoothness as the agents who
change their portfolio at the time of a shock will change their portfolio again at
varying dates in the future. It also has the advantage of a cleaner aggregation.
We do not need to keep track of all generations of agents by the time of their last

portfolio decision. Only portfolios from one period ago enter in the state space.®

"For recent contributions, see Abel et. al (2007), Bacchetta and van Wincoop (2010), Bo-
gousslavsky (2016), Chien et al. (2012), Duffie (2010), Greenwood et al. (2018) and Hendershott
et al. (2013). Earlier papers examine the impact of infrequent portfolio adjustments taking the

process of asset returns as exogenous, e.g. see Lynch (1996) or Gabaix and Laibson (2002).
8 An alternative approach to model gradual portfolio adjustment is to assume a cost of adjust-

ing portfolios, as in Vayanos and Woolley (2012), Garleanu and Pedersen (2013), Bacchetta and
van Wincoop (2019) and Bacchetta, Tieche and van Wincoop (2020). This significantly simplifies

the portfolio problem, but is of course more ad hoc.



The remainder of the paper is organized as follows. Section 2 develops the
model. Section 3 discusses the global solution method. Section 4 discusses an
approximation of the optimal portfolio in order to develop intuition. Section 5

contains a numerical illustration. Section 6 concludes.

2 Model

There are two countries, Home (H) and Foreign (F'). There is a single good. In
both countries there is a continuum of agents on the interval [0, 1] who have infinite
lives and make decisions about consumption and portfolio allocation. Agents of

both countries can hold three assets: Home and Foreign equity and a risk-free
bond.

2.1 Infrequent Decision Making

The key aspect of the model is infrequent decision making about consumption and
portfolios. Analogous to Calvo price setting, we assume that agents make new
decisions with a probability p. However, infrequent decision making only affects
portfolio choice: we assume an intertemporal elasticity of substitution of 1, which
implies that optimal consumption is a constant fraction of wealth. Agents therefore
do not need to rethink their consumption choice. For portfolio choice we assume
that the fraction 1 — p of agents that does not make new portfolio decisions will
hold their portfolio shares constant until the time comes that they make a new

portfolio decision.”

2.2 Assets

Agents can invest in Home equity, Foreign equity and a one-period risk-free bond.
The number of equity shares is normalized to 1 in both countries, while bonds are

9 An alternative, not explored here, is that agents hold the quantity of asset holdings constant.
This is analogous to a buy-and-hold portfolio, in which case there is no rebalancing. In our
specification, even the agents that do not make new portfolio decisions still trade to rebalance
their portfolio. This can for example be achieved by investing in a mutual fund. While in reality
a combination of both is realistic, this would significantly complicate our analysis. The findings
by Bacchetta, Tieche and van Wincoop (2020) for foreign investment by US mutual funds imply

more sluggishness in deviating from past portfolio shares than from a buy-and-hold portfolio.



in zero net supply. The gross interest rate on the bond is denoted R;. The returns

on Home and Foreign equity from ¢ to ¢t + 1 are

D
Ry = Qui+1 + D (1)
Qry

Qri+1 + Dria
QF ’

where Qp; and QQp; are the prices of Home and Foreign equity shares and Dy,

(2)

Rpiy1 =

Dp, are dividends. Dividends follow an AR process in logs:

dgsr = (1= pa)d + padps + €5, (3)
dpis1 = (1 — pa)d + padpy + €5, (4)

The vector (€%, €%,)" of dividend shocks has a N(0,Q¢) distribution.

2.3 Budget Constraints

We focus mostly on describing Home agents. For Foreign agents we simply need
to replace the H with an F'. Consider agent ¢ in the Home country who makes a
new portfolio decision at time ¢. First some notation is in order. Let Wj;, be the
wealth of the agent at the start of period ¢ and cw};, the fraction of wealth that is
consumed. The remainder is then invested in the three assets. A fraction 2}, is
invested in Home equity and z%; r in Foreign equity. The remainder is invested in
the bond. We also denote Zg i+ and Zyry as the average portfolio shares of all Home
agents that make new portfolio decisions at time ¢. In equilibrium z}m,t = ZHHt
and 2}, = Zyp, for investors making new portfolio decisions at time ¢. But we
will make this substitution only after deriving the first-order conditions for agent
1. For Foreign agents we denote the fractions allocated to the Home and Foreign
equity as 2y, and zpp,.

Wealth of agent ¢ making a new consumption and portfolio decision at time ¢

then evolves according to
. , , i
WIZ{,t+1 =(1- Cw}{,t)WI;,tRf—f—l ' (5)
where the portfolio return is

RV = Ri+ 2y (R — Re) + gy (€7 Rpg1 — Re) +
+Zare(1 — e ™) Rpyyq. (6)

6



Here 7, is a tax on Foreign investment, which will be discussed below. The
aggregate of this tax across all Home agents making a portfolio decision at time
t is reimbursed through the last term of (6). This assures that it will only affect
portfolio allocation, not overall wealth accumulation. For Foreign agents the tax
applies to the Home asset.

Wealth of Home agent ¢ who does not make new consumption/portfolio deci-

sions at time ¢, and last made new decisions at ¢t — j, evolves according to
i i i Hit—j
Whi = (1— CwH,tfj)WH,thH (7)
where the portfolio return is

vaziat_j — ) ] —TH,t—j
Ry = Ri+2ypej(Rager — Re) + 2py_j (€77 Rpgn — Ry) +

+Zppg—j(1 — e ™) Rpyy. (8)

The portfolio return has an extra ¢t — j superscript to denote when consump-
tion/portfolio decisions were last made. The consumption-wealth ratio and port-
folio shares are those chosen at t — j. The tax on Foreign investment is also at
t — 7 as it is held constant until a new portfolio decision is made.

After deriving the portfolio Euler equations, we will substitute zquyt = ZHH4
and z}{F?t = Zypy. The same is done for portfolio shares prior to time ¢. The

portfolio return of agents who last made a portfolio decision at time ¢ — j is then
Rfﬁ’t_j =R+ Zumi—j(Ruie1 — Re) + Zuri—ij(Rpiy — Ry) 9)

The tax 74,—; no longer enters.

2.4 Financial Shocks

Equation (6) introduces a cost 7y, of investing in Foreign equity that reduces the
return that Home agents earn on Foreign equity. There is an analogous cost 77, of
investing in Home equity by Foreign agents. These costs play two roles. First, their
mean level can be set to generate realistic average portfolio home bias. Second,
changes in these costs generate exogenous portfolio shifts, which we will refer to

as financial shocks. We assume that they follow AR processes:

Ty =T + pr(Tre—1 — T) + €51, (10)
Tog =T+ pr(Tre—1 — 7) + €5y (11)

7



where the vector (€, €5,)" of financial shocks has a N (0, Q") distribution. Finan-
cial shocks, defined as exogenous portfolio shifts unrelated to endogenous changes
in expected returns and risk, can be introduced in many other ways. In the litera-
ture they sometimes are modeled in the form of noise trade, liquidity trade, hedge
trade, time-varying risk-bearing capacity or time-varying investment opportuni-
ties.!® We do not wish to take a strong stand on what the exact origin of these

portfolio shocks is.

2.5 Bellman Equations

Agents are assumed to have Rince preferences, which for any agent (from Home
or Foreign) we can write as

In(V}) = max {(1 — B)In(c,) + B1n ( BV *) } , (12)

Ct,2¢t

where ¢; is consumption and z; the vector of portfolio shares. This implies an
intertemporal elasticity of substitution (IES) of 1 and a rate of risk aversion of ~.

Let V" be the value function of Home agent i who makes new consump-
tion/portfolio decisions at time ¢. Similarly, Vf’i’t_j is the value function of Home
agent ¢ who does not make new decisions at time ¢ and who last made a con-
sumption/portfolio decisions at ¢ — j. Here o stands for “old”. For either of these
agents, there is a probability p that they make a new portfolio decision at t+ 1 and
a probability 1 — p that they do not. We can then write the Bellman equations for

these respective agents as

ln(th’i) = max {(1 - 5) ln(cwj'{,tWIZ,t)—f—

CWh ¢ 2HH ' *HF,t

B n,i\1— 0,1 1-

T om0 pm 0 )
-7~
l"(vtaw_j) = (1 - 5) ln(cw%{,t—jWIi{,t) +

ot (B (V)T =B (V)T

The value functions will be proportional to the wealth of the agent. We will

0For different ways of modeling the portfolio shocks, see Bacchetta and van Wincoop (2006),
Dow and Gorton (1995), Gabaix and Maggiori (2015), He and Wang (1995), Spiegel and Sub-
rahmanyam (1992) and Wang (1994).



therefore write

Vi = Wi el "0 (15)

Vtoﬂ',t—j _ W}il’tefo(shzfv.]}]’t_juzgpyt_j72HF,t7j:TH,t7j)' (16)

Here S; is a vector of aggregate state variables, which will be defined below. Apart
from the wealth of the agent, the value function of an agent making new consump-
tion/portfolio decisions at time ¢ only depends on the aggregate state Sy through
the function f. The value function of an agent who last made a portfolio decision
at t — j also depends, through the function f°, on the portfolio shares at time
t =4, 2y and 2, ;.M It also depends on Zgpy—; and Tx,_j, as they affect
portfolio returns Rsz;H’t_j until new portfolio decisions are made. The functions
f™ and f° evaluated at their respective state variables at time t are also denoted
fi, and fﬁ;ft’tfj for Home agents.

Substituting (15) and (16) into (13) and (14), and using the wealth accumula-

tion equations, we can write the Bellman equations as

fie = max {(1 — ﬁ)ln(cw%,t) + BIn(1 — cwfi’t) +

CWh - 2HH t'*HF,t

n 0,1,t . 177
. B - In (Et <p€(1—’7)f1-1,t+1 + (1 - p)e(l_'Y)fH,t+1> (Rf_’g’z> ) } (17)

Oyi’tij

o = (1- B)ln(cwfq’t,j) + f1In(1 — cwfg’t,j) +

n 0,i,t—j . N 1=y
ln (Et (pe(1*7)fH,t+1 + (1 _ p)e(l_’.}/)fH,t-t‘rl]> (Rf:i_l-{,l,t*j> ) ) (18)

When the individual-specific portfolio shares 2}, ; and 235, ; are evaluated

I—7

at the equilibrium portfolio shares Zyp¢—; and Zyp,—; for agents last making port-

folio decisions at t — 7, we omit the ¢ supercript and write

7t_ j ™ = ™
f};,tﬁl = f°(St41, ZHH s ZHF -1, ZHF—j> THt—j)

It is also useful to define

0,i,t

t Hit+1
Aupin = 55— (19)
HH,t
0,i,t
t . af]"[,t"r]. (20>
HFt+1 — 8qupt :

1Tn principle the lagged consumption wealth decision cw}{,F ; should enter as well, but we

will see that this remains constant over time.



These derivatives are again evaluated by setting the agent i-specific portfolio shares

equal to Zyp, and Zypy.

2.6 Portfolio Euler Equations

Maximizing the right hand side of (17) with respect to cwi;,, 2375, and 235, using
the portfolio return (6), gives three first-order conditions. The first-order condition
with respect to the consumption-wealth ratio simply gives cw}lﬂt =1— (. Agents
therefore always consume a fraction 1 — 8 of their wealth, so that the infrequent
decision making only matters for portfolio choice. Home agent i then invest ﬂW}it
in the three assets.

For the portfolio Euler equations it is useful to define scaled stochastic discount

factors:

1Y
n,t— ,] _ [R 7H)t_]:| 6(1_7)f17}’t+1

My = [fyg
oi—j _ [ ppHi—5]"" La-nFiE
My, = [y € .

These are scaled stochastic discount factors for an agent who last made portfolio
decisions at ¢t — 7, conditional on the agent respectively making a new portfolio
decision at ¢ + 1 and not making a new portfolio decision at ¢ + 1. We also define
an unconditional stochastic discount factor as miy7 | = pmiy, 7 + (1—p)miy,7;.12

After taking the derivatives of (17) with respect to zqu,t and zj}{F,t, and then
setting these portfolio shares equal to Zyp,; and Zyp:, we obtain the following

portfolio Euler equations

Etml}[,tﬂ(RH,tH - Ry)+(1— )Eth t+1Rtf{t)‘HH 41 =10 (21)
Etm%,tﬂ(@_m’tRF,tH - Rt) + ( )Eth t+1Rtﬁt)‘HF,t+1 =0. (22)

The first terms in (21)-(22) are the expected excess returns discounted with the
pricing kernel. When agents make new portfolio decisions each period (p = 1),
equating these first terms to zero gives the portfolio Euler equations. The second
term applies when p < 1, so it specifically relates to infrequent portfolio decisions.

It captures the impact of future expected returns and risk beyond period t + 1,

12The SDF for Rince preferences is [c;/c+1][V,"/E:Vii7"]. After substituting the solution
for consumption, wealth accumulation, (15)-(16), and multiplying by 5EtRf+I{t Im H§+1, the

scaled discount factors are obtained.

10



which affect A, and Ay, . Knowing that they may not get an opportunity to
change their portfolio allocation again for some time, agents that make portfolio
decisions at time t need to incorporate beliefs about expected returns and risk
beyond time t + 1.

We can then also write the Bellman equations as

el =ie/P — aEtm?i,t-&-lRf—’i-}?t (23)
o,t—1 -
MV = Bz R (24)

where a = (1—3)1=0U=A/B31=7 These are for an agent who last made a portfolio
decision at time ¢ and ¢ — 1.

In the first-order conditions Az, and Ay, play an important role. Their
values one period earlier, so X}féyt and )‘Zplﬂ,w will be control variables to be solved
as a function of the state at time ¢. Expressions for them can be obtained by
considering an agent who last made a portfolio decision at time ¢ — 1, but does not
make a new portfolio decision at time ¢. Taking derivatives of (18) for j = 1 with
respect to zjp, ; and 2jp, ;, and then setting the agent 7 portfolio shares equal

to Zgms—1 and Zypy—1, we have

JHt—1 t—1 t—1 t—1 yt—1 _ t—1
EyRy (mH,Hl)‘HH,t - emloﬂl,tﬂ)‘HH,tH) = BEmi o (B — Be) (25)

p,H t—1 t—1 t—1 ot—1 yt—1 _ t—1 —TH,t—1 —
Ey Ry (mH,t+1>‘HF,t 9mH,t+1)‘HF,t+1) _/BEth,t—i-l(e Rpiy1 — Ry) (26)

where 0 = 5(1—p). While we will not do so, one can use these to write the portfolio
Euler equations (21)-(22) as equating an expected present discounted value of all
future excess returns, multiplied by appropriate stochastic discount factors, equal

to zero.

2.7 Market Clearing Conditions

There are three market clearing conditions: for Home equity, Foreign equity and
bonds. Denote zj; = fol 2 di for j = H,F and k = H, F. Similarly, aggregate
Home and Foreign wealth is Wg, = fol Wi di and Wpy = fol Wi, di. There is
an aggregation issue in that asset demand involves the product of wealth and
portfolio shares. Specifically, fol z§k7tl/lfﬁtdi is the total demand for country k
equity by agents from country j. We have fol 2 Wiidi = 25 W cov(2hy ,, W3),

11



where the latter is a cross-sectional covariance term.'® We ignore the covariance
term. This turns out to be numerically very accurate, with the correlation between
Iy 2h. Wiidi and 2., W, above 0.9997 for all j,k based on the solution of the
model with the parameterization in Table 2 that we discuss in Section 5. The
accuracy was checked by simulating the solution over 100,000 months, keeping
track of the wealth and portfolio shares of 100 million agents as an approximation
of the continuum of agents in the model.

Market clearing conditions will then be

2uagiWaie + 2zraiWer = Qui/ B (27)
2ur Wt + 2rriWre = Qre/ S (28)
(1 —zpme — 2ar)Wae + (1 — zpps — 2pps) Wy = 0. (29)

2.8 Control and State Variables

The control and state variables are respectively

!/
_ z z z z n n
CUy = {QH,t» AFt,Tts ZHH,t) RHF,ty *FFyty *FH,ts fH,t, fF,t, CUHt; CUF,t}

SUp = {St; SH ¢, SF,t}, (31>

where g, gry and 1, are the log equity prices and interest rate, and

Cvgy = {f}?f{la )‘Zir,ta XEI}“,t

CUFt = {ff«“’,i_la )‘?Bll,t? )‘i«“—}%,t

St = {det7 dFJ’ THt; TFt th’ wt[ilv Zﬁ,t—l? Zlg,t—la ZILT),t—l}
St = {THt-1,ZHHI-1, ZHFt-1}

SFt = {TF,tfla ZFHt—1, ZFF,tfl} .

The last five state variables in S; are relative log wealth w” = in(Wy ) —In(Wg,),

D A _ D _
Wi1, PHi—1 — Wt—12HHt-1 + (1 - wt—l)ZFH,t—l, RHi-1 — RHHt-1 — RFHjt-1 and

13In theory the covariance term may not be exactly zero. Agents are picked at random when
chosen with probability p to make new portfolio decisions, and independent of their wealth they
all make the same portfolio decision. But z%; o, and W}'” could be cross sectionally correlated
as a result of wealth accumulation after the most recent portfolio decision. For example, agents
with a large portfolio share in the Home country will have seen their wealth rise a lot if Home

equity returns have recently been relatively high.

12



lef),t—l = 2ppi—1 — Zuri—1. Here wy = Wy /(Why + W) is the relative wealth of
the Home country.!4

The vector S; of nine state variables determines asset prices, the interest rate,
the new time ¢ portfolio shares and the Bellman variables fj, and fz,. The
additional Home control variables cvg; depend on both S; and the additional state
variables sg¢. Similarly, the additional Foreign control variables cvg; depend on
both S; and the additional state variables sp;. Although the control variables cvg
and cvp; are not of separate interest to us, we need to keep track of them as their
values one period later enter the portfolio Euler equations.

Regarding the evolution of the state variables S;, the processes for dividends
and taxes are given by (3), (4), (10), and (11). The portfolio share zyp,; evolves
according to

e = (1 —p)zupi—1 + DZums (32)

with similar equations for zyr¢, 2rms, and zpgr;. Using (5) and (9), we have®®

wr, = wP+In(R+ zum (R — Be) + 2ari(Reg — Ry)) —
In(Ri + zrut(Ruiv1 — Re) + zrpi(Rpi1 — Re)) . (33)

These dynamic equations for portfolio shares and wealth also tell us how the last
three state variables in S; evolve.!®

There are two reasons why only one-period lagged portfolios are in the state
space. First, (32) implies that the aggregate portfolio share zpp; depends on the

one-period lagged portfolio share zyp, 1 and the new portfolio share chosen at

14 Adding up the market clearing conditions, the sum of wealth of both countries is proportional
to the sum of their asset prices, so aggregate wealth is not a state variable. The lagged bond
market equilibrium condition implies wy—1(zaHt—1+28Ft—1)+ (1 —wi—1)(2rH -1+ 2FF1—1) = 1.
We therefore cannot use lagged relative wealth and all four lagged portfolio shares as state
variables. We also do not use the four lagged portfolio shares as state variables. In a symmetric
state, where w;—1 = 0.5, the four lagged portfolio shares are locally in a linear relationship
(adding to 2). Also note that Z?,t—l =wi—12aFi-1+ (1 —wi—1)zrri—1 = 1— Zﬁ(,t—l is redundant
from the time ¢ — 1 bond market clearing condition.

15This uses the same approximation that we made for the market clearing conditions, that
fol z;-k’tW;,tdi = zjp+Wjs for j = H,F and k = H, F'. As discussed, this is numerically extremely
accurate.

16Relative wealth is stationary in the model. In Appendix D we discuss the logic behind the
stationarity and report the ergodic distribution of relative wealth w? for the parameterization
in Table 2 that is discussed in Section 5.
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time ¢. The lagged portfolio share 2y ;1 aggregates all portfolio shares chosen at
t — 1 and earlier. Second, the new portfolio share Zyy,; chosen at time ¢ depends
through the portfolio Euler equation on beliefs about A, . The same variable
one period earlier, )\tH_é—’t, is one of the control variables. It depends on portfolio
choice at t — 1, but not earlier. We do not need to solve for X};ﬁu for j > 1, which

depends on portfolio shares prior to t — 1.

2.9 Definition of Equilibrium

Appendix A lists the Foreign country portfolio Euler equations, Bellman equations
and first-order difference equations for )\'E}’t and X}_I%’t. These are all derived

analogously to those for the Home country.

Definition 1 An equilibrium consists of{qHﬂt, QFts Tty ZHH t ZHF ) ZFF b ZFH A f}},ta f?t}
as functions of Sy, {f};ft_l, )\ZI;t, )\E}J} as functions of Sy and sg+, and
{f;:i_l,)\?l}ﬁt,)\?ﬁjt} as functions of Sy and sp; such that the following are sat-
isfied: (i) The Home portfolio Euler equations (21)-(22), (ii) the Home Bellman
equations (23)-(24), (iii) the Home X\ difference equations (25)-(26), (iv) the For-
eign country analogues of (21)-(26) shown in Appendiz A, and (v) the market
clearing conditions (27)-(29).

3 Solution Method

The model is solved with a global solution method. The large number of state and
control variables (a total of 15 each) makes this challenging when using standard
projection methods. It runs into a dimensionality problem both when control
variables are approximated as step functions on a rectangular grid of state variables
and when they are approximated as polynomial functions that minimize average
equation errors on a large number of points of the state space. Even quadratic
polynomial functions for the control variables applied to the entire ergodic space
(which may not be precise enough) would involve 2040 parameters with 15 state

and control variables.!” We therefore instead follow the Taylor projection method

I7The actual number in our case is 1041 as not all control variables depend on all state variables,
but it would still be prohibitive.
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developed in Levintal (2018).'® This involves approximating the solution locally
at various nodes of the state space, and then combining these local solutions to
form the global solution. To this end, it is sufficient for us to use a local linear
approximation of the control variables as a function of state variables. This involves
far fewer parameters, although it needs to be repeated at many points of the state
space. We now describe the various steps involved.

The aim is to find a solution

cvy = g(svy) (34)

Given a particular node in the state space, Taylor projection locally approximates
g(sv¢) as a polynomial, which in our case will be linear. For a particular node sv’

in the state space, this takes the form
cvy = cv' + M (sv; — sv') (35)

where M? is a matrix with a non-zero value in element (7, k) if state variable k
affects control variable j. As discussed, not all control variables depend on all state
variables. There are a total of 153 non-zero coefficients in M?, plus 15 constants
in the vector cv?, for a total of 168 coefficients.

The model can be written in the form

E F(cvy, cvgyq, Svg, svp1) =0 (36)
svgr1 = G(svy, cvy, €441) (37)
where €1 = (e, €b,, €54, €5,) is the vector of shocks. F consists of the 15

equations listed in Definition 1. Equation (37) describes the evolution of state
variables and is discussed in Appendix B1l. Using (35) at both ¢ and t+ 1, together
with (37), we can write (36) in the form

H(SU{/) = EtH(SUt, €t+1) =0. (38)

We compute expectations using an order-5 monomial method (Judd, 1998) with
33 integration nodes for the shocks. H(sv;) represents the errors of the equations.

At the node sv?, the “Taylor” part of “Taylor projection” involves setting both

18Den Haan et al. (2016) develop an analogous method. The method is applied in Fernandez-
Villaverde and Levintal (2017) and Barro et al. (2018) to solve models with rare disasters.
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the level of H and its derivatives with respect to the state variables equal to zero:
H(sv') =0 and OH /Osv(sv') = 0. These give respectively 15 and 153 constraints
on the 168 parameters {cv’, M*}.1® We compute numerical derivatives using two-
sided finite-differences (using two or five-point stencils makes no difference). We
then solve the 168 parameters {cv’, M'} from the 168 equations.

We first obtain the local solution at the deterministic steady state.2’ The other
nodes sv® are obtained as follows. Since a rectangular grid is infeasible in such a
high-dimensional problem, we use the approach from Maliar and Maliar (2015).
We generate a long simulation using the linear solution at the symmetric state (10
million periods). We sample every 1000 points to eliminate autocorrelation. From
this sample we construct a set of 150 points using Ward’s clustering algorithm.
We were able to obtain solutions for {cv’, M'} at 120 of these points outside of
the deterministic steady state. We then use symmetry to obtain the solution at
another 120 points. So we have a solution at 241 points. We find that these points
cover the ergodic set sufficiently well.!

To construct the global solution, we use the modified Shepard’s inverse-weighting
interpolation. Define the weights

w;(sv', svy)

wi(SU ,SUt) - 254:11 ﬁJj(SUj, svt) (39)
e (0.5 3o, s}’
N max{0, k — ||sv; — s
w;(sv', svy) = ( A E—— ) :
||sv; — svy]| is the Euclidean distance and k is set to 4.22 Then
241
cv(svy) = Z w;(sv', svp) (cv’ + M (svp — sv')) (40)
i=1

YSpecifically, all 15 equations depend on S; (9 state variables), which gives 135 derivatives.
In addition, the Bellman equation for fg,’,f*l and the difference equations for )\Zl_ll’t and )\Eé’t
also depend on svg,; (3 state variables). This gives an additional 9 derivatives and an analogous
9 derivatives for the Foreign country. This gives a total of 153 derivatives.

20Variables other than portfolio shares are equal to their deterministic steady states. The
portfolio shares are set at zyg = 2zpr = Z, 2zgr = zrpg = 1 — Z, where Z is set at an empirically
realistic value (see Section 4). The value for 7 is set to make sure that also Zyy = Zpp = Z,
Zyr = Zrpg = 1 — Z at this symmetric node of the state space.

2Uf we create a new set of points by simulating the resulting global solution, the new set of

points is very similar.
22Getting k lower than 4 raises Euler equation errors, while setting it higher makes little

difference to the weights.

16



Further technical details on the solution can be found in Appendix B.

We also solve the model in the frictionless case where p = 1. The same solution
method is followed, but the solution is significantly faster as there are far fewer
state and control variables. The set of state variables consists of the exogenous
state variables dg+, dry, Tayt, Tre and relative wealth wLP . The other four state
variables in Sy, related to lagged relative wealth and portfolio shares, as well as
sgy and spy, are no longer state variables. The additional control variables cvg
and cvp, also disappear. Overall, the number of state variables is reduced from 15

to 5 and the number of control variables is reduced from 15 to 9.

4 Approximate Portfolio Expression

In this section we discuss an approximate portfolio expression in order to develop

intuition about what is driving portfolio allocation in the model.

4.1 Notation

Since our data in the next section applies to equity portfolio shares, we focus on
the equity portfolio. For agents who make new portfolio decisions, the share of the
equity portfolio that is invested in Home equity by respectively Home and Foreign

agents is denoted

e N RHH,
HHt = =, ~
ZHHt T ZHF¢
I ZFH
RpHt —

ZrHt + ZFFt

We are particularly interested in the average portfolio share invested in Home eq-
uity, Z74 = 0.5(34 m¢ + Z5ms)- The main effect of infrequent portfolio decisions
relates to the way investors respond to changes in expected excess returns. Ex-
pected excess returns affect the average portfolio share zZ; 4 but not the difference
in portfolio shares, 20” = Zirs — Zfm g, which is a measure of equity home bias.?

Some notation regarding asset returns is in order as well. Asset returns will be

denoted in logs, so gy = log(Rpyy), rre = log(Rpy) and 1, = log(R;). The world

23Moreover, at least up to the time of the Great Recession, there has been a trend decrease in

home bias for reasons that have little to do with gradual portfolio adjustment.
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equity return is 7“;11 = 0.5(rg 41 + 7re+1). We define the excess returns of stocks
over bonds in the two countries as erg 41 = g ¢41—7¢ and erpyy1 = rpg1—1¢. The
excess return of Home equity over Foreign equity is denoted er; 11 = rg 41 — rrit1
and we denote er 41 ¢4; = ery11+...+eryy; as the cumulative excess return of Home
equity over Foreign equity over the next ¢ periods. Other cumulative returns are

denoted analogously. We also denote er/\!" = erg i + erpq;.

4.2 Approximated Portfolio

To derive approximate portfolio shares, we follow a methodology similar to Camp-
bell and Viceira (1999), although the portfolio problem is considerably more com-
plicated here. After a significant amount of algebra described in the Online Ap-
pendix,?* we find the following approximate expression for the average Home equity
portfolio share:

~e A I
=05+ 2 0 Eere; + mTtD + Iy (41)
where = 0.5+ (2 — 0.5)D/d and
D = Z 0" (yvari(eryyi) + 2(y — 1)covi(eriyi, ereiiivio1)) (42)
d= Z 0" (yvary(erf{T) + 2(y — 1)covy(ertT, ergl i) (43)

Moments with a bar refer to the mean of these moments.

The optimal portfolio depends on three terms. The first is a present discounted
value of expected future excess returns (international equity return differentials).
The second is proportional to TtD = 7 —Tr:. This term is associated with financial
shocks. 7P rises when the cost of investment abroad rises for Home agents relative

to Foreign agents. This leads to an exogenous portfolio shift toward Home equity.

24We start by deriving expressions for ZHHt, ZHFt, Z2rH+ and Zpp; using portfolio Euler
equations, Bellman equations, and A difference equations. We log-linearize portfolio returns,
though we treat the new time ¢ portfolio shares as unknown parameters that need to be solved
and do not linearize around these variables. Most expectations take the form of E.e®, where x
includes log asset returns and the Bellman variables. Assuming log normality, these expectations
are approximated as e£#+0-50a7(2) where Ex and var(xz) are moments that vanish to zero in the
deterministic steady state. We then approximate this as 1 + Ez + 0.5var(x).
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The third term is h;, which will be discussed further below. It involves various

hedge terms associated with time-varying expectations of future risk.

4.3 Comparison to Frictionless Portfolio

It is instructive to compare (41) to what it would be when p = 1:

E
2:’14 = — 1741 + — a TtD + ht (44)
VUC”"t(GTtH) “YUC”“t<€7”t+1)

We will focus here on the expected excess return term. When p < 1 the average
share invested in Home equity depends on the present discounted value of all
expected future excess returns of Home equity over Foreign equity, as opposed
to just the expected excess return over the next period as in (44). The effective
horizon that investors have is longer as they do not know when they will make
a portfolio decision again. The discount rate is § = (1 — p). A lower value
of p therefore implies a longer effective horizon when decisions are made and a
relatively higher weight on expected excess returns further into the future. There
is a close analogy between this optimal portfolio and the optimal price that a firm
sets under Calvo price setting. The latter assumes that there is a probability p of
firms setting a new price each period. When a firm sets a new price, the expression
for the optimal price (e.g. page 45 of Gali, 2008) depends on a weighted average of
expected future marginal costs, with the weight declining at the same rate 5(1—p)
as in the optimal portfolio expression (41).

A lower p changes not just the relative weights of expected excess returns at
different horizons, but also the absolute weight. It implies that investors are less
responsive to expected excess returns in the near future. To see this, consider
the portfolio response to a change in E;er; 1, which has a coefficient 1/D. When
p =1, D = ~yvari(erys1), as seen in (44). When p < 1, the expression for D is more
complicated. The term in D multiplying #°~! is approximately equal to v times the
component of the variance of er,;;,,; that is associated with the time ¢ + ¢ excess
return, cov(eryy;, erpi144i). D therefore depends on long run excess return risk,
with a longer effective horizon when p is smaller. This higher risk implies a weaker
portfolio response to the expected excess return next period. If, for illustrative
purposes, for p < 1 we simplify the expression for D by ignoring the second
term in (42), which depends on autocorrelations of excess returns, and assume

the same variance of all future excess returns, we have D = yvar(eryy1)/(1 — 0).
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The portfolio response to a change in Eier;,; is therefore a fraction 1 — 8 of the
portfolio response when p = 1. The smaller the p, the weaker the response.
There is a second reason why investors respond less to expected excess returns
when p < 1, which is simply that only a limited fraction of investors make a
new portfolio decision at any time. Analogous to Z; 4 we define the overall port-
folio share zf’A as the average of zpp./(2ume + 2ure) and zppi/(2rme + 2FFe).

Linearization implies that it evolves according to
ot = (1=p)zh +pz (45)

For a given response of Z; 4 to changes in expected excess returns, this implies a
weaker and more gradual response of the overall portfolio share z; A4,

The weaker portfolio response to expected excess returns under the portfolio
friction is a key aspect of the model. It implies that larger equilibrium changes in
expected excess returns are needed to clear the market when there are financial
shocks associated with an exogenous change in 72. Larger changes in expected
excess returns imply larger changes in the relative asset price, which in turn also

implies larger changes in equilibrium relative asset supplies and portfolios.

4.4 Hedge Terms

The last term in (41) is

1—7 o= i
hy = T’Y Z 0" cov,(eryys, Tﬁ,—l,t-ﬁ-i)

i=1
1— Y - i— n n n n
D Z o1 (Covt(erH,t-&-h (1- M)fH,t+i + :ufF,t-i—i) - COUt(“"F,tHa MfH,t+z' +(1— M)fF,t+i))

i=1
_\g oo
—i—% Z Qi_lcovt(rﬁi — Teic1, (V= 1)erip1epio1 + Yerii).
i=1
The terms in h; are hedge terms associated with time-varying risk. These
involve the variance and covariance of asset return variables and the Bellman vari-
ables ff,ys, fF.ys Analogous to expected asset returns, it is not just uncertainty
about asset returns and Bellman variables over the next period that affects port-
folios, but rather perceived risk at all future dates, with discount rate #. In what
follows, assume that v > 1. We will focus on the first and second terms. The last

hedge term is less intuitive and is discussed in Appendix C.
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The first term in h; implies that the average share invested in Home equity is
higher when Home equity has a relatively high payoff (compared to Foreign equity)
in bad future states where the world equity return has been low. Home equity is
then an attractive hedge against such bad states. The second term of h; captures
a hedge against future changes in expected portfolio returns. The approximated

solution for ff;, is
o0

n i=p,H
fire =B Y BT (46)
i=1
where Ffjrlf = Tripio1+zerg e+ (1—2)erpsq; is the Home portfolio return evaluated
at the mean of portfolio shares. An analogous solution applies to fz,. The second
term of (46) then says that the Home portfolio share is high when Home equity
returns are relatively high in bad future states where subsequent future expected

portfolio returns are low.

5 Numerical Illustration

In this section we provide a numerical illustration of the impact of infrequent port-
folio adjustment on asset prices, excess returns and portfolios. In this illustration
one period will equal one month. We first discuss the calibration of model param-
eters. Next we show that the global solution for z; “ is almost identical to the sum
of the first two terms in (41), the expected excess return term and the financial
shock term. The hedge term h; is not important quantitatively. After discussing
two parameterizations where p = 1, we compare these frictionless cases to the
case of infrequent portfolio decisions, focusing on asset prices, excess returns and
portfolios. We discuss both impulse responses to dividend and financial shocks
and various moments involving these variables based on model simulation, which

are compared to the data.

5.1 Calibration

The numerical solution when p < 1 is very time consuming. We therefore consider

just one set of parameters. The calibration is shown in Table 2. It involves the

parameters of the dividend and financial shock processes, as well as p, v and .
The most important parameter is clearly p. We set it at 0.04, so that agents

on average change their portfolio once in two years (25 months). The Investment
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Company Institute reports that only 40 percent of US investors change their stock
or mutual fund portfolio during any particular year. In the year 2001, 61 percent
made no change. In 2007, 57 percent made no change.?> p = 0.04 implies that 61
percent of agents will make no portfolio change in any particular year.? We can
also draw a comparison to BTW for US mutual funds. They regress US mutual
fund portfolio shares in foreign countries on last month’s portfolio share and the
present discounted value of expected future excess returns. The coefficient on last
month’s portfolio share is an estimate of 1 — p in our framework. Their results
imply p = 0.07. This gives equal weight to all mutual funds. For large mutual
funds, which matter more in the aggregate, their estimates imply p = 0.05.

We set v = 10 and § = 0.99668. Risk aversion of 10 is simply adopted from
Bacchetta and van Wincoop (2010), who use their model of infrequent portfolio
adjustment to account for the forward discount puzzle. They provide a variety of
motivations for this choice. A time discount rate of 0.99668 implies a risk-free rate
that is about 4 percent annualized in the risky steady state.

The parameters of the dividend process are calibrated to the United States
(Home) and the rest of the world (Foreign). The latter, also referred to as ROW,
consists of an aggregate of 44 foreign countries. We use 230 months of MSCI data,
from November 1995 to December 2014. Data on earnings are used as opposed to
dividends as the latter do not include share repurchases, which have become the
preferred method of shareholder payments.?” Defining d” = dy; — dp; and d* =

0.5(dprs + dpt) as the relative and average log dividend, we have dP = padP | + ehP

and df = pgd | + " We set pg = 0.9767 as the autocorrelation of dP. We
then compute ef’D and ef’A and use their standard deviations, which are reported

in Table 2. We set d = (1 — )/, which implies an annualized dividend yield of 4

25The 2001 number is from Equity Ownership of America, 2002, while the 2007 number is from
Equity and Bond Ownership in America, 2008.
26Even less frequent portfolio changes apply to retirement accounts. Ameriks and Zeldes (2004)

find that over a 10-year period, 44 percent of households made no changes at all to their TIAA-
CREF portfolio allocations. This corresponds to p = 0.007. Similarly, Mitchell et al. (2006)
find that 80 percent of 1.2 million workers with 401(k) plans initiated no trades over a two year

period. This corresponds to p = 0.01.
2"The MSCI earnings data is a 12-month trailing average. Companies do not report monthly

dividends. The measure is reasonable if dividends plus repurchases keep up with the 12-month
trailing average of earnings. The correlation between dgy; — dpy computed based on relative

earnings and relative dividends is 0.81.
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percent in steady state.

There are analogously also four financial shock parameters. We set 7 equal to
0.0002, which implies realistic equity home bias in the risky steady state in the
sense of matching the average of the fractions that US and ROW investors invest in
respectively the US and ROW. Over the November 1995 to December 2014 sample
this average is 0.7634. The portfolio data are discussed in Section 5.5. Analogous
to dividends, we define the difference and average of 7y and 7y as 7 and 7/
These follow AR processes with AR coefficients of p, and innovations of ;" and
etT’A. We set p, and the standard deviation of these two innovations at the values
shown in Table 2. As we will see in Section 5.5, this implies properties of the excess
returns that are reasonably close to the data. This includes the standard deviation

and autocorrelation of er;; and the correlation between ery ;1 and erpgyq.

5.2 Approximated Solution

Equation (41) gives a linear approximation of the solution of Z; 4 as the sum of
three terms. We will show that the global solution is very close to just the sum of
the first two terms, so ignoring the hedge term. This approximated solution is

~e, A approrimate 1 S 1=
goAorp =05+ D Z 0" Eyeryyi + ﬁﬁ[)- (47)
i=1

To show that this is close to z; 4 from the global solution, we simulate the model
over 230 months, the sample length used for calibration and to compute data mo-
ments in Section 5.5. During each month the present discounted value of expected
excess returns is computed by generating 100,000 different futures of 150 months.?®
The parameters D and p are computed using the mean over the 230 months of
the present discounted value of the moments in the expressions for D and d, again
using 100,000 futures of 150 months to compute the present discounted value of
the moments.

Figure 1 shows both the global solution for zy A and the approximated solution
(47). The two lines are extremely close, with a correlation of 0.964. Sometimes
they are indistinguishable and overlap. Any deviation that is left is caused either

by the approximation itself used to derive (41) or the hedge term h;. We have

28Truncating after 150 months is sufficient as 6'°° is equal to 0.0013, so that expected excess

returns further into the future get virtually no weight.
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not been able to numerically approximate the time varying hedge term accurately
enough as it would require an even much larger number of futures, but clearly it
does not play a significant role.

This result implies that we can focus on the expected excess return term and
the financial shock term to understand portfolio behavior. The intuition about
the impact of expected excess returns discussed in the previous section, and the
comparison to the frictionless case p = 1, is important to the solution. The ap-
proximation also helps quantify the financial shock in terms of a portfolio shock.
We will define the size of the financial shock as the instantaneous change in z; A
due to a one standard deviation innovation in €;"”. Using the approximation (47),
this is equal to

pﬁag,p. (48)
Measuring the financial shock as a portfolio shock this way allows for easier com-

parison to p = 1, as we will discuss below.

5.3 Two Frictionless Cases

In comparing the solution with p = 0.04 to a frictionless world where p = 1, we
consider two cases, labeled Case 1 and Case 2. These differ only in the magnitude
of the financial shocks. Since all investors face the financial shock when p = 1,
while only 4 percent of investors experience the shock when p = 0.04, the same
size shock to 77 has a much larger portfolio impact when p = 1. In Case 1 the
standard deviations of €/'” and €] 4 are proportionately reduced such that the size
of financial shocks, as measured by (48), remains the same as when p = 0.04.%
In that case a one standard deviation innovation etT’D raises z; A by 0.0103. In
addition 7 is reduced to 0.000083 to keep the fraction invested in domestic equity
at 0.763 in the risky steady state.

In Case 2 all parameters remain the same as in Table 2 for p = 0.04, except
that 7 = 0.00013 is set to match home bias. In this case a one standard devi-
ation innovation etT’D raises z; A by 0.34. This is a huge financial shock, where
exogenously (before general equilibrium effects set in) a two standard deviation

financial shock would raise the average share invested in Home equity from 50% to

8pecifically, the standard deviations of €] P and eZ’A are both reduced by a factor 232, to
respectively 6.47F — 6 and 2.16F — 7.
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117% in just one month. The financial shock in Case 2 is so large mainly because
the fraction of investors that face the same shock to 72 is now 25 times as large
as when p = 0.04. While a comparison of p = 0.04 to Case 1 is therefore more

appropriate, Case 2 is nonetheless useful for illustrative purposes.

5.4 Impulse Response Functions

Figure 2 shows the impulse response of the relative log asset price ¢ and the
average equity share zy 4 in the Home country for both relative dividend shocks
(top two charts) and financial shocks (bottom two charts). The impulse response
functions are shown for p = 0.04 and the two frictionless cases. The relative
dividend shock is a one standard deviation increase in e*”, while the financial
shock is a one standard deviation increase in etT’D.30 The reported impulse response
functions are an average of 10,000 impulse responses that are computed at different
points in the state space after first simulating the model over 10,000 months. For
financial shocks only, Figure 3 reports expected excess returns based on the same
exercise. It shows the expectation at the time of the shock of future expected
excess returns Eyery,; and expected cumulative excess returns Eiery ¢4, both as
a function of 7.3! Since expected excess returns are dominated by financial shocks,
we do not show the much smaller expected excess returns for relative dividend
shocks.

Panels A and B of Figure 2 show that the effect of dividend shocks on the
relative price and average portfolio is quite similar in the three scenarios. There is
some slight delayed overshooting when p = 0.04, but it does not markedly affect the
equilibrium. Setting p even smaller would make a difference in that the immediate
impact of the dividend shocks on the relative price and portfolio would be smaller
and there would be more delayed overshooting. But only having four percent of
investors actively changing their portfolio in response to a change in dividends is
sufficient to generate a price and portfolio impact that is similar to the frictionless

case.

30We do not show the impulse response to average shocks as these have no effect on our
variables of interest. They do not operate through expected excess returns, where portfolio

frictions critically come into play.
31These are not impulse response functions, but they are computed from impulse response

functions by assuming that excess returns after the shock at time t are equal to expected excess
returns at time ¢ due to the shock. Numerically we find this to be very accurate.
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The biggest impact of infrequent portfolio choice is with regards to financial
shocks, shown in panels C and D. An increase in 72 leads to a portfolio shift to the
Home country, which raises the relative Home price ¢ and the average portfolio
share z; 4 in the Home country. We first consider a comparison of p = 0.04 top =1
for Case 1, where the financial shock is equal in size. Panels C and D show that
in the frictionless case both the relative asset price and average portfolio remain
virtually unchanged. Exogenous portfolio shifts are easily absorbed by investors
in the frictionless case, without requiring much of a change in the relative price
(Figure 2, panel C) and expected excess return (Figure 3). The reason is that the
portfolio share is very sensitive to the expected excess return.

In Section 4.3 we discussed two reasons for the stronger sensitivity of the port-
folio share to expected excess returns in the frictionless case. First, the fraction
of investors that actively responds to a change in the expected excess return is 25
times higher when p = 1. Second, within the group of investors who choose a new
portfolio, the response to a change in the expected excess return is much smaller
when p = 0.04 because investors have a longer effective horizon and therefore re-
spond less to expected excess returns in the near future. From (47) the change in
TS 1/D times the change in Eieryyq. 1/D is 14 when p = 0.04 versus 3290 when

= 1 (Case 1).3? The strong sensitivity of the portfolio to changes in expected
excess returns when p = 1 implies that a very small drop in the expected excess
return on Home equity is sufficient to absorb the exogenous shift toward Home
equity due to the financial shock. The overall portfolio 264 therefore changes very
little.

It is however possible to generate a large asset price and portfolio response even
in the frictionless case, as is shown for p = 1, Case 2. As discussed, the financial
shocks in this case are 34 times as large as when p = 0.04. Even with portfolios
being very sensitive to the expected excess return, an extreme enough financial
shock will still require a substantial change in the relative asset price and expected
excess return, as shown in Figure 2, panel C, and Figure 3. Notably though, even

with the financial shock 34 times as high in the frictionless case, the relative asset

32Part of the reason that the response is so extreme when p = 1 is that the excess return is less
volatile (see Section 5.5), which is itself the result of the small effect of financial shocks on the
relative price. But even when we set the standard deviation of the excess return equal to that
of the p = 0.04 case, we would get 1/D = 1/[yvari(eriy1)] = 189, which is still over 13 times as
large as when p = 0.04.
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price still changes considerably less than with p = 0.04, and the expected excess
return is also smaller in size. The initial portfolio response is larger when p = 1
than p = 0.04, but much less persistent. When p = 0.04 the average portfolio

continues to rise for about 10 months before slowly going down.

5.5 Data versus Model Moments

Tables 3 and 4 report various model moments and compare them to data moments.
Table 3 reports regression coefficients of 1 month, 3 month, 12 month and 48 month
equity excess returns er 1 ;; on the current relative log dividend yield dP — ¢P.
These are population moments, obtained from a simulation of the model over one
million months. The corresponding data moments in the first column are from
Table 1. These are not exactly comparable as the model has only two countries,
while the data moments are based on a panel regression of US minus foreign equity
returns for 73 foreign countries. But it is exactly the panel aspect that allows for
good empirical precision.

Table 4 reports model and data moments for excess returns and portfolio shares.
In the data these are based on 230 months from November 1995 to December 2014.
The model moments are based on 100,000 simulations of 230 months, showing both
the average moments and standard errors. The portfolio data used to compute the
data moments are obtained from US external equity assets and liabilities from
Bertaut and Tryon (2007) and Bertaut and Judson (2014), together with US and
ROW market capitalization data. The US equity portfolio share by respectively
US and ROW investors is computed as

. ZHH US market cap — US ext liab

A = =
HHE zpae + zare - US market cap — US ext liab + US ext assets
. ZFHL US ext liab

RFHt =

2FHt + ZFFy ~ ROW market cap + US ext liab — US ext assets

where US ext liab and US ext assets refer to US external equity liabilities and
assets. Average and relative portfolios are 20" = 0.5(2 54 + 2pp,) and z; P —
24 — 25y We are mainly interested in 2y 4 which depends on expected excess
returns. zy P is a home bias variable that is mainly driven by exogenous changes

in TtA.SS

33We only report the volatility of its monthly change as home bias trends upward in the data.
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Table 3 shows that there is significant excess return predictability by the relative
dividend yield when p = 0.04, which increases with the horizon as is the case in
the data. Overall the extent of predictability is comparable to that seen in the
data, a little higher at the 3 month horizon and lower at the 48 month horizon.
Not surprisingly, in Case 1 of the frictionless world there is virtually no excess
return predictability. This is consistent with Figure 3. The strong sensitivity
of portfolios to expected excess returns implies very small equilibrium expected
excess returns. There is naturally more excess return predictability in Case 2 of
the frictionless world where financial shocks are 34 times larger. But even with
such large financial shocks the excess return predictability is a factor 3 to 5 smaller
than when p = 0.04.

Table 4 shows various moments involving the volatility of excess returns and
portfolios, their autocorrelations, as well as contemporaneous correlations with
changes in relative dividends. When p = 0.04 all the moments are reasonably
close to those in the data. This is not the case in the two frictionless cases. This is
particularly evident in Case 1. The volatility of the excess return er; and portfolio
2¢* is much smaller than in the data. Moreover, both er, and Az are almost
perfectly correlated with the change in relative dividends. We have seen that
financial shocks have little effect on asset prices and portfolios in that case, so that
they are mainly affected by dividend shocks.

Case 2 of the frictionless world matches the data better as financial shocks
matter due their extreme size. But even in this case the deviation from the data is
larger than with p = 0.04. The excess return er; is not sufficiently volatile, while
Azf 4 is more than twice as volatile as in the data and negatively autocorrelated

(opposite to the data).

6 Conclusion

We have introduced a Calvo type portfolio friction in a two-country DSGE model
for the global equity market. There is extensive micro evidence that investors make
infrequent portfolio decisions and recently Giglio et al. (2019) have shown that the
Calvo type infrequent trading friction is particularly relevant. In addition, BTW
have documented the importance of portfolio frictions for international portfolio

choice by focusing on mutual funds.
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A significant contribution of this paper was to develop and solve such a model.
Introducing an infrequent random portfolio decision making friction is more com-
plex than the more familiar Calvo price setting. Portfolio Euler equations are
complex and involve new control variables that capture the expected product of
excess returns and stochastic discount factors beyond the next period. Through
these variables, optimal portfolios depend not just on expected excess returns and
risk over the next period, but over the infinite future. The effective horizons of
investors is increased as they do not know when they will make a portfolio decision
again. Although there are a large number of state and control variables due to the
portfolio friction, we have been able to solve the model using a Taylor projection
method, combined with the modified Shepard’s inverse-weighting interpolation.

We have provided intuition by developing an approximated portfolio expression
using a methodology similar to Campbell and Viceira (1999). The approximation
shows that the optimal portfolio is the sum of three terms: a term that depends
on the present discounted value of expected excess returns, a term that depends
on exogenous portfolio shocks (financial shocks) and a hedge term that depends
on the present discounted value of risk associated with future asset returns. We
find numerically that the portfolio solution based on the global solution method is
very close to the sum of the first two terms of the approximated expression.

We have provided a numerical illustration by comparing the model with the
portfolio friction to two frictionless cases. The portfolio friction primarily affects
equilibrium asset prices, expected excess returns and portfolios through the im-
pact of financial shocks. The same size financial shock has a much smaller impact
on these variables in the frictionless world. The model with the calibrated friction
does a much better job in accounting for excess return predictability and other mo-
ments involving excess returns and portfolios. Under portfolio frictions, portfolios
respond much less to expected excess returns and more gradually, which improves
the empirical fit to the data.
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Appendix

A Foreign Country Equations

First, define:

nt—j _ [ Rp,F,t—jy” TN

Mpy1 = t+1
ot=j _ [prFi=i] " J0-mIEi
Mpid = |41 € :

where the portfolio return is defined as
Rtﬁ’tfj =R+ Zrui—ij(Ruis1 — Re) + Zrri—j (R — Ry) (A.1)

t—j n,t—j o,t—j
Also define Mpig = PNy + (1- p)mF,t+1-

The Foreign country portfolio Euler equations are

Etm%,t+1(RF,t+1 —Ry)+(1— p)Etm;ftHRtﬁt/\%F,tH =0 (A.2)
Etm%,tJrl(eiTF’tRH,tH - Ry)+(1— p>Etm§;ft+lRf:i-Fi7t)‘%H,t+l =0 (A3)

The Foreign country Bellman equations are

- 4 7F7
eU=NFF./8 :ozEtth’tHRth (A.4)
o,t—1 _
R P = aBmly L REST (A.5)

The Foreign country A difference equations are

JFt—1 t—1 yi—1 t—1 \t—1 o t—1 — TR
By Ry (mF,tJrl)‘FH,t - 9m%,t+l)‘FH,t+l) = BEth,tJrl(e T Ry pr — Ry) (AL6)

Fit—1 (41 i1 A—1 yt—1 _ t—1
EtRfH (mF,t-i—l)‘FF,t - 0m%,t+1/\FF,t+1) = BEth,tH(REtH — Ry) (A7)

B Further Details on Solution Method

B.1 State Variables at ¢t +1

(37) writes the evolution of the state variables as sv;11 = G(svy, cv, €441). To see
this, first consider the last 6 state variables at t + 1: svgsi1 = (Tut, Zume, Zure)
and svpyr1 = (Tpe, Zrme, 2rrg)’. Clearly, these are elements of sv; (the tax rates)

and cv;y (the portfolio shares). Next consider the first 9 state variables: Sy, =
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D ,D A ,D DYy ~ i
(B 415 ARt TH 41, TR44+1, Wit 1, Wy s 2514, 214> 27¢) - The Home and Foreign divi-

dends and tax rates at ¢t + 1 depend on the Home and Foreign tax rates at time
t (part of sv;) and the shocks €. Skip over w?, for a moment. w/ is part
of svy. zp,, 282, and 2B, depend on wy, zymy, 2urs, 2ra: and zppg. w; depends
on wP, which is part of sv;. We can write 2y, = (1 — p)2gmi—1 + Piums =
(1 —p)zgsq + (1= p) (1 — wim1)2f o1 + PZumg, where wi_y depends on wy,. So
zpm, can be written as a function of state variables at time ¢ and control variables
at time t. The same is the case for the other portfolio shares.

Some more discussion is warranted regarding th+1' Denote all state variables
at t+ 1 other than wf | as svyq. It follows from the discussion above that vy =
Gs(svy, cuy, €,41) for a known function Gs. From (33), and the return expressions
(1) and (2), as well as the discussion above, it follows that we can write wy); =
Gu(Svt, v, €441, qr 141, Qrer1) for a known function G,,. At this point we substitute
the linear projection (35) at a particular node sv’, applied to t + 1: cvyyy =
cv' + M(svgyq — sv'). For a given cv' and M (first and second row), this gives
qm+1 and gpy4+q as linear functions of sv,; 1, which in turn implies a linear function

in sv41 and w2 . Write these as ;411 = Gi(svi1, w2,). Then we have

Wity = Gu(s0s, Vs, €1, Gu(Go(s0, cvr, €041), Wity ), Gr(Gs(s01, cvr, €41), Wi )
(B.8)
We linearize the right hand side around wf}; = w;’, where wp is the fifth element

of the node sv, to solve for w” , as a function of sv;, cv; and €. 4.
) i1 t, CUt t+

B.2 Other Details

We start the solution of the 168 parameters either at the deterministic steady
state or at the nearest node in the state space for which we have solved the local
solution. We go in steps of 0.001 times the distance towards the new node in
the state space, each time resolving the parameters, until we have reach the new
node. We normalize the variables ff,.y, fiiyi1s froe1s fier DY fortand folt
to avoid overflows, given the large steady state values of the f variables. We use
a dampened quasi-Newton method to solve the parameters before switching to
hybrid-Powell once the largest absolute value of the elements of H(sv;) is less than
10~*. All codes are written in Fortran95 and compiled with the Intel Compiler,
except for Ward’s clustering algorithm, which is written in Matlab. All codes are

available on request. No proprietary software is needed.
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C Last Hedge Term

The last hedge term in (46) is less intuitive. Here we attempt a brief intuition.
This term is multiplied by (1 — 2z)? and therefore only applies when the mean Zz
of the fraction invested domestically differs from 0.5. Assume that Z is well above
0.5. The average share invested in Home equity is then affected mostly by Zyr and
Zru (as opposed to domestic portfolio shares). It also means that a particularly
bad state for Home (Foreign) investors is a low Home (Foreign) equity return.
The average Home equity share is larger when the covariance in the last line of
(46) is positive. This means that in a bad state for the Home (Foreign) country,
world equity returns tend to be low (high) relative to bond interest rates. To
hedge against such bad states, it is attractive for Home agents to lower Zyr and

for Foreign agents to raise Zpy. Both raise the average Home equity share.

D Ergodic Distribution Relative Wealth

We compute the ergodic distribution of relative wealth by simulating the model
over one million months. This is done for the parameterization in Table 2. The
result is shown in Figure A1l. Ninety five percent of the distribution is between plus
and minus 0.52. The logic behind the stationarity of relative wealth is as follows.
Assume that a shock leads to an increase in the relative wealth of the Home country.
As a result of home bias (which is matched in the parameterization), this leads to
an increase in the relative demand for Home equity. This raises the relative Home
equity price and therefore lowers the expected return on Home equity relative to
Foreign equity. This lowers the expected portfolio return of Home agents relative

to Foreign agents, which in turn reduces the relative wealth of the Home country.
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Table 1 Predictability International Equity Return Differentials

1 month 3 months 12 months 48 months

Earning-Price  0.00660%** 0.0185%**  0.0779%%*  0.0490%**
(0.00197)  (0.00383)  (0.00895)  (0.00444)

Constant -0.00177  -0.00366  -0.00849 -0.0283
(0.00149)  (0.00294)  (0.00765)  (0.0315)

Observations 22033 21889 21241 18643

R? 0.006 0.015 0.044 0.128

Notes: Standard errors in parenthesis. *p < 0.10, **p < 0.05, ***p < 0.01. Results are
based on panel regressions of equity returns in 73 countries minus the equity return in the
US on the log relative earnings-price ratio over the period 1970:01-2019:02. All regressions

include country fixed effects and standard errors are clstered at the monthly level.

Table 2 Calibrated Parameters

Parameter Description
p=0.04 frequency of portfolio adjustment
v=10 rate of relative risk-aversion

5 = 0.99668 time discount rate

pd = 0.9767 autoregressive coefficient dividend process

oo =0.0447 | standard deviation relative dividend innovation ejyl{t — e%t
o4 =0.0325 | standard deviation average dividend innovation 0.5(¢%y, + €d,)
pr = 0.95 autoregressive coefficient financial shock process

7 = 0.0002 average tax on foreign returns

oo =0.0015 | standard deviation relative financial shock €f;; — €py

o4 = 0.00005 | standard deviation average financial shock 0.5(€f;; + €f;)




Table 3 Predictability International Equity Return Differentials

HORIZON | DATA MODEL

p=004 p=1 p=1
Case 1l Case?2

1 month 0.0066 | 0.0101  0.00002 0.0033
3 months 0.0185 | 0.0385  0.00005 0.0086
12 months | 0.0779 | 0.1076  0.00011 0.0255
48 months | 0.490 0.2127  0.00036 0.0490

Notes: The data moments correspond to Table 1, representing the coefficients of a panel
regression of international equity return differentials (foreign countries minus US) on the
log relative earnings-price ratio. Model moments represent the model population moments
when regressing the Home minus Foreign equity return on the Home minus Foreign log
dividend yield. They are based on one simulation of the model over one million months.

Results are shown for excess returns over 1, 3, 12 and 48 months.



Table 4 Data and Model Moments with Gradual Portfolio Adjustment

DATA MODEL
p=004 p=1 p=1
Case 1l  Case 2
STANDARD DEVIATIONS
er,. 0.045 | 0.034 0.033 0.033
(0.0017) (0.0015) (0.0016)
ert 0.027 | 0.023 0.0055 0.016
(0.0012) (0.0003) (0.0011)
zf’A 0.026 | 0.028 0.0039 0.029
(0.0082) (0.0011) (0.0068)
Azf’A 0.0045 | 0.0046  0.0010  0.0110
(0.0003) (0.0001) (0.0012)
AzPP 0.0044 | 0.0029  0.0023  0.0701
(0.0004) (0.0003) (0.0134)
AUTOCORRELATIONS

er . 0.135 | 0.017 -0.005 -0.008
(0.067)  (0.066)  (0.067)

ert 0.086 | 0.212 0.003 -0.062
(0.064)  (0.066)  (0.070)

zf’A 0.976 | 0.982 0.958 0.922
(0.012)  (0.024)  (0.030)

Azf’A 0.155 | 0.270 -0.013 -0.053
(0.069)  (0.066)  (0.073)

CONTEMPORANEOUS CORRELATIONS

corr(AdP ery) 0.177 | 0.193 0.995 0.364
(0.064)  (0.002)  (0.067)

corr(AdP, Az | 0249 | 0171 0997  0.121
(0.064)  (0.001)  (0.070)

corr(Azf’A, ert) 0.922 | 0.967 0.989 0.844
(0.014)  (0.005)  (0.054)

corr(erm, erry) 0.84 0.772 0.986 0.882
(0.028)  (0.002)  (0.018)

Notes: Model moments and associated standard errors (in parentheses) are based on 100,000 simu-
lations of a 230 month period. Results are shown for three model parameterizations. The p = 0.04
parameterization is shown in Table 2. The p = 1, Case 1, parameterization sets 7 = 0.000083 and
sets 0_.p = 6.47 x (1076) and 0.2 = 2.16 x (1077). The p = 1, Case 2, parameterization is the
same as Table 2, except that 7 is set at 0.0013.



Figure 1 Approximation Optimal Portfolio*
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*The chart shows the global solution of the optimal portfolio based on a simulation over 230 months, as well as the linear
approximation (47), including the expected present discounted value of excess returns and the financial shock that is
proportional in 1P, but not the hedge term h,. The correlation between the global solution and the approximation is 0.964.



Figure 2 Impulse Response Functions
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Notes: The impulse response functions represent an average of 10,000 impulse response functions, starting from states
generated by simulating the model for 10,000 months. Dividend shocks one standard deviation innovation in £&P. Financial
shocks are one standard deviation innovation in &-P.



Figure 3 Expected Excess Returns—Financial Shocks
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Notes: Expected excess returns are computed from impulse response functions. Excess returns in the periods subsequent
to the shock are expected excess returns. Chart A shows the expectation at the time of a one standard deviation financial
shock innovation £%P of the excess return i months later. Chart B shows the cumulative excess returns, which represent the
total excess returns from the period after the shock until i periods later.



Figure Al Ergodic Distribution Relative Wealth
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Notes: The ergodic distribution is obtained by simulating the model over one million months.
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This Appendix derives approximated portfolio expressions using an approach similar
to Campbell and Viceira (1999). The Appendix focuses on the Home country. The
derivations for the Foreign country are analogous and shown after the derivation for the
Home country. The aim is to obtain approximated expressions for Zy g, and Zyp,. While
at times we linearize some expressions, we never linearize around these two portfolio
variables. They are treated as parameters that need to be solved. We ultimately derive

~e,A
an expression for z,.

1 Home Equations

We start from the portfolio Euler equations in the text of the paper. Substituting the

stochastic discount factors, we have

— o,t _ n
E, [Rt_’g’t] ! ((1 — p)e(l_V)fH,tH +pe(1 'Y)fH,tﬂ) (RH,t+1 _ Rt)

(1= p)B, [REH U il ny =0 (1)
Ey {Rtﬁ’tr ((1 — 29)6(1_7”’?3“ +p€(1_wm’t+l> (€™ Rpt1 — Ry)
(1= p) B, [REH] T el i Ny =0 (2)
where
gy = OB (R N+ (3)
BE, <p€(1_7)fg”t+1 + (1 - P)e(l_v)f}i’m) (Rp’Ht 1) (Ru1 — Ry)
gHt/\t};},t = OBl i (Rp’Ht 1) >‘HFt+1 + (4)
PE; <p€(1—w)f}},t+1 + (- P)e(lv)f}i’M) (Rff{’t_l)_v (Rpppe” ™07 — Ry)
with

n o, 1—
gut = B (pe(l_V)vat“ + (1 - p)e( )tht+11> (Rfjﬁ’t*l) !



Using the Bellman equation for f}}’i_l, we can also write

o,t—1

e = (Lfc)elt Vi /5
Finally, the Bellman equations are

6(1—"/)]0?“/5 p— Et <p6(1’y)f;}yt+l + (1 _ p)e(l_'Y)f:fftJrl) (Rff{,t) I—y (5>

o,t—1

o,t— 1—
(1 'Y)th /B — OKE (pe(l W)fH t+1 _|_ (1 p)e(l_'Y)fot+11> (R%?#I—{vt_l) v (6)

We will first transform some of these variables. In the deterministic steady state of
the model all gross asset returns are 1/ and the Bellman variables f}:, and I !
equal to In(1— /). From hereon we will denote all asset returns in logs with a lower case
r and substract (n(1/5). The resulting log returns in deviation from their deterministic
steady states are denoted with a hat: 7. Analogously, after substracting in(1 — f3) from
the Bellman variables we also denote them with a hat, e.g. f2 7 and fO !~1 Finally, Ay, Ht

and \%; Ft are redefined as their previous values times
(1 — p)ed=DFi =i ™!
The Home portfolio Euler equation for Home equity is then
(1 _ p)Etefﬁfﬂhr(1*7)f1?ft+1+fH¢+1 _ (1 _ p)Ete*wfﬂ’tﬂlfﬁ’)fsztﬂtl*ﬁt +
PEtefwfﬂtH177)]3’7}’”1%}1’”1 - PEtefwfﬂ’tHlﬂ)f?””ﬁﬁ + Et)\ﬁqH,tH =0 (7)
The Home portfolio Euler equation for Foreign equity is
(1— p)Etefwfff’t+(1w)f}fl’ft+1+fF,t+1fmt (- p)E’te*wﬁ’t+(1’7)f§1’,tt+1”t n
pEtefwfﬁ’tHlﬂ)fg’t“+FF’t+lfTHt - PEteﬂffﬁtHlﬂ)fg't“#t + Et)\qu,tH =0 (8)

The new difference equations for A5}, and AL, are
HH,t HFt

_N\B—=1 fo,t—1 H,t—1
Nty = 0B, 00 5 e o0 TN L+ (9)
06 1—7) fl‘fltt 1Et ((1 i p)e(lfﬁ)fz(’;_ll _|_p€(1—7)fH7t+1> (1— ) p,H,t—1 'yfff{’tfl (efH,t+1 B eft)
B—1 zo,t—1 H,it—1
Nipe = OB, Tt it Airen (10)

Vg, ((1—p) DFE 4 pe- >fH,t+1> Ao T T (PR T iy
The Bellman equations are

U=Ni/B — 0= (pe(l—“/)f}},tﬂ +(1 _p)e(lw)f}?le) (11)

6(1_7)f1?:71/6 = Ete( V)Tffft ' (pe(l_'Y)fg,t-v—l + (1 _p)e(l_'y)flcg,tt+11> (12)
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2 Solving the Bellman equations

In what follows we will need expressions for ff,, . and f}}tt 4+ for s > 1. In analogy to
(11)-(12), we have

~p,H,t+s

(1 V)fH t+s/B — l?+ 6(1 77F Titst1 (pe(l_'Y)fg,H-H-l + (1 _p)e(lv)f;f,ttisQl) (13)
t+j

AN — B, 0= (]Oe(l—v)fﬁﬁw1 (1 _p)e(l—v)f,?ftﬁJ;H) (14)

Linearizing around zero values of these variables, we have

rn ~p,H t+s rn o,t+s
fH,t+s = BEys (Tfﬁﬂr +pr,t+s+1 +(1 p)thtis—&-l) (15)
52 = BEus (P + D firors + (1= D) fi50) (16)

where the portfolio returns are
erfiﬁf — ft+s + 2HH,t+j (6fH,t+s+1 _ eft+s) 4 2HF,t+j (efF,t+s+1 _ ef’t+s)

In differentiating the log portfolio returns, we differentiate around values of the portfolio
shares invested in Home and Foreign equity equal to their ergodic means, which are
denoted Zyy and Zyp. The only exception are the portfolio shares at time ¢, Zy g, and
Zpre. These are the ones that we are trying to solve. We treat them as parameters that
we do not linearize around. This means that for 7 > 1 the linearized portfolio returns
are

D, H t+j — &S = ~
Titsk1” = Tts T ZHHETH t+s+1 + ZHFET Ft4s+1 (17)

Here erpits41 = THt4+s+1 — Ters and €Tpipsi1 = TEppst1 — Tegs. FOr j = 0 we have

Apyl_17 - i i
Tidsk1 = Tt+s T ZHHCT Ht+s+1 T ZHF €T Ft+s+1 (18>

It then follows from (15)-(16) that for j > 1 and s > 1

rn _ poit+j i
fH,t+s =JHi+s = Eiys Z B Tt-l—s—i—z (19)
=1
where
_va o b~ =
Tivsii = Ttastio1 t ZHHETH t1sti T ZHFETFi1sti (20>
We also have
N = = rn
fH tts — = BE s (Tt+s + ZHHETHt+s+1 T ZHF €T Fiys+1 + pr,t+s+1 + ( )fH t+s+1>
(21)



/\HH 4 = E; Z e

Substracting

N o Ht+ .
fiprs = BEiss (rf+s+1s + fgl,t-s-s-s-l) (22)
we have
fH s fg,t+s = 5<2HHt - EHH)Et—i-seTH,t-&-s-l—l + 5(§HF,1; - EHF)Et—i-seTF,t—i—s—i-l +
eEt( Ht+s+1 f}‘ll,t+8+1) (23>

Integrating, we have

o0 oo
i trs = firirstGame—20m)B > O Epsermiyorit(Guri—Zur)B Y 0 Eryserpiisyi

=1 =1
(24)
3 Solving Expected Lambdas
The solution to (9)-(10) is
NI 1<(1 — p)el- NG +p6<m)f;;,t+i) NPT =it (em,m
N = Etzez e (1= et 4 e s ) U o (i
where
ro,t—1 ot 1 ro,t—1
THperior = + o+ Hirio (25)
. Ht—1 _ p.H, < H,
Tf,t+itfll - tp - 1+ -+ f+zt ' (26>
It follows that
Et)‘?IH t+1 — (27)
N G O F A= L = A e

Etzez

ap, Hit s
Zgl (1- - &t B th+1 et (1= 'Y)th+z+1+(1 7)7t+1 t4i VT eqip1 T+

_(1 _
=1

p,H,t

Tit1,e+a 7 t+z+1+rH t4it1

/3 ot .
2 Z grel! VG et D i+ 17
i=1
=R P HE |
—pL, Zez =% fH““‘HJr(l DI it (1= 'Y)Tt+1 R AR
=1

_ eft-»—i—l)

_ 67’}-&-1’—1)



and

Et)‘i‘{F,tJrl = (28)

oo
i (1—~)B=1 fort 1— Py Hot ap, H _
— p)Et Z 916( '7) B JH,t+1, t+z+( ’7)fH t+1+1+( ) i1, 44 7rt+z+1+7'F t+i+1—THt

o0

. B—1 Fo,t , D Ht o

_(1 _p)Et E 916(1*7) B ;I t41, t+z+(1*7)f§1,t+i+1+( 'Y)Tt+1 t+i 'Yrtp+i+1+rt+z
=1

0
. —1; 2 JH ot p,H,
pEt Z 026(17"/) BB I(ZI t+1, t+z+(1*7)f?1,t+i+1+( 'Y)Tp+1 t+i T f_H_,'_lJrTF t+i+1—THt
i=1
. 1 B—1 fo,t 1—~)pPoHot ap, H,
_pEt Zgle( -7) B fH,t+1,t+i (1- )fH t+z+1+( -7 Ti41,t+i 'er+z+1+rt+l
=1

E(z)+0.5var(x) and

In approximating, write the expectations of exponents as Fe® = e
then approximate this as 1 + E(x) + 0.5var(z). Applying this to the expression for

t .
E )Ny Hir1 8lVes

Et)‘?IH,H-l = Z 0'Eeryiyii + 0.5 Z 0" (vary(ri i) — vary(reg)) +

i=1 i=1

— i 5 - H, H,

Z 0 covi(erp piv1s (1 —7)——— 3 fH trer + (1= V)Tfﬂ €+z 7Tf+z4:1> +

i=1

(1—=7) Z eiCOUt(GTH,tHH, (1— p)f[?,tt+i+1 + pfgr,tﬂ‘ﬂ) (29)
i=1

Hats are now removed from variables as they just subtract a constant and therefore do
not affect variances and covariances.

Now use the linearized portfolio expressions:

szt = =
Tiiii1 = Tivi T ZHHCTHtrit1 T ZHFLET Fiyitl (30)
p,Ht __  pH p.Ht z 3z
Titiiri = Tl oo T = Teiric1 + ZHHACTH 4104+ + ZHF T Fi41 t+i
where
Tigpic1 = Tt oo + Tegio1 (31)
ETHt41,44i = €TH 41 T - T €T H 144 (32)

We then have

ENypii = Z O Ererpivivr + 0.5 Z 0" (vary(reyiv1) — var(reg)) +

i=1 i=1



= 7 ﬁ -1 o

(1 =) O covi(ermirin, 5 H’ft+1,t+i) +
=1

(1—7) Z eiCOUt(erH,tHH; Tiatio1) +
=1

(1—-7) Z eiCOUt(erH,tHJrla 67’H,t+1,t+i)5HH,t +
=1

o0
(1—-7) Z " cove(erp ititt, €rpi41,444) ZHFL —

i=1
0 .

Y Z chovt(@rH,t—i-i—l—h Teri) —
i=1
o0

) ~
Y Z 0 COUt(eTH,t+z'+17 €TH,t+i+1)ZHH,t -

=1
ZOO |
v O covy(ermpyivt, €rpiritt)inE: +
—1
(2 - | t
(1—=7) Z 0 covy(erm ptiv, (1 — p)f]?,t—i—i-i—l + pf?[,t+i+1)
i=1

Substituting (24) in the last line, we have

o0 o0
Edymi = Y O Eermpiyn +0.5) 0" (vary(rasyivr) — vard(re)) +
i=1 i=1
- i 5 —1 o,t
(1 =)D O cov(ermprira, 5 Hitiiei) T
=1
loo |
(1—=7) Z 0" covi(erm pitrs Teprio1) +
—1
'LOO |
(1 =) O cov(erypriv, €t i) nme +
=1
loo |
(1= 7)Y _ 0 cov(ery vist, €rpus i) inps —
=1
o0 . '
Y Z 0 covi(erm srivt, revi) —
=1
'LOO |
Y Z chovt(erH,tHH, 67"H,t+i+1)5HH,t -
=1
'loo |
v O covy(ermpyivt, €rpiritt)inEs +
i=1

(33)



[c.olNe o]

(1—7) Z Z 9i+jCOUt<€TH,t+i+la 67’H,t+z‘+1+j)(5HH,t — Zym) +

i=1 =1
o0 o0 ) .
(1—7) Z Z HZ—HCOU?S(eTH,t—&-i-i-la erpititi+j) Zare — Zur) +
i=1 =1
m .
(1—=7) Z 0" covy(erm ptit, ff[,t+¢+1) (34)
i=1
Analogously
Et/\in’tH = Z O Ererpivivi — ngt +0.5 Z 0" (vary(regriv1) — vary(re)) +
—1 i—1
- | (A 6 (A
(1—=7) Z 0 cov(erpyita, 3 fH A1, t-H)
—1
7400 '
(1—7) Z 0" cov(erprivt, Meprio1) +
i—1
ZOO .
(1—7) Z 0 cov(erpivivt, €t itri)Zme +
—1
ZOO .
(1 =) _ 0 covi(erprivi, €rppvi i) Znrs —
—1
(@) . '
Y Z GZCOUt(e'f’F,tHH, 7’t+z‘) -
—1
ZOO |
Y 0 covy(erpurivt, € viv1) ZHm. —
i—1
Zoo |
Y Z 0 covi(erppitt, €priv1)ZHr: +
i—1
' o o0 . .
(1—7) Z Z HHJCOUt(@TF,HiH, erfititi+s) Zupe — Zom) +
i=1j=1
oo o0
Y)Y Y 0 cov(erpuyivt, erpiviviei) Gare — Zar) +
i=17=1
o
(1—=7) > 0 cov(erpuivts firpri) (35)
i=1



4 Solving Portfolio Shares from Portfolio Eulers

Now go back to the portfolio Euler equations. The Home equity Euler equation (7) can
be written as

(1 — p) Bre ™V + 0Dyt _

(1 - p)Et€_wf’+q’t+(l_7)flof,tt+1'Hgt +

pEte—Wf’g’tJr(l—v)f}.},tHJer,tH B
pEte_vrAfer?t—"_(l_'Y)fﬁ,Hl""ft+

Et)‘i*{H,tﬂ =0 (36)

Using Ee® = P@)+05var(@) " and again approximating this as 1 + E(z) + 0.5var(z), we

have

Eierpg i1 + 0.5var(rp 1) — yvarderm i) Zame — yeovi(€rm i, €rpie1) Znpe +

(1 = y)cov(erp s, (1 — p)fl?ift-l—l +ff 1) + Edygprq =0 (37)

This uses that ffﬁ’t =T+ Zgpieruei1 + Zarierper1. Substituting (24) with s = 1, this

becomes

Eierpgiir + 0.5var(rg 1) — yvardermei) Zume — Yeovi(€rm i, €rpie1) Zupe +
o0

(L—7)> & covi(ermsr, ermpsisy) Game — Zum) +

=1
(1—=9)> 07 covy(erp i1, erpirii) Zure — Zur) +
=1
(1 —y)cove(ermes fripr) + Et/\%(H,l%l =0 (38)

Substituting the expression for B\ p ., we have

Z 0" ' Eerg i + 0.5 Z 0" (var(ri) — var (rii1)) +
i=1 =1
= 1
(1—7)>_ O cov(eryrivi, 66
i=1

(1—7) Z eiCO'Ut(eTH,tHH; Teitio1) +
i—1

+
Frieed) +

1-=7> 0'covy(erp ity €T 1+1,04i) EHHL +
i-1



oo

(1—7)> 0'covy (e pvivts €TF144i) EHEL —

i=1
> .

Y Z 0 covi(erm sriv1s Teyi) —
=1

o
v 0 var(erm i) Zmy —
i—1
’Loo |
Y Z 91_100Ut(€7“H,t+z’, 67"F,t+i)5HF,t +
i—1
! o0 o0 . .
(1—7) Z Z 9“]_100%(67“}1,&@‘, 67“H,t+z‘+j)(5HH,t — Zym) +
i=1 j—=1
(1-7) Z Z 92+]_1COUt(€7"H,t+i, erpitivs) Zury — Zur) +
i=1j=1
m .
(1—-7) Z elilcovt(eTH,tJri’ f}},tﬂ') =0

i=1

Analogously, the first-order condition for Foreign equity becomes

Z Gl_lEterF’tH — ——7: + 0.5 Z gt (vary(rpivi) — vary(regio1)) +

i=1 1—-6 i=1
- 7 6 —1 o,t
(L=7) Y 0 cov(erpesriv, 5 Hir1eei) T
—1
ZOO |
(1—=7) Z 0" covi(erprivt, Meprio1) +
—1
Zoo |
(1—-7) Z 0" cove(erpirivt, €THt4+1,t4+i) ZHH +
—1
’LOO |
(1 - ’7) Z QZCOUt(erF,t+i+1, erF,t—l—l,t—&-i)gHF,t -
—1
- . KA
Y Z QZCOUt(GTF,Hz‘H, Ti4i) —
—1
Zoo .
> 0" covi(erpri, €rmiyi) imms —
—1
'LOO .
Y 0 wary(erpisi) Znr: +
—1
' o0 o0 . .
(1—-7) Z Z 0 covy(erpivis ermivivi) Came — Zum) +
i=1 =1



(e elae o]

(L=9)> > 0" covy(erpsi, erpasivi) Crre — Zur) +
i=1 =1

(1—7) Z Qi_ICOUt(erF,tH, f}},t-‘,—i) =0 (40)

=1

Define the matrix D, as
o0

Dt - Z@FlZi’t (41)

i=1

where Y;; is a symmetric matrix with

Yie(1,1) = yvari(erg i) + 2(y — 1)covi(erm iy, €1 evi-1)
Zi,t@a 2) = ’Wa"’t(erF,tH) +2(y — 1)COUt(€7”F,t+¢, 670F,t+1,t+i71)

¥i+(1,2) = yeovi(ergitis erpesi) + (v — 1)covi(ermpvis erpis1rio1) + (v — 1)cove(€rpiri, erm i tvi-1)

Note that when i = 1 the terms multiplying (v — 1) are zero as erg;1, is not defined
Or Z€ro.

Also define the matrix P, as

oo
P=(y -1y 670, (42)
i=1
where

Qi7t(17 1) = Covt(erH,t-i-i; 6rH,t+1,t+i—1>

Qi,t(27 2) = Covt(eTF,t—i-i? €T’F,t+1,t+7;—1)

Qi,t(L 2) = COUt<6rF,t+i7 eTH,t+1,t+i71)

Qi,t(Qy 1) = Covt(erH,t-i-ia 67’F,t+1,t+z‘—1)

In a symmetric state this is a symmetric matrix, but in an asymmetric state the matrix

will generally be asymmetric. The portfolio solution is then

3 00 i—1 .
D, ( i ) = ( Zim O Bueraay ) + By (43)

= 0 i—1
ZHFt Zi:1 Eer Fit+i

_ 0 Oi 91‘71 ) — .
him = P, ( o ) - ( 1 ) Ty + 0.5 ( =1 87 (vardra) = vardriyic) ) +
1-0

S 0 (vary () — vary(reica))
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Z?il QiCOUt(erFtHH, (1 - V)Tt,tJrifl - ’Y””t+1)

(1 B ’y) ( Zoo 01 ICOUt(erH,tJria f?Lt—',—i) ) <44)

( POy icovt(eTH,tJer (1— ”Y)Tt,t+i—1 — VTi4i) ) i

VL 0 1covt(e’f’p,t+z‘,f?1,t+i>

Note that there is one additional term in hgy, involving the covariance between [(1 —
B)/ 8] f}}’ft 11444 and either erp i1 or erpyyir1. This term will be omitted as it is negli-
gible in size since [ is close to 1.

Now consider the left hand side of the portfolio expression. Expand this around the
erogodic mean of the matrix D; and the portfolio shares. It then becomes (with a bar

referring to the ergodic mean)

Z _ z -z
D, 7HH ‘D ~HH,t 7HH (45)
ZHF ZHFt — RHF
Now substract the ergodic mean from both sides of the portfolio expression and refer to

deviations from the ergodic mean with a hat. This gives

: : ] © B\ s
Z~HH,t _ z_HH +D_1 21_1 L tez”H,tJr +D_1th (46)
ZHFt ZHF Yo 0T Bl py

R . . z 0
hgr = (Pt—Dt)(_HH)—< 1 )(THt—T)
FHF -0

105 ( Dy 0~ 1( vary(r i) — var(reio1)) ) I

ZOO 6"~ 1( var (TF,t+z) — vary Tt+z 1

where

> i1 eicavt(erH,t+i+17 (1 - )Tt t4i—1 — Wm "
Sy 0 covy(erpyrivrs (L — )reivic1 — Yres1)

(1 B ,7) ( Zoo 91 1cOUt(€TH,t+i7f}—L1,t+i) ) <47>

Z;?il g~ 1covt(€T‘F,t+z‘7 fﬁ,t—l—z‘)

The optimal portfolio for the Foreign country is analogous:
z > _ ez 1 E ; B R
Z~FH,t _ Z_FH i D! ZZ 1 11 LET B i 4 D’tht (48)
ZFFyt ZFF Yo O Eer pag

11



where

“ R A z 1
hpe = (B—D»(FH>—(1—9)<TH—T>
ZFF O

+0.5 =1 ot (Udrt(rH,t-&-z) — vary(repi- 1)) "
pIas) gt (U&Tt(TF,tH) —vary(revio1)

(Z;‘)Ol 0 cov(erppyivt, (1 — ) Tepmiot — Vriga) )+

E{.; 9iCévt(eTFt+i+la(1 ’Y)Ttt+z 1— ’Y7”t+1

(1 _7) ( Zoo 9@ 100’Ut(€7ﬂH,t+i7f£t+i) ) <49)

> (i lcovt(erF,t+i>f£,t+i)

5 Average Equity Portfolio Share

Now consider the equity portfolio shares. We have

. ZHHt
Hogy = —BHL__ (50)
ZHHt T ZHF

ZFHt

z< = 51
FH ZFHt T ZFFt (51)

Linearizing gives

Py =2+ (1 — 2)Zuns — 2Znry (52)
g;Ht 1—-z+ ZZFH,t — (1 — Z>ZFF,t (53)
Define
~e,A se ~e
Z" =050 m + Zpms) (54)
20 =5, — Fomy (55)
We have
74 =054 0.5((1 — 2)Zums — Zears + Z3rms — (1 — 2)Zppy) (56)

Define A(i,5) = D(i,5) — P(i,7). Then using the results from the previous section we
have

0.5
Dy — D, =

0.5 W D

~eA
—05
+ 1—0D, — Dyt

Z 91 lEteT't+1 +

12



_H1-2) (A(1,1) = A(1,2) + A2,1) — A(2,2))

Dy + D,
0.5 ~ " . R
~prpp (PrA(L2) = AR 1) + Do(A(1L1) = A(2,2)))
0.25 U R
+— Z 0" (vari(ri ) — vard(ree)) (57)
Dy =Dy o
0.5 s
+ﬂ Z 0" Covt(ert+l+17 (1 =) Teppic1 — VTe4s)
0 5 1 - fy i— n n ~ n n
+ D1< _ D2) Z o (COU(GTH ti (1 — :u)fH,t—&-i + MfF,t+i) — cov(erp i, NfH,t+i +(1- M)fF,tJrz’))
=1
here
" zD1+ (1 — 2)Dy

=D ¥ D,

and €Ti+i = THt+i — TFit4+i = €VHt+i — ETFt4i-

We have

A(l, =Y 0"t (yvar(erp i) + (v — 1)eove(ermivis ermis1irioi))

=1
o0
A(2,2) = Z 0" (yvar(erpiys) + (v — 1)covi(erpiri, erpiiiirio1))
=1
A@2,1) - A(1,2) = (y - 1) ZHZ (covi(erpris € i1 erio1) — COVL(ETH t1i, €TF 11 44i-1))

Collecting the A terms in the expression for 2 and using Dy = 0.5(D;+Dy)+0.5(D; —
Dy) and Dy = 0.5(Dy + Dy) — 0.5(Dy — D3), we can write the sum of these terms as

_D‘)~_25D (A(1,2) = A2,1) + A(1,1) — A(2,2))

0.25(1 — 27)2

D, + Dy (A(1,1) = A(1,2)) + A(2,1) — A(2,2)) (58)

Using the expressions above for the A terms, this becomes
025 &

D D - Z 0 (y(var(ermyi) — var(erress) + (v = 1)e0v(erpi, ermiierio1 + €T reip4io1))
1 2

025(1—22200 - . .
T Z 0" (y(var(ergisi) —var(erpes:)) + (v — 1)cov(eryivi + €rpevi, €ree1ivi-1))
1+ D2 i=1
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Now take the first line of the last expression and add the fourth and fifth lines of
(57):

0 25 & . R
292 Y(y(ar(ergsi) — var(erps)) + (v — 1)cov(ersys, ergiitiviot + €rriiiirio1))
025 = L ) A
Z 0" ((var(ermiyi) — varderpiyi)) + 2cov(eriyi, Teyi—1))

D1 Dy =

0.5 e
A Z 0" covy(erspira, (L= 4)resiot — Yresi)
Dy — Dy =

In the second line we used that var(ry 1) = var(ery i) +var(repi—1)+2cov(ery iri, rivi-1)-
Adding these terms, we have
0.5 - i—1 A
—(v - 1)ﬂ 29 COV(€T iy Ty 414) (59)

A _ A A it A
Here vy, oy = riiy + .o+ iy with 7 0 = 0.5(rgips + TRrs)-

To summarize, we have

=05+ —— S 0 Eyery.
D - D, ; it TG Dy — Dy
0.5 o~ i1 A
= ) 0wl ) (60)
i=1

0.25(1 —22)? &
025(1 - 22)° D 0 cov(erm i + erpugi, (Y — 1)erinipiot + Yerisi)
Dy + Dz et

0.5(1 —
_l’_

—- z 0" (cov(ermm v, (1= ) fhypps + 1 uys) — COV(ermapi, iffypns + (1= 1) fRys)
Dy — D,

=1

We can further rewrite this as follows. Introduce the parameters D = 2(D; — Ds)
and d = 2(D; + Ds). These are

D = Z 0" (yvar(eryi) + 2(y — 1)covy(eriys, ereiiirio1)) (61)
d= ; g (wvart(ermﬂ- +erpei) +2(y — Dcovg(erdt" erg!l i 1)) (62)
where ery}" = erg i+ erpe and erf{T ;| = eri{T" + ... +erf{T" . Define
thi = (=) freri + 1fF i (63)
t+7, =S i + (1 - :U)flg,t-&—i (64)

14



Then we have

1 &, 1—~ &
e i K Y il
2y = 0.5 + 5 ; 0 1Et€’l"t+i + (1 — Q)DTtD + 5 ; 0 160%‘/(6”+i7 rﬁrlywri)
1—-22)2 ., .
<d) 21 o' 1covt(Tﬁri — Tpiot1, (7 — L)erigrprio1 + veri)
L= St (o5 aly 2
& > <covt(erH’t+i, fi4) — covy(erpqi, ftH)) (65)
i=1

We can also write p1 = 0.5+ (2 — 0.5)D/d. Since the mean of the covariance moments is
equal to zero, this expression also applies after removing the hats from the covariances,

which leads to equation (41) in the paper, with the hedge term as in Section 4.4 of the
paper.
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