Technical Appendix
Does Exchange Rate Stability Increase Trade and Welfare?
Philippe Bacchetta and Eric van Wincoop

This technical Appendix discusses some welfare results in sections 3 and 4 of

the paper that are not formally proven there. We will show three results:

1. When the money supplies have the same unconditional distribution under
a float as under a fixed exchange rate, welfare is higher under a float when
preferences are separable in consumption and leisure, and u; < 0 (risk-
aversion with respect to leisure), and uy; positive (decreasing absolute risk-

aversion) or not too negative.

2. When utility is u(c) + [ + acl, a marginal drop in the correlation between
M and M* below 1 (fixed exchange rate), holding constant the uncondi-
tional distribution of money supplies, leads to higher welfare when a > 0

(complements), and lower welfare when a < 0 (substitutes).

3. Consider the general setup in Section 4 with technology and fiscal shocks. ~
is a parameter that describes the monetary policy rules. It does not affect
the expected money supplies. v = 0 represents a fixed exchange rate system.
Assume that utility is separable and quadratic in consumption and leisure.
Without government spending, the welfare impact of a marginal change in
v from v = 0 depends negatively on the change in both the variance of con-
sumption and leisure (measured at constant prices), with weights depending
on risk-aversion with respect to consumption and leisure. With government
spending, the change in welfare also depends negatively on the covariance

between total labor demand and private sector labor demand.

We will refer to these as Results 1, 2 and 3. The result in Section 3.2, that
welfare is higher under a cooperative peg than a float when utility is separable and
quadratic, is not explicitly proven here as the proof is analogous to that of Result
1.

Proof of Result 1

We will write utility as u(c) + v(1). Under separable preferences we know that

PH = pu*, so that c = M/P and | = 1 — %MJ;M*. Denote as U(P, p) expected
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utility as a function of the price level and the correlation p between M and M*.

The proof will be in two steps:

Step L: U(Pfizeda 1) < U(Pfimedypfloat)
Step 2: U(Pfi:cedapfloat) < U(Pfloat7pfloat)

Subscripts refer to the respective exchange rate system. We now first prove
step 1. For a given price level the expected value of u(c) is clearly the same
under both systems because the unconditional distribution of M is the same. It
is therefore sufficient to show that at a given price level E(v(l)) is higher when
p = corr(M, M*) is less than one. As in the proof of Lemma 1, we assume without
loss of generality that the state space is [0,2Z] and that (because of symmetric
distributions) M (z) = M*(z+ Z), M*(z) = M(z+ Z), w(2) = (2 + Z) for z < Z,
where 7(.) is the probability density function. For a given price level P, it follows
that

float—2/ 1_EM( )+;\j(z+2))d2
B W) iea = [ o1 - M(“”)) st -

Since v(.) is a concave function, v(0.5z + 0.5y) > 0.5v(x) + 0.5v(y). Substituting
x=1-0.5M(2)/Pand y =1—0.5M(z+ Z)/P, this proves that F(v(l)) is larger
under a float, which completes the proof of step 1.

In order to prove step two, it is sufficient to show that:

(1) Pfloat < Pfi:ced

()M<OforP>Pfloat

We show (ii) first. P2OU(P, p)/OP = —EuM~+0.5Ev(M+M*). At P = Pjon
we can write this as —(1/p)Fu.M, using that from the price equations (14) and
(15) 0.5puFEv (M + M*) = (u — 1)Eu, when py = pj; = P. This expression is
thus negative. U(P, p)/0P is also negative for P > Prjoq; because 35 [ Eu. M +
0.5Ev (M + M*)] = (1/P*)[EucM? + (1/4) Evy (M + M*)?] < 0.



In order to prove (i), define the function g(P) = (u— 1)Eu.M — pEv, M. From
price equation (14) (using py = P), in equilibrium g(P) = 0. Also dg(P)/0P > 0.
It is therefore sufficient to show that for any given P, g(P) is lower under a fixed
exchange rate system than under a float. Since for a given price level Fu.M is the
same under both systems, it is sufficient to show that Fv;M is lower under a float
for any P. Define h(M) = v (1 — M/P)M. Then

(BoM) e — /0 DR (WM (2) + h(M (2 + 2)))dz

(BuM) fioa: = 2/ h(0.5M(2) + 0.5M (2 + Z))dz.

h(.) is a convex function: hprp = va/P2 — 2uy/P > 0 under the assumptions
made about vy and wvy. Therefore 0.5h(M(2)) + 0.5h(M (2 + Z)) > h(0.5M (z) +
0.5M(z + Z)). This proves (i), which completes the proof of Result 1.

Proof of Result 2

Utility is u(c)+{4acl. Write expected utility as U(p), where p = corr(M, M*).
We consider a marginal drop in p at p = 1. Consumption is equal to ¢ = M/P,
while leisure is | = 1 — 0.5(py/P) *M/P — 0.5(p};/P) *M*/P. At p = 1,
py = pj; = P and 0P/0p = 0.50py /0p + 0.50p3;/0p. Using this, 0Fu(c)/0p =
—(1/P?)E(u.M)0P/dp, OE(1)/0p = (1/P?*)E(M)OP/dp, and OE(cl)/dp =
—0.5E(M?)/P% — (1/P>)E(M)OP/dp + 2(1/P3)E(M?)0P/0p.

Therefore
ou 2 1 2, OP
5 05aP2E(M )+ 5(1— @) B(M) — EucM+2ocPE(M 15, (AU

From price equation (14), E(u. + al)M = (u/(p — 1))E(1 + ac)M at p = 1
(since pgy = P under a fixed exchange rate system). Using this, the expression

above simplifies to

oUu ,
% ——05aP2E(M)—

oP
dp-

1

W[E(M) +a— E(M2)]

2 (A2)

Note that E(M) + aE(M?)/P is always positive, even for a negative. This is
because the marginal utility of leisure must be positive for all states of the world,
so that 1 + ac = 1+ aM/P must always be positive. Utility therefore depends

negatively on an increase in the price level.
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In order to compute dP/0p, we fully differentiate the following equation, ob-
tained by adding price equations (14) and (15):

(n—1)(pg + py)E(ue + ad)M = pnPE(1 4+ ac)(M + M™).

Doing so yields

or _ 0.5aP(2u — 1)E(M?) (A3
dp  —(p—1)E(uceM?) + (2u — )aE(M?)

The denominator is positive except for o very negative. We can rule this case out
as it corresponds to “unstable” price setting. If the denominator were negative,
Opr /OP in the price equation (14) would be larger than one. This leads to explosive
price setting behavior. If, for example due to a change in p, individual firms wish
to raise their price for a given aggregate price index, the aggregate index will rise
as well, leading to a further increase in prices charged by individual firms, etc.
When Opy /OP > 1, this process explodes.

It is now clear from (A2) and (A3) that a drop in p lowers the price level and
raises welfare when o > 0, while it raises the price level and lowers welfare when
a < 0. This completes the proof of Result 2.

Proof of Result 3

Write utility as u(c,l) = acc — b.c? + ail — bl In order to be as general
as possible, we will consider simultaneously uncertainty about money supplies,
government spending G and technology A. In that case

MG

C =

P
e M -G @
_ * k- -
b 0B/ P = (M)

where LP and L® represent private and public sector labor demand. Total labor

l=1-17—L%=1-05(pu/P)™"

demand is L = LP + L%. We now marginally differentiate expected utility with
respect to 7 (parameter of the monetary policy rules), evaluated at v = 0 (fixed
exchange rate). It is assumed that «y affects neither the expected level of money
supplies nor the public price level pg. Let U(y) be expected utility as a function
of . Differentiating expected utility at v = 0, using 0P/dy = 0.50pg /0y +



0.50p3; /0, we obtain

ou bcavar(c) p

o Jvar(l) N 1 M -G 0P
oy oy oy P?

(=BuelM = G) + Bu——) 5.

Substituting (4) into (20), using that py = P at v = 0, it follows that (u —
D Eu.(M — G) = pEu (M — G)/A. Substituting this, we obtain
Jvar(l) 1 oP

ou dvar(c)
5y = b, > b, 7 ;LPEUCC o (A5)

In order to compute OP/07v, we use that from the price equations (20) and
(21), after substituting (4),

M+ M —-—G—-G*
T .

Differentiating (A6), holding pg constant, using P/0y = 0.50py /0y + 0.50p%; /0
and the definitions of ¢ and [, we find:

(n — 1) Euc(M — G)(pu + py) = pPEw (AG)

OFu.(M — G) OFEw (M + M* -G — G*)/A
2(p—1 — dy = AT
fou- 20 - y= @7
M —
{2(u — 1) Buce(M — G)? + 2uEuy( T G)Q} dP.
Holding prices constant,
0Fu.(M —G) O0Fu.P dvar(c)
= = —2b,P————.
0y 0y oy
Similarly, holding prices constant and using labor demand from (A4),
OBu(M+ M —-G-G")/JA 04 PE(l1 — L)L n Pacov(L,Lp)
Oy N Oy B Oy ’
Using these results in (A7) gives
Ocov(L,LP) _ Auar(c)
b _po_ Mt D5y (A8)

2 _p .
0y (p—1bE(M — G)? + ub E(M — G)?/A?

In the absence of government spending cov(L, LP) = wvar(l). It then follows
from (A5) and (A8) that the change in expected utility depends negatively on a

weighted average of the change in the variance of consumption and leisure, with

5



weights dependent on the degree of risk aversion with respect to consumption and
leisure. With government spending the change in expected utility also depends
negatively on the change in the covariance between total labor demand and private
sector labor demand, as this affects the price level.

For the specific rules considered in sections 4.2 and 4.3 the variance of leisure
decreases under a float and is therefore negatively related to «. Since the variance
of consumption increases with ~, the total welfare impact depends on the weights
b. and b; in (A5) and (A8), which are, respectively, the rates of risk-aversion with
respect to consumption and leisure. For example, when b, is large compared to by,
the impact on the consumption variance dominates so that welfare is lower under

a float (when v increases).



