International Capital Flows!

Cédric Tille

Graduate Institute of International and Development Studies, Geneva

CEPR

Eric van Wincoop
University of Virginia
NBER

August 19, 2008

!Cédric Tille: Graduate Institute of International and Development Studies, Pavil-
lon Rigot, Avenue de la Paix 11A, 1202 Geneva, Switzerland, Phone +41 22 908 5928,
Fax 441 22 733 3049, cedric.tille@Qgraduateinstitute.ch. Eric van Wincoop: Department
of Economics, University of Virginia, 2015 Ivy Road Charlottesville, VA 22904, van-
wincoop@virginia.edu. We thank seminar participants at the 2008 Annual meeting of
the American Economic Association, the NBER IFM meeting, the Board of Governors,
the IMF, the Second Annual Conference on Macroeconomics of Global Interdependence
in Dublin, the Federal Reserve Bank of New York, Georgetown University, the Gradu-
ate Institute of International Studies, the Hong Kong Institute for Monetary Research,
Hong Kong University, the Hong Kong University of Science and Technology, Harvard,
Cornell, NYU, the University of Connecticut and Wharton for comments. We also
thank Philippe Bacchetta, Pierpaolo Benigno, Mick Devereux, Martin Evans, Viktoria
Hnatkovska, Robert Kollmann, Enrique Mendoza, Asaf Razin, Alan Sutherland, Jaume
Ventura and Frank Warnock for comments and discussions. van Wincoop acknowledges
financial support from the Hong Kong Institute for Monetary Research, the Bankard
Fund for Political Economy and the National Science Foundation (grant SES-0649442).



Abstract

The surge in international asset trade since the early 1990s has lead to renewed
interest in models with international portfolio choice. We develop the implications
of portfolio choice for both gross and net international capital flows in the context of
a simple two-country dynamic stochastic general equilibrium (DSGE) model. We
focus on the time-variation in portfolio allocation following shocks, and resulting
capital flows. Endogenous time-variation in expected returns and risk, which are
the key determinants of portfolio choice, affect capital flows in often subtle ways.
The model is consistent with a broad range of empirical evidence. An additional
contribution of the paper is to overcome the technical difficulty of solving DSGE
models with portfolio choice by developing a broadly applicable solution method.

JEL classification: F32, F36, F41
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1 Introduction

In his Ohlin lecture, Obstfeld (2007) emphasizes the “explosion in interna-
tional asset trade” since the early 1990s and calls for the development of a general
equilibrium portfolio-balance model to analyze its implications, echoing his earlier
statement that “at the moment we have no integrative general-equilibrium mon-
etary model of international portfolio choice, although we need one” (Obstfeld,
2004). The recent surge in international financial integration' has indeed lead to a
broad consensus on the need to include portfolio choice in such models, an aspect
that has been cast aside since ad-hoc portfolio balance models of the 1970s fell out
of favor. Typical of current views, Gourinchas (2006) writes “Looking ahead, the
next obvious step is to build general equilibrium models of international portfolio
allocation with incomplete markets. I see this as a major task that will close a
much needed gap in the literature... ”.

The goal of this paper is to fill this gap. We develop the implications of portfolio
choice for both gross and net international capital flows in the context of a simple
two-country dynamic stochastic general equilibrium (DSGE) model. We show
how endogenous time-variation in expected returns and risk, which are the key
determinants of portfolio choice, affect capital flows. We deliberately consider a
simple model to focus squarely on portfolio choice. While we do not formally test
the model, we show that it is consistent with a broad range of empirical evidence.
An additional contribution of the paper is to overcome the technical difficulty of
solving DSGE models with portfolio choice by developing a solution method that
is broadly applicable beyond our simple setup.

The analysis reveals some surprising results regarding the role of time-varying
risk and expected returns. First, we show that even though the variance of the
shocks in the model is held constant, the second moments that drive portfolio choice
endogenously vary in response to movements in the state space. Second, these
fluctuations in second moments affect capital flows only to the extent that they
affect the portfolio choice of domestic and foreign investors differently. We show
that they can be an important driving force behind international capital flows and
generate a positive co-movement between gross capital inflows and outflows that
is consistent with the data. Third, while endogenous changes in the difference in

expected returns across assets affect portfolio choice, the link between capital flows

!See for instance Gourinchas and Rey (2007), Lane and Milesi-Ferretti (2005) and Tille (2008).



and expected returns is weak. This is both because expected return differences
are small in equilibrium and because several important factors driving expected
return differences have no bearing on capital flows. This suggests caution when
conducting empirical work on the link between capital flows and expected returns.

The model also sheds light on the mechanisms through which international
imbalances are financed. The traditional view is that an external debt is financed
through the present value of future trade surpluses. Recently however, Gourinchas
and Rey (2007) have emphasized that it can also be financed through higher ex-
pected returns on external assets than liabilities, and find a significant role for this
expected asset return channel for the United States. Our analysis confirms that
expected asset price changes (both exchange rates and equity prices) play a role in
financing the external debt. Nonetheless, the income streams on the various assets
(e.g. dividends) adjust to equalize the predictable overall returns across assets
(dividends plus expected asset price changes). This implies that to a first-order an
external debt is fully financed by future trade surpluses.?

One of the main reasons that portfolio choice has been largely absent from
open economy DSGE models is the difficulty in solving such models. The standard
method for solving DSGE models is to simply linearize around the deterministic
steady state, and then solve the resulting set of linear difference equations. This
can be extended to compute the second-order solution of the model. These methods
can be easily be implemented in large models. However, this standard approach
breaks down in the presence of portfolio choice. For example, the allocation around
which the model is expanded cannot be the deterministic steady state as portfolio
choice is undetermined in such an environment.

The solution method we develop stays very close to the familiar first and sec-
ond order approximation techniques. Indeed, the model is solved using them for
all equations except the optimality conditions for portfolio choice, which need to
be approximated to higher orders. Intuitively, this reflects the fact that portfolio
allocation is about risk, a dimension that is not captured by a first-order approx-
imation. Specifically, solving for portfolio choice in the allocation around which
the model is expanded requires a second-order expansion of optimality conditions
for portfolio choice in order to capture the risk at the core of portfolio choice. In

order to capture the time-variation of portfolio allocation a third-order expansion

2Pavlova and Rigobon (2007) independently develop a similar point.



of the optimality conditions for portfolio choice is needed. While third-order terms
are usually seen as irrelevant due to their small magnitude, this is not the case in
the context of portfolio choice where third-order changes in expected returns and
risk induce first-order changes in portfolio shares.®> An important point is that the
method is not limited to the simple model that we consider, but is applicable to a
broad range of richer settings.

The remainder of the paper is organized as follows. Section 2 puts our work
in the context related literature on the role of portfolio choice. Our simple model
is described in Section 3, with Section 4 discussing the solution method. We
develop various implications for international capital flows in Section 5. Section 6
illustrates our results using a numerical example and relates various implications

of the model to a broad range of empirical evidence. Section 7 concludes.

2 Related Literature

Portfolio balance models of the late 1970s and early 1980s modeled asset de-
mand as a function of expected asset returns, income, wealth and prices. A nice
review can be found in Branson and Henderson (1985). A clear drawback of this
literature is that asset demand specifications were not derived from optimization.
A number of papers at the time did consider the micro foundations of asset demand
in the context of open economy models with optimal portfolio choice.* However,
these were partial equilibrium models and the portfolio choice elements were never
fully integrated in the general equilibrium models that followed.

Since the early 1980s these models were gradually replaced by general equilib-
rium models with optimizing agents. Portfolio choice was overlooked as most of
these models assume that either only a riskfree bond is traded or that financial
markets are complete. The one-asset models have nothing to say about gross inter-

national capital flows or asset positions. This is a problem because asset trade, just

3For example, in a simple two-asset portfolio choice problem portfolio shares will depend
on the expected excess return (the difference in return between the two assets) divided by the
variance of the excess return. Since the denominator (variance of excess return) is second-order,
a third-order change in the expected excess return leads to a first-order change in the portfolio

share.
4See for example Adler and Dumas (1983), Braga de Macedo (1983), Braga de Macedo,

Goldstein and Meerschwam (1984), Kouri (1976), Kouri and Braga de Macedo (1978) and the
review in Branson and Henderson (1985).



like goods trade, is two-way trade with similar assets (e.g. equity) both imported
and exported. Moreover, changes in expected returns in one country relative to
another, or changes in risk characteristics of assets, play no role. At the other
extreme, in models where financial markets are complete, Obstfeld and Rogoff
(1996) argue that capital flows are “...merely an accounting device for tracking the
international distribution of new equity claims foreigners must buy to maintain
the efficient global pooling of national output risks.” Capital flows are rarely even
considered in these models as the real allocation can be computed independent of
the exact structure of asset markets that implements asset market completeness.’

Portfolio choice was not completely cast aside, as a large and still growing
literature has considered the issue of portfolio home bias. However, this liter-
ature is concerned with the steady state portfolio allocation rather than with
time-variation in portfolio allocation that gives rise to capital flows. Some re-
cent contributions along this line include Engel and Matsumoto (2006), Heathcote
and Perri (2007), Kollman (2006), Coeurdacier (2007) and Coeurdacier, Kollmann
and Martin (2007).

The impact of portfolio choice on capital flows was analyzed explicitly in the
important contributions by Kraay and Ventura (2000,2003). While they consider
partial equilibrium small open economy models, with an exogenous return on in-
vestment abroad and only one-way capital flows (from the small to the large coun-
try), these papers are nonetheless important as they are the first ones to develop
a portfolio perspective on international capital flows. They make a key distinction
between portfolio growth (investment of saving at steady state portfolio shares)
and portfolio reallocation (change in optimal portfolio shares), which we will adopt
here as well.

In terms of the solution method the paper is most closely related to Dev-
ereux and Sutherland (2007). They independently and simultaneously developed
a solution method for DSGE models with portfolio choice that is essentially the
same as ours, as discussed in Section 4.5 Their contribution focuses only on the
methodological aspects though and does not discuss implications for international
capital flows. The work by Evans and Hnatkovska (2007b) is important as well.

Their method combines a variety of discrete time approaches (perturbation and

5In a setup where a full set of Arrow Debreu securities covering all possible future contingencies

is traded in an initial period, subsequent capital flows will simply be zero.
6Their work builds on the previous papers Devereux and Sutherland (2006, 2008).



projection methods) with continuous time approximations (of portfolio return and
second-order dynamics of the state variables), making it hard to compare to the
one developed here.” By contrast, our method stays closer to standard first and
second-order solution methods.

Most recently Rigobon and Pavlova (2007) develop an analytical solution to
a DSGE model with portfolio choice and discuss various issues associated with
external debt financing. The model and solution method are elegant, but analytical
solutions can only be achieved for particular parameterizations (e.g. log utility).
The same can also be said of Devereux and Saito (2007), who also derive an
analytical solution for portfolio choice in a DSGE model. The focus in that paper

is on the stationarity of the international wealth distribution.

3 A two-country, two-good, two-asset model

We consider a deliberately minimalist model that focuses squarely on the op-
timal international allocation of portfolios and abstracts from all other decisions.
Our approach adopts almost the exact opposite modeling strategy as in stan-
dard DSGE open economy models, which encompass decisions about consumption,
leisure and investment, but ignore portfolio choice. Our choice of a simple setup is
solely to focus on the key element that has been missing from dynamic stochastic
open economy models. As we will discuss later, the solution method can easily be

applied to richer and more complex models.

3.1 Two goods: production and consumption

There are two countries of equal size, Home and Foreign, that each produce a
different good that is consumed worldwide. Production uses a constant returns to

scale technology combining labor and capital:
Yie=AuK N},  i=HF

where H and F' denote the Home and Foreign country respectively. Y; is the output

of the country ¢ good, K; is the capital input and N; the labor input. A; is an

"Evans and Hnatkovska (2005, 2007a) and Hnatkovska (2006) apply the solution method to
discuss implications for issues such as the volatility of asset prices, the implications of interna-
tional financial integration and portfolio home bias.



exogenous stochastic productivity term which is the only source of shocks in the
model. A share 6 of output is paid to labor, with the remaining going to capital.
The capital stocks and labor inputs are fixed and normalized to unity. Outputs
therefore simply reflect the levels of productivity, which follow an exogenous auto-

regressive process:
Yie = Aiy ; (i1 = PAit + €41 (1)

where lower case letters denote logs and p € (0,1). The productivity innovations
in both countries are iid, with a N(0, ¢?) distribution.

We consider home bias in preferences, with consumers putting a higher weight
on locally-produced goods. The resulting difference in the consumption baskets
and consumer prices generate a role for movements in the real exchange rate. The
consumption baskets are standard CES aggregates, and are presented in the first
column of the table below. C'is the overall consumption of the Home consumer,
Cy denotes her consumption of Home goods and Cr denotes her consumption of
Foreign goods. The corresponding variables for the Foreign consumer are denoted
by asterisks. A\ is the elasticity of substitution between Home and Foreign goods,
and o captures the relative preference towards domestic goods, with a > 0.5
corresponding to home bias in consumption. We take the Home good as the
numeraire and write the relative price of the Foreign good as Pr. The consumer

price indexes in the two countries are shown in second column.

Consumption indices Price indices

1 act 1 A1 53y AT

C, = [(oz)* (Cr)> + (1= a)X (Cry) 3 } P = [a+(1—a) [Pr]! A] ;
A

A1 X1

¢ =1~ ()T + @)} (1) 7]

1
I—X

Pr=[(=a)+alPr) ]

3.2 Two assets: rates of return

Two assets are traded, namely claims on the Home capital stock Ky and claims
on the Foreign capital stock Kr. We refer to these as Home and Foreign equity.
The price at time ¢ of a unit of Home equity is denoted by (g ;. The holder of
this claim gets a dividend in period ¢ 4 1, which is a share 1 — 6 of output (1), and

can sell the claim for a price Qg ;+1. The overall return on a Home equity is then:

Ruir1 =14+ (Quis1 — Que) /Qusr + (1 —0)Anii1/Qus (2)



Similarly, the price at time ¢ of a unit of Foreign equity is denoted by Q g, and

the return on Foreign equity is:

Rpi1 =14+ (Qrir1 — Qre) /Qre + (1 — 0)Ppyi1Apii1/Qry (3)

All prices and returns in (2)-(3) are measured in terms of the numeraire Home good.
(2)-(3) show that the returns consist of a capital gain or loss due to movements in
equity prices and a dividend yield.

While agents can invest in equity abroad, this entails a cost. Specifically, the
agent receives only the returns in (2)-(3) times an iceberg cost e™” < 1. We
introduce this cost for two reasons. First, it allows us to capture the hurdles
of investing outside the domestic country in a simple way, reflecting the cost of
gathering information on an unfamiliar market for instance.® Second, it implies
that financial markets are incomplete, despite the presence of two assets and two
shocks.” We assume that the cost is small enough to ensure a well-behaved portfolio
allocation (specifically, 7 is "second-order", i.e. proportional to o).

At the end of period ¢ a Home agent invests a fraction kjj, of her wealth in
Home equity and a fraction 1 — /{;gt in Foreign equity. The overall real return on

her portfolio, expressed in terms of the Home consumption basket, is then:
RU = (ki R + (1= ki )e " Rpgia] P/ Pia (4)

Similarly, a Foreign agent invests a fraction kIFit of her wealth in Home equity, and
a fraction 1 — kﬁt in Foreign equity, leading to an overall real return in terms of

the Foreign consumption basket of:

R?ﬂ = [klljl,t@_TRH,tH + (1 - kfl,t)RF,tH] Pt*/Pttrl (5)

3.3 Wealth dynamics

A pitfall of models with incomplete financial markets is that they can imply
a non-stationary distribution of wealth, as even transitory shocks can have a per-

manent effect on the distribution of wealth. A country will then eventually own

81t is by now quite common to introduce such exogenous financial frictions. Other examples,
with more detailed motivating discussions, are Martin and Rey (2004), Coeurdacier (2007) and

Coeurdacier and Guibaud (2005).
9Even in the absence of this friction, financial markets are incomplete when Ay # 1, where

v is the rate of relative risk-aversion discussed below. See the discussion in Obstfeld and Rogoff
(2000), page 364. Their model is one with trade costs, but that is observationally equivalent to

home bias in preferences.



the entire world, so that the long run wealth distribution is not determined. This
indeterminacy rules out the use of the standard approximation methods as there
is no allocation to which the economy will converge.

We get around this problem by considering investors with finite lives, following
the framework of Caballero, Fahri and Gourinchas (2008). Specifically, agents die
with constant probability ¢) each period, and new agents are born at the same rate
to keep the population constant. Keeping with our focus on portfolio choice, we
abstract from any other decision. Newborn agents inelastically supply one unit
of labor and never work thereafter. Dying agents liquidate their entire wealth
and consume. The other agents re-invest their wealth in the two equities, possibly
altering their portfolio allocation. This is their only decision. Since the probability
of death is the same for all agents, total consumption is simply equal to aggregate
wealth times the probability of death.

The wealth of a particular Home investor j accumulates according to
Wt]-i-l = Wt]RfH (6)

where Rtf{ is given by (4).1° Aggregate wealth accumulation differs from (6) for
three reasons. First, only the agents that will be alive next period participate in
asset markets. They account for a fraction 1 — ¢ of wealth. Second, the labor
income of the newborns raises aggregate wealth. Third, the cost of investment
abroad, 7, does not affect the dynamics of aggregate wealth. Specifically, we
assume that it does not represent lost resources, but instead is a fee paid to a broker,
which we take to be the newborn agents. We denote the aggregate wealth of the
Home and Foreign countries, measured in terms of their respective consumption

baskets, by W; and W;*. Their dynamics are given by:

P, A
Wit = (1 =) [k Rerpn + (1 — kL) Rppa] 5= W + —2H 7)
P Piq
Pr

0P, A
W+ Ft+1AFt+1 (8)

Wi =(0-19) [kZ,tRH,tJrl +(1— kfl,t)RF,tJrl] D
t+1

*
Pt+1

10The portfolio return will be the same for all Home investors as they all choose the same

portfolio in equilibrium.



3.4 Markets clearing

Using (1) and the allocation of consumption between Home and Foreign goods,

the two goods market clearing conditions are

Auy = (P Wi+ (1= a) (P) W (9)
App = (1=a) (Pr) ™ (P W, + a (Pry) ™ (B oW (10)
Turning to asset markets, the total values of Home and Foreign equity supply
are equal to @, and Qp, since the capital stocks are normalized to 1. The
amounts invested by Home and Foreign agents at the end of period ¢, measured in
Home goods, are (1 — ) W, P, and (1 — ) W} P} respectively. The market clearing

conditions for Home and Foreign asset markets are then
Quy = (1—=v) [k WP+ ki, Wi P;] (11)
QF,t = (1 - @D) [(1 - kg,t)WtPt + (1 - kfl,t)wt*Pt*} (12)

3.5 Portfolio allocation

The only decision faced by agents is the allocation of their investment between
Home and Foreign equity. A Home agent j who dies in period ¢ 4+ 1 consumes her

entire wealth and gets utility
Uiy = (Wtj—&-l) W/(l —7) v>1

We denote the value of wealth in period ¢ by V(Wtj ). As agents face a probability
1 of dying the next period, the Bellman equation is

V(WP) = B(1 =) EV (W) + Bk, (W) /(1 =) (13)

where [ is the discount rate.

We conjecture the following form for the value of wealth:
VW) = e (W) /(1= ) (14)

where v is a constant, S; is the state space discussed below and the function
fu(S;) captures time variation in expected portfolio returns, which endogenously
vary with the state. For given wealth, utility is higher (fz(S;) is lower) the larger



are expected future portfolio returns. For Foreign investors the function fz(S;) is
replaced by fr(S;).

Agent j of the Home country chooses the portfolio allocation to maximize (13),
subject to (6) and (4). The first-order conditions for Home and Foreign investors

are:
BNy (Rugy1 —€ "Rpgy1) =0 5 EAy (6 "Rpgs1 — Rpe1) =0 (15)
where
A = ((1 — @b)e”+fH(St+1) + @D) <Rﬁh1r> - P/P
A= (= g)etr G gy (REE) T PR

are the asset pricing kernels of the Home and Foreign investors respectively. The
optimality conditions for portfolio choice (15) show that investors equalize the
expected discounted return on each asset. Therefore the expected product of the
asset pricing kernel and the excess return is equal to zero.

Using (14), the Bellman equation (13) for a representative investor in country
718

e TS = BE, (1 — g)er™ilSt1) 4 ) (Rﬁl)l_7 i=H,F (16)

which gives an implicit solution to the function f;(.S;).

4 Solution of the model

The model consists of 11 independent equations that are listed in Appendix A.
The solution method is made clearer by defining two measures of portfolio shares.
The average share invested in Home equity is denoted by ki = 0.5(/~cg¢ + kgt)
The difference in portfolio shares captures the extent to which Home investors are
more heavily invested in Home equity than Foreign investors are, and is written
as kP = kjj, — kf;,. It is therefore a measure of portfolio home bias.

The solution method builds on standard linear and quadratic approximation
methods around an allocation. While this allocation is usually computed as the
deterministic steady state, the introduction of portfolio choice raises a complex-
ity. As portfolio choice is driven by risk, it is not well-defined in a deterministic

environment. The problem arises specifically for the difference across countries in



portfolio shares. Even in a deterministic environment, the average portfolio share,
k. is simply determined by the asset market clearing conditions (11)-(12). These
conditions show how much Home and Foreign equity needs to be held by investors
in equilibrium, but shed no light on which investor should hold it. The difference
in portfolio shares, k”, is not well-defined in a deterministic equilibrium. The so-
lution method therefore gives special treatment to the difference in portfolio shares
and the difference in portfolio Euler equations (15) between Home and the Foreign
investors. No special treatment is required for any of the remaining equations and
variables, which we refer to as the “other equations” and “other variables” for
brevity. As discussed above, the average portfolio share, k7, is one of these “other
variables”.

A central aspect of our approach is to split the various variables across compo-
nents of different orders. A variable x; can be written as the sum of its zero-order,
first-order and higher-order components, namely: z; = z(0) + x4(1) + 24(2) + ....
The zero-order component, x(0), is the value of z; when the volatility of shocks be-
comes arbitrarily small (¢ — 0). The first-order component, z;(1), is proportional
to o or model innovations. The second-order component, x,(2), is proportional
to 02 or the product of model innovations, and so on. This decomposition also
applies to portfolio shares, and in particular to the difference k. For instance, the
zero-order portfolio difference, kP (0), is independent of the value of o, as shown
below. Note that it is only defined as long as ¢ is positive, even if infinitesimally
small.

In order to compute first and higher-order components of model equations we
expand around zero-order components of all variables. The zero-order compo-
nents of the “other variables” follow directly from the zero-order components of
the “other equations”.!! Computing the zero-order component of the difference in
portfolio shares is more complex. We now turn to the description of the solution
method, which proceeds in two steps. We keep the description as non-technical as
possible, focusing on the methodology. The technical details are outlined in Ap-
pendices B and C for the first and second-order components of Bellman equations

and the third-order components of Euler equations for portfolio choice, with a full

UTn particular, dropping country subscripts due to symmetry, we have W(0) = 1/1, R(0) =

(1 =90) /(1 =), Q(0) = (1 =) /¢, A(0) = Prp(0) =1, v(0) = In(¢)) — In(R(0)"" /B — 1+ ¢)
and k4(0) = 0.5.



description of all the algebra left to a Technical Appendix available on request.!?

4.1 The first step

The first step involves jointly solving the first-order component of the “other

variables” and the zero-order component of the difference in portfolio shares kP .
First-order solution of “other variables”

Conditional on a value for the zero-order component of the difference in portfo-
lio shares, kP (0), the first-order component of the “other variables” is solved from
the first-order component of the “other equations” using the entirely standard first-
order solution method based on a log-linear approximation around the zero-order
values of the variables. We define the difference and average of variables across
countries with superscripts D and A (2P = 2# — I and 2! = 0.5(xf +21")). The

model boils down to 5 control variables and 3 state variables:!?

Cvy = (wf‘,pF,uk?anC]H,uQF,t)/ (17)
S = (af,wP,a}t) (18)

The standard first-order solution technique applied to the first-order components

of the log-linearized equations then provides a solution of the following form:
Cvt(l) = BSt(l) 3 St+1(1) = let(l) + N26t+1 (19)

where B, N; and N, are matrices and €41 = (€g41,€rr41)" are the model in-
novations. The first-order component of the Bellman equations (16) gives the
first-order components of the functions fx(S;) and fr(S:), denoted by Hi g.S:(1)
and Hy S;(1), and also implies v(1) = 0.

Zero-order solution of portfolio share difference

The first-order solution (19) is conditional on the unknown k”(0), which is

solved by taking the second-order component of the difference across countries of

2Tn the working paper version, Tille and van Wincoop (2007), we provide a more general

description of the solution method that applies to any order of approximation.
13The average wealth level is not a separate state variable as the first-order components of th

and af* are identical.



the portfolio Euler equations (15). Abstracting from the algebraic details, we get

o) - 2T )= Leovln() —pin (V). erea(1) o0
~yvar(ery11(1)) v var(ery11(1))
+(1 - QpI)COU((HLH — Hy ) Spya(1),eria(1))
Yvar(er1(1))
where ery1 = rgir1 — rre1 is the excess return on Home equity, and Y =

1 —B(1 —¢)R(0)!™. Each of the three terms on the right-hand side of (20) is
a ratio of second-order variables (proportional to ¢?). This illustrates why the
second-order components of portfolio Euler equations are necessary to compute
the zero-order component of portfolio shares.

In terms of economic intuition, a positive value of (20) implies portfolio home
bias, while a negative value implies foreign bias. (20) shows three sources of port-
folio bias. The first reflects the cost of investing abroad, 7, with a higher cost
making investing in domestic equity more attractive. The second reflects the co-
movements of the real exchange rate and excess return. Assuming v > 1, it is
attractive for Home investors to invest in the Home equity if the excess return on
Home equity is high in states where the Home price index is relatively high, i.e.
Home equity is a good hedge of real exchange rate risk. The final source reflects
a hedge against changes in future expected portfolio returns, which are captured
by the functions Hy ySi41(1) and Hy pSi+1(1) in the value function of Home and
Foreign investors next period. A high value of these functions indicates a future
state with low expected returns. It is attractive for Home investors to invest in

Home equity when the excess return on Home equity is high in such states.
Fixed point problem

With the exception of 7, all the second-order components in the three ratios
in (20) are based on variances and covariances of first-order components of model
variables. These can be computed from the first-order solution (19). In turn, the
first-order solution is conditional on k”(0). Intuitively, when k”(0) is non-zero
Home and Foreign agents choose different portfolios and therefore their overall
portfolio return responds differently to return innovations. This affects the first-
order component of relative wealth, which in turn affects relative consumption
and asset demand. We therefore have a fixed point problem: k”(0) maps into
the first-order solution (19), which maps into £”(0) in (20). By substituting the



solution for £P(0) from the fixed point problem into (19), we have fully solved the
first-order component of “other variables” as well.

In terms of capital flows, the solution so far only allows us to compute net
capital flows, not gross flows.!* To a first order, net capital flows only depend on
the average portfolio share k7, which is one of the “other variables”. A reduction
in k(1) implies that overall investors are selling Home equity, leading to a net
capital flow out of the Home country. By contrast, gross capital flows also depend
on the first-order component of the difference in portfolio shares, k” (1), which we

have not yet solved for.

4.2 The second step

The second step provides us with the first-order component of the difference in
portfolio shares, k”(1). Conceptually it is identical to the first step but one order
higher. We now combine the third-order component of the difference in portfolio
Euler equations (15) with the second-order components of all “other equations” to

jointly solve for k(1) and the second-order component of all “other variables”.
Second-order solution of “other variables”

We start by conjecturing a solution for k(1) that is linear in the state variables:
k(1) = ksSi(1) (21)

where kg is a 1 by 3 vector. Conditional on (21), the second-order component
of the “other variables” is solved from the second-order component of the “other
equations” using the standard second-order solution method.!> The solution of
the second-order component of control variables, for example pg(2), takes the
following form:

Pri(2) = psSi(2) + Si(1) pssSi(1) + kyo? (22)

where p; is a vector, ps; a matrix and k, a scalar. The second-order solution for

14This can be checked from the expressions (26)-(27) in section 5.
5For descriptions of second-order solutions see Kim et.al. (2003), Schmitt-Grohe and Uribe

(2004) and Lombardo and Sutherland (2007). The Technical Appendix provides all details in the
context of the present model.



state space accumulation takes the form

Si(1)' N3 1S¢(1) + €, Nag€ry1 + Se(1)' N5 1€e41
Si+1(2) = N1Si(2) + | Se(1)'N325:(1) + €11 Nag€rr1 + Si(1) Nsoerpr | + Ngo?
St(1)'N338¢(1) + €41 Nagerr1 + S¢(1)' N5 36141
(23)
where N3;, N4, and N5; are matrices and Ng is a vector. The second-order com-
ponent of the Bellman equations (16) yields the second-order components of the
functions fy(S;) and fp(S).

An important implication of (22) is that the second-order solution of the “other
variables” naturally leads to endogenous variation over time in second moments,
even though the standard deviation of shocks is constant. This is best illustrated
by considering a simple case where there is only one state variable, s;, which
simply evolves according to s;11 = s; + €11, Where €, is a shock with variance
o?. Assuming that p/" = s, + s?, it follows that pr;;1 will depend on the time
t 4+ 1 innovation in the form €, + ef 11 1+ 2516441, The last term shows that the
conditional variance of pr;1; depends on s, and is therefore time-varying. It also
shows that one needs to distinguish between second moments and second-order. In
this example the variance of pr;,; has a second-order component of 02 and a third-
order component of 40%s;. The third-order component of the variance therefore
captures movements in the variance driven by the state variable.

More generally, consider two variables x and y for which the expected first-order
components are zero. The third-order components of the variance and covariance
are then var(z) = 2Ex(1)z(2) and cov(z,y) = Ex(1)y(2) + Ex(2)y(1).'° Third-
order components of variances and covariances involving the “other variables”
of the model therefore depend on the first and second-order solution for these

variables. They take the form %kS;(1), where & is a 1 by 3 vector.
First-order solution of portfolio share difference

The second-order solution of the “other variables” described above is condi-
tional on kP (1), which is solved by taking the third-order component of the differ-

ence across countries of the portfolio Euler equations (15). Following steps outlined

6For example, var(z) = E(z?) — (Ex)?. Substituting z = x(0) + z(1) + 2(2) + ... and using
Ex(1) = 0, the third- order component of var(z) is 2Ex(1)z(2).



in Appendix C we get

LP(1) = 1D var(erys1) v = Leov(pes1 — Piis €ret1)
o (1) ( var(ery1(1)) ¥ var(ery1(1))
cov (farsr — frevns erepn) + 059" By [(frin (1))* — (frea(1))?)] ereia (1)
yvar(ery1(1))/(1 —4')

The denominator of each ratio in (24) is second-order, while the terms in the

(24)

numerator are all third-order, so that the ratios are all first-order. The first term
on the right-hand side of (24) shows that an increase in the variance of the excess
return reduces the relevance of the financial friction for the portfolio decision,
which translates into a smaller home bias. The interpretation of the second and
thirds terms in (24) parallels that of the corresponding terms in (20). For example,
if Home equity becomes a better hedge against real exchange risk following a shift
in the state variables (cov(pi11 — Py 1, erip1) > 0), the Home investor responds by
shifting into Home equity. The last term shows that a similar shift occurs when
Home equity becomes a better hedge against changes in future expected portfolio

returns.
Fixed point problem

We solve for the vector ks in (21) by solving the fixed point of a function that
maps k; into itself. Given a vector k; we solve the second-order components of the
“other” model variables. Together with the first-order components of the “other”
model variables, this allows us to solve the third-order components of the moments

var and cov in (24), in turn yielding a new vector k;.

4.3 General applicability and accuracy

Our method combines first, second and third-order expansions of various equa-
tions. This degree of complexity, and our focus on a minimalists model, should
not be interpreted as limiting the potential use of the method. Indeed, Devereux
and Sutherland (2007), who independently and simultaneously developed a solu-
tion method that is essentially the same as the one described above, show that
the method is easy to implement even for large scale DSGE models with portfolio
choice. They show in the context of a quite general setup that one can obtain sim-
ple analytical solutions to the fixed point problems in both steps of the solution.

Since the rest of the solution involves standard first and second-order solutions for



the “other variables”, the solution is no more involved than for models without
portfolio choice, and the model can be solved using standard software packages for
the first and second-order solutions.

Another potential issue relates to the accuracy of the solution method. It is
important to note that the issue of accuracy is no different than for DSGE models
without portfolio choice that are solved with first or second-order solution methods.
It is certainly possible to write down models where local approximations can be
far off. An example is a model with large idiosyncratic income shocks, such as
associated with unemployment, which can lead to large deviations from the point
of approximation. However, this is a general limitation of local solution methods
and has little to do with the introduction of portfolio choice per se. The accuracy
issue is not more pronounced for our method than for standard local approximation

methods applied to models without portfolio choice.

5 Implications for International Capital Flows

We now turn to the linkages between portfolio choice and international cap-
ital flows. We start by defining the passive portfolio share, a useful concept for
our analysis. It captures the direct impact of movements in asset prices on the
composition of portfolios. For instance, an increase in the price of Home equity,
relative to Foreign equity, raises the weight of Home equity in investors’ portfolios.
This does not entail any action from investors. The first-order component of the
passive portfolio share is given by:

k(1) =k (0) (1= k(0)) ¢, (1) (25)

where ¢P (1) = qu: (1) — qr4 (1) is the first-order component of the difference
between the Home and Foreign equity prices, and k(0) = k#(0) = kL(0) is the
zero-order component of the fraction of wealth that is invested domestically. The
passive portfolio share is the same for Home and Foreign investors.

Turning to capital flows, we distinguish between capital outflows and inflows.
The former correspond to flows that are initiated by Home investors, while the
latter are initiated by Foreign investors. Using standard balance of payments

accounting we derive the following expressions for the first-order components of



capital outflows and inflows:

1-9
Y
inflows = —(1 — k(0))s,(1) + % (Akf, (1) — ARP(1)) (27)

where s, is the ratio of Home national saving to GDP, and Az, denotes z; — x;_.

out flows = (1 — k(0))s(1) — (Akf (1) — ARP(1)) (26)

A positive value of (26) indicates that Home investors send money to the Foreign
country, while a positive value of (27) shows that Foreign investors send money to
the Home country. Net capital flows are simply the difference between (26) and
(27).

(26) and (27) show that two components drive capital flows, namely portfolio
growth and portfolio reallocation.!” Portfolio growth captures the capital flows
that occur when additional saving is invested according to the zero-order portfolio
shares. As the zero-order fraction invested abroad is 1 — k(0) for both countries,
a first-order movement in Home saving by s;(1) translates into first-order outflows
of (1 —k(0))s:(1). As we abstract from investment in physical capital, Home and
Foreign saving add up to zero, hence the portfolio growth components in (26) and
(27) exactly mirror each other.

The portfolio reallocation component of capital flows is the second term in
(26) and (27). It reflects the first-order component of portfolio shares. Two key
points emerge. First, it is changes in portfolio shares that drive capital flows rather
than their level. (26) shows that outflows increase when the share of Home equity
in Home investors’ portfolio decreases, Akjf,(1) < 0. Second, capital flows are
driven by the gap between the optimal portfolio shares, k7j,(1) and kj;,(1), and
the passive portfolio share. Intuitively, investors do not need to shift money across
countries when the impact of asset prices on portfolios delivers the desired alloca-
tion. Consider for instance a shock that increases the optimal portfolio share of
Home equity for Foreign investors (Akp (1) > 0) and boosts the passive share of
Home equity (Ak}(1) > 0). Even though investors want to shift their portfolios to-

wards Home equity, this does not imply that they move funds to the Home country.

1"The distinction between portfolio growth and portfolio reallocation has also been made by
Kraay and Ventura (2000, 2003) and Guo and Jin (2007). There is a subtle but important
difference though. These papers define portfolio growth as domestic saving times the ratio of the
net foreign asset position to total wealth. This ratio is interpreted as a portfolio choice. Our
definition allows for a more general equilibrium approach where decisions about the external
equity liabilities of each country correspond to portfolio decisions by the other country.



If movements in equity prices raise the passive portfolio share beyond its desired
level (AK}(1) > Akf;,(1)), investors will undo the excess passive portfolio shift by
selling Home equity and reallocating funds to Foreign equity. This corresponds to

a negative inflow in (27). These points are summarized in our first result:

Result 1 Capital inflows and outflows can be broken into a portfolio growth and a
portfolio reallocation component. The portfolio growth component captures capital
flows that result when saving is invested in line with the zero-order portfolio shares.
The portfolio reallocation component captures capital flows driven by first-order

changes in portfolio shares, relative to the passive portfolio share.

In order to understand the determinants of the portfolio reallocation component
in (26)-(27), we need to derive expressions for the optimal portfolio shares. The
first-order components of the portfolio shares for each country can be computed
from the average and difference of portfolio shares across countries, k(1) and
kP(1).'% (24) shows that the first-order component of the difference in portfolio
shares, kP (1), is entirely driven by the third-order component of second moments.
These var and cov terms reflect time-variation in second moments associated with
changes in the state space. It is important to note that these terms arise endoge-

nously even though the variance of shocks is kept constant.

Result 2 Even when the standard deviation of model innovations is constant,
the second moments affecting portfolio choice endogenously vary over time with

changes in the state space.

The expression (24) for kP (1) was computed using the third-order component
of the difference in portfolio Euler equation across countries. We can similarly
compute k*(1) from the third-order component of the average of portfolio Euler

equations across countries. Following steps outlined in Appendix C we write:'

A Eieri1(3) cévf
ki (1) =
yvar(eryy1(1))  vary (eryeq (1))

(28)

¥ Specifically: kfj ,(1) = k*(1) + 0.5k (1) and kf; (1) = kA1) — 0.5kP(1).

EA(1) is solved in the first step of the solution. That solution was a result of a supply perspec-
tive, using the fact that the average portfolio share is related to relative asset supplies through
asset market clearing. Equation (28) follows from a demand (or portfolio choice) perspective. In

equilibrium the expected excess return adjusts to reconcile these two perspectives.



where:

CaUtA = 72_71 [Cév<pt+1 +p:+1767“t+1) —var(rgg) + Ud?”('f’F,tﬂ)]
11—
2y
!/ 1 - /
+%f}/¢)Et [(th+1(1))2 + (th+1(1))2)} 67’t+1(1)

+ cov (fres1 + fres1, €ri1)

(28) shows that the first-order component of k/*(1) depends on time-varying second
moments, denoted by cévf. In addition, k7 (1) is affected by the time-varying
expected excess return on Home equity, Eer,11(3). The latter does not enter
kP(1) as Home and Foreign investors respond to expected returns in the same

way.

Result 3 Changes over time in optimal portfolio shares are associated with time
variation in expected excess returns and second moments. Second moments that
affect portfolio choice involve asset returns, goods prices and future expected port-
folio returns. The third-order component of expected excess returns and second

moments affects the first-order component of portfolio shares.

It would be tempting to conclude from the results so far that capital flows are
driven by portfolio growth, as well as time-varying expected returns and second
moments that enter (24) and (28). This inference is not accurate however, as
capital flows (26)-(27) are driven by the gap between the optimal and passive
portfolio shares.

It is useful to derive the equilibrium expected excess return on Home equity
to shed further light onto the determinants of capital flows. Using the first-order

component of the asset market equilibrium (11)-(12), we write:

AR )~ AR(1) = —3 2k (0)s4(1) (20)

21—
Intuitively, an increase in Home saving (and therefore drop in Foreign saving) raises
the demand for Home equity in the presence of portfolio home bias (k”(0) > 0).
Asset market clearing requires either an increase in the relative supply of Home
equity through a higher asset price, which raises the passive portfolio share AkY(1),
or a decrease in the demand for Home equity through a shift in the world portfolio

away from Home equity (Ak(1) < 0).



Combining (28) and (29) gives an expression for changes in expected excess

return:

AEeri1(3) = AEer 1(3)° + AEery1(3)F + AEer,1(3)™V™  (30)

where:
s _ I v .p
AFEer;1(3)° = —VUGTt(€Tt+1(1))§mk (0)s¢(1)
AEteTtH(S)P = ovary(ery1(1))AKE(1)

AEer 1(3)TVM = —Acov?

(30) shows that there are three determinants of expected excess return changes.
The first, AEer;,1(3)°, reflects saving. Intuitively, higher saving in the Home
country boost the relative demand for Home equity due to home bias (kP(0) >
0). The expected excess return on Home equity needs to fall to switch asset
demand toward Foreign equity and clear asset markets. The second determinant,
AFEier;1(3)F, is associated with changes in the passive portfolio share. An increase
in the relative price of Home equity raises the relative supply of Home equity. Asset
market clearing requires a shift of asset demand towards Home equity, which is
achieved through an increase in the expected excess return on Home equity. The

(3)TVM | reflects time-varying second moments. When

last determinant, AFE;er;
these moments boost the world demand for Home equity (Aéov:' > 0), asset market
clearing requires an offsetting reduction in asset demand through a lower expected
excess return on Home equity.

In addition, we can show from the first and second-order component of the
average of portfolio Euler equations (15) that both the first and second-order com-
ponents of the expected excess return are zero (Eiery1(1) = Eieri1(2) = 0). (30)
therefore captures the total change in the expected excess return up to third-order

accuracy. Our results for the expected excess return are summarized as:

Result 4 Changes in expected excess returns are associated with (i) saving, (ii)
changes in relative asset prices, and (iii) time-varying second moments that affect
the average portfolio share. Changes in expected excess returns are small (third-

order).

We now turn to the link between the expected excess returns and capital flows.

Since Home and Foreign investors have the same expectations, expected excess



returns affect capital flows only through the average portfolio share, not the dif-
ference in portfolio shares. Combining (28) and (30) the difference between the
change in the average portfolio share and the passive portfolio share is

o AEteTt+1(3)S

Akf(l) AR = yvar(ere1(1)) (31)

Intuitively, an increase in Home saving boosts the relative demand for Home eq-
uity because of portfolio home bias. Asset market clearing requires an offsetting
reduction in the demand through a lower expected excess return on Home equity.
Investors across the world reallocate their portfolio towards Foreign equity, leading
to a capital flow out of the Home country (Ak}(1) — Ak (1) < 0).

(31) shows that the average portfolio reallocation is not driven by the over-
all change in the expected excess return, but only by the component associated
with saving. By contrast, the components associated with asset price changes,

TVM

AFEery,1(3)F, and time-varying second moments, AFE;ery,(3) , entail no cap-

ital flows.

Result 5 There is no straightforward link between changes in the expected excess
return and capital flows. Changes in the equilibrium expected excess return associ-
ated with changes in relative asset prices, or with time-varying second moments, do
not generate capital flows. Only the changes associated with saving lead to portfolio

reallocation that affects capital flows.

We are now ready to present the drivers of capital flows. Using (31), capital
flows (26)-(27) are written as:
1— w AEtert+1(3)S 1— w AktD (1)

out flows = (1 — k(0))s(1) — b varerea()) 0 5 (32)

1—¢ ABerin(3)°  1-9 AR (1)
¥ quar(erya(l)) @ 2

As described above, the portfolio growth component reflects the investment of

inflows = —(1 — k(0))s,(1) + (33)

saving based on the zero-order portfolio allocation. Movements in expected excess
returns that are linked to saving affect capital inflows and outflows with opposite
signs. Finally, time-varying second moments that affect the difference in portfolio

shares, kP (1), affect capital inflows and outflows with the same sign.



Result 6 Capital outflows and inflows are driven by three factors. The first is a
portfolio growth component. The second is associated with time-varying expected
excess return on Home equity, but only a component of it. The third is associated
with time-varying second moments, but only to the extent that they affect Home

and Foreign portfolio allocation differently.

(32) and (33) also have implications for net capital flows and for the co-
movement between capital inflows and outflows. The difference between (32) and
(33) shows that net flows only reflect the first two components and are therefore
not affected by k”(1). By contrast, the sum of gross capital flows only reflects the
difference in portfolio shares kP (1). Changes in second moments that drive k(1)
lead to a positive co-movement between capital inflows and capital outflows. For
instance, and increase in the portfolio share difference (AkP (1) > 0) leads to both
negative outflows and inflows as all investors repatriate money towards their own

country.?’

Result 7 Capital inflows and outflows are positively correlated when there is suffi-
cient time-variation in second moments that affect Home and Foreign portfolios dif-
ferently. This is the only element in the model that leads to a positive co-movement

between capital inflows and outflows.

6 A numerical illustration

6.1 Parameterization

We illustrate the implications of our simple model through a numerical exam-
ple. The parameterization we adopt is for illustrative purposes only, not to match
the data of any particular country. Nonetheless, we discuss the empirical relevance
of the model at a qualitative level at the end of this section.

We assume a labor share of output, 6, of 0.7. Productivity shocks are assumed
to be highly persistent, with p = 0.99. Productivity innovations have a standard

deviation of 0 = 5%. Turning to consumers’ preferences, we assume home bias

20The negative co-movement between inflows and outflows due to portfolio growth is an artifact
of the absence of investment in the model. More generally Home and Foreign saving could move
together when there are corresponding changes in global investment since world saving equals

world investment.



in preferences by setting a = 0.8. The elasticity of substitution between Home
and Foreign goods is set at A = 2. The rate of relative risk-aversion, v, is set
at 10 and § = 1. Agents face a probability of death of » = 0.05, leading to a
consumption-wealth ratio of 5%. The transaction cost on investing abroad, 7, is
set at 0.419%. These parameters generate a sizable home bias in equity holdings,
with the zero-order component of the fraction invested in domestic equity equal
to 0.8.2! 'We consider the dynamic response of the economy to a 5% increase in

Home productivity.

6.2 Real exchange rate and equity prices

Chart 1 illustrates the dynamic response of the relative price of the Foreign
good. The increase in Home productivity boosts the supply of the Home good,
leading to an immediate increase in the relative price of the Foreign good (a Home
real depreciation). This is followed by a gradual reduction (Home real apprecia-
tion) as the shock dissipates. Chart 2 shows the dynamic response of equity prices,
depicting the Home equity price in units of the Home good and the Foreign eq-
uity price in units of the Foreign good. The persistent Home productivity shock
immediately raises the Home equity price. It also leads to a small increase in the
Foreign equity price as some of the additional wealth stemming from the higher
productivity is invested in Foreign equity. While the increase in Foreign equity
prices is larger when expressed in Home goods, Home equity prices still increase
by more on impact. Equity prices subsequently move back to the steady state,
which implies a larger expected drop in the Home equity price than in the Foreign

equity price.

6.3 Capital flows

Chart 3 shows the response of gross and net capital flows from the perspective
of the Home country, expressed as a fraction of initial GDP. The positive income

shock in the Home country boosts income more than wealth and consumption,

21This implies that agents invest 30% more in the domestic country than under perfect diver-
sification. Of this, there is a bias of +67% invested in the domestic country due to the financial
friction 7, a negative bias of -40% due to a negative correlation between the real exchange rate
and excess return (this is a foreign bias) and a positive home bias of +3% due to the hedge

against changes in expected portfolio returns.



leading to a rise in saving and a net capital outflow. Initially both capital inflows
and outflows go down, with investors from both countries selling assets abroad
and bringing the money to their own country. By contrast, in subsequent periods
investors from both countries shift funds to the Foreign country, so that the Home

country experiences positive capital outflows and negative capital inflows.
Portfolio reallocation

We know from (26) and (27) that capital flows are driven by portfolio growth
and portfolio reallocation. The latter is associated with changes in portfolio shares
in deviation from the passive portfolio share. Chart 4 shows the impact of the
shock on both the passive portfolio share invested in Home equity and the opti-
mal portfolio shares of Home and Foreign investors invested in Home equity. The
increase in Home equity prices automatically boosts the value of investors’ hold-
ings of Home equity and raises the passive portfolio share. The optimal portfolio
share differs across investors, with Home investors choosing a larger share of Home
equity in their portfolio than Foreign investors (k” (1) > 0). The Home portfo-
lio share exceeds the passive portfolio share, leading Home investors to actively
reallocate their portfolio by selling Foreign equity to buy Home equity. By con-
trast, the Foreign portfolio share is lower than the passive portfolio share, so that
Foreign investors actively reallocate their portfolio towards Foreign assets. This
retrenchment towards domestic assets accounts for the negative capital inflows and
outflows in Chart 3 in the immediate response to the shock. After the initial shock
the gradual reduction in the price of Home equity leads to a gradual decrease in the
passive portfolio share. As the reduction in the optimal portfolio shares of both
Home and Foreign investors is more pronounced, they both actively reallocate their
portfolio towards Foreign assets, accounting for the positive capital outflows and

negative capital inflows in Chart 3.
Components of capital flows

Charts 5 and 6 show the three components of capital flows that are represented
in (32) and (33). The portfolio growth component leads to positive capital outflows
and negative capital inflows (thin line). The productivity increase in the Home
country boosts Home saving. This leads to increased capital outflows as 20% of the
increase in Home saving is invested in the Foreign country. The drop in Foreign

saving leads to a drop in capital inflows.



The other two components reflect portfolio reallocation. The dotted lines rep-
resents changes in the expected excess return. As a result of portfolio Home bias,
the rise in Home saving leads to an excess demand for Home equity. A drop in
the expected excess return on Home equity is then needed to clear asset markets.
This leads to a reallocation of portfolios towards Foreign equity, so that capital
outflows are positive and capital inflows are negative.

The last component is associated with time-varying second moments and is
represented by the thick lines. We have seen that changes in second moments only
affect capital flows to the extent that they affect portfolios of Home and Foreign
investors differently. This is reflected in the immediate increase in kP at the time
of the shock. An increase in the volatility of the excess return at the time of the
shock leads to a reduction in home bias. This is however more than offset by an
increase in the covariances between the excess return on the one hand and the
real exchange rate and the hedging component on the other hand. This leads to
increased home bias: kP(1) > 0. From (32) and (33) this translates into negative
capital inflows and outflows.

While time-varying second moments have a very large transitory impact on
capital flows, portfolio growth and changes in expected excess returns have a much
more persistent impact. The difference can be understood as follows. Persistence
in the state variables, due to the highly persistent technology shocks, leads to long-
lasting changes in the level of saving and second moments. The portfolio growth
and expected excess return components of capital flows both depend on the level
of saving and therefore inherit its persistence. By contrast, the third component
is driven by changes in second moments, which have very little persistence. Time-
varying second moments therefore have a large impact at the time of shock, when
they change substantially, but not thereafter as they change only very gradually.
This can be seen in Chart 4 where the home bias k” (1) remains stable after the

initial increase.
Disconnect between capital flows and expected return changes

(30) and (31) show a disconnect between capital flows and changes in the
expected excess return, as only one component of the latter affects capital flows.
This is illustrated by Chart 7 which shows the equilibrium expected excess return
as well as its three components. The overall expected excess return on Home

equity rises in response to the shock, while the only component that affects capital



flows—associated with the level of saving—drops. It is the drop in the expected
excess return due to higher Home saving that leads to increased capital outflows
and lower capital inflows, as documented by the broken lines in Charts 5 and 6.
The other two components of the equilibrium expected excess return are both
positive and much larger. The higher relative price of Home equity boosts the
relative supply of Home equity. In order to clear financial markets, the demand for
Home equity needs to be raised through higher expected returns. As the passive
portfolio involves no asset trade, there are no capital flows associated with this.
Finally, the average portfolio share k7! invested in Home equity drops due to time-
varying second moments, cévf. To clear asset markets this is offset by higher

expected returns on Home equity, with no implication for capital flows.
Capital flows under a simulation of the model

Our analysis so far focuses on the impulse responses to a particular shock.
We can draw implications for the co-movements and volatility of capital flows
by simulating the model over 30 periods. The three components of capital flows
in (32) and (33) are presented in Chart 8 and 9 for capital outflows and inflows,
respectively. Both charts clearly show that time-varying second moments drive the
volatility of capital flows, while expected excess returns and portfolio growth drive
their persistence. In addition, the time-varying second moments lead to a positive
correlation between outflows and inflows, while the other two components imply
a negative correlation. Total capital outflows and inflows are presented in Chart
10. Under our parameterization, the dominant influence of time-varying second
moments leads to a positive correlation (0.34) between capital inflows and outflows.
A lower persistence of technology shocks would lead to an even higher correlation
between capital inflows and outflows as the portfolio growth and expected excess

return components of capital flows would be less persistent.

6.4 Valuation effects and return differentials

Recent contributions point to substantial valuation effects that capture the im-
pact of changing asset prices and exchange rates on the value of external assets and

liabilities. In addition, expected valuation effects can play a role on the financing



of external imbalances. We now turn to the role of these channels in our model.
Impact on the value of external assets and liabilities

As illustrated in Charts 11 and 12, unexpected valuation effects have large
effects on the value of outstanding external assets and liabilities. Chart 11 shows
the paths of gross external assets and liabilities of the Home country, as well as
its net external asset position, while Chart 12 presents the net external position
together with cumulative net capital flows. The initial response of both gross assets
and liabilities is almost entirely due to unexpected valuation effects. Specifically,
the increase in the price of Home equity boosts the value of liabilities to Foreign
investors. In addition, the real depreciation of the Home currency raises the value
of Home investors’ holdings in the Foreign country. The first effect is larger and the
Home country becomes a net debtor. After the initial shock gross liabilities drop
much faster than gross assets and soon the Home country becomes a net creditor.
Chart 12 shows that this is driven to a large extent by cumulative net capital
outflows. In addition the Home country benefits from fully expected valuation
gains, primarily reflecting the gradual fall in the price of the Home equity that
reduces the value of external liabilities. The positive expected valuation effects are
illustrated by the decreasing gap between cumulative capital outflows and the net

external position in Chart 12.
External adjustment

Gourinchas and Rey (2007) show that expected valuation effects may play an
important role in financing a positive external debt. An expected depreciation of
the dollar boost the dollar return on the U.S. investors’ foreign holdings, a channel
that could contribute to financing the U.S. external debt. Using standard balance

of payments accounting within the context of our model we write:

[e.o]

—nfa(l) =Y %g;fl) +GA®0)Y Et(TF’”S}(;(é): _ﬁH’”S(l)) (34)

s=1 s=1

where n fa is the net foreign asset position, tb is the trade balance and GA(0) is the
zero-order component of gross assets. (34) shows that a net external debt can be
financed by either expected future trade surpluses or by more favorable expected

future returns on external assets (Foreign equity) than external liabilities (Home

equity).



The expected return differential in (34) reflects three factors: valuation changes
associated with the real exchange rate, valuation changes associated with equity
prices, and dividend payments. A net external debt can then be repaid through
four channels: (i) the present value of expected future trade surpluses, (ii) the
present value of expected valuation gains associated with the real exchange rate,
(iii) the present value of expected valuation gains associated with equity prices and
(iv) the present value of expected differences between Home and Foreign dividend
yields.

Under our parametrization, a 5% increase in Home productivity leads to a net
external debt of 6.2% of GDP on impact. Chart 13 shows how this debt is financed
by the four factors listed above. Expected valuation effects are large: the expected
real appreciation of the Home currency generates valuation losses that amount to
5.1% of GDP in present value terms. On the other hand, the expected fall in Home
equity prices, relative to Foreign equity prices, translates into an expected gain for
the Home country equal to 7.2% of GDP in present value terms. Overall valuation
effects therefore amount to a net gain of 2.1%, which represents a third of the net
external debt.

While valuation effects are important, they do not translate into a predictable
return differential as they are exactly offset by differences in expected dividend
yields. As Home productivity is persistently higher, the expected dividend yield
is larger for Home than Foreign equity. The resulting net dividend payment to
Foreign investors amount to 2.1% of GDP in present value terms. The three
factors that enter expected returns then cancel out and the next external debt is
entirely repaid through future trade surpluses.

This result is driven by the fact that the expected first-order component of the
excess return is zero, a general implication of arbitrage in portfolio choice. Taking
the first-order component of (15) shows that the expected first-order component
of expected returns must be the same for all assets. This condition can only be

relaxed by introducing elements that break the arbitrage across various assets.??

220ne example is Bacchetta and van Wincoop (2007), who introduce a portfolio decision mak-

ing cost (or asset management cost), leading to infrequent portfolio decisions.



6.5 Relation to the Data

Our numerical illustration is meant to merely outline the main implications of
the model. While we do not undertake a formal empirical test of the model, many
of its qualitative features are consistent with a broad set of empirical evidence.

In terms of capital flows data, both Kraay and Ventura (2003) and Guo and
Jin (2007) find that in the short-run portfolio reallocation is a far more important
source of capital flow fluctuations than portfolio growth, in line with our model.
Also relevant is the evidence reported in Hau and Rey (2007). They use data on
stock holdings of thousands of global mutual funds and find that funds actively
reallocate towards Foreign stock following an increase in the relative return on
Home stock relative to Foreign stock. This is consistent with the active realloca-
tion towards Foreign stock in our model by both Home and Foreign investors after
the initial period of the shock.?® Hau and Rey (2007) refer to this aspect as port-
folio rebalancing, an aspect that is exactly the same as our definition of portfolio
reallocation. In addition the model can account for a positive correlation between
capital inflows and outflows. For the United States the unconditional correlation
between capital inflows and outflows (share of GDP) is 0.83 for annual data from
1970 through 2006 and 0.64 for quarterly data.?*

The model illustrates the links between time-varying second moments and cap-
ital flows and between time-varying expected returns and capital flows. To our
knowledge, no empirical work has yet been done on the link between time-varying
second moments and capital lows. This will be an important area of future research
given the central role of time-varying risk in the model. The finance literature has
extensively documented the time-varying nature of both variances and covariances
of asset returns, with changes in second moments being quite persistent. This
aspect is captured by a variety of statistical models, including ARCH or GARCH
models and stochastic-volatility models.?” In our model, the time-varying nature
of second moments is entirely endogenous and follows naturally from the solution

method. Also consistent with the data, changes in second-moments are highly

23Even though portfolio reallocation differs significantly between Home and Foreign investors
during the period of the shock, the model implies that even then Home and Foreign investors on
average reallocate towards Foreign stock.

24For changes in inflows and outflows these correlations are respectively 0.80 and 0.84.

ZFor a brief overview of this large literature, see Campbell, Lo and MacKinlay (1997), chapter
12.



persistent as they inherit the persistence of the state variables.

In a recent paper, Didier and Lowenkron (2007) set out to illustrate the link
between time-varying expected returns and net capital flows. Using data for the
United States and Japan, they estimate a VAR involving US and Japanese asset
returns and other financial variables. The resulting time-varying expected excess
returns are applied to a simple portfolio choice model to develop the implications
for net capital flows. While the implied theoretical net capital flows are positively
correlated with actual net capital flows, they are much more volatile (by a factor
300) than net capital flows in the data. This suggests that either actual expected
excess returns are far smaller or that components of expected excess returns do
not affect capital flows. This is consistent with the theory, which tells us that
equilibrium expected excess returns that drive net capital flows are third-order
and that a large component of expected excess returns do not impact capital flows.
The recent evidence by Curcuru, Dvorak and Warnock (2008) is also consistent
with small expected excess returns. While they do not consider the time-varying
nature of expected excess returns, they find that the average difference between
the return on U.S. assets and liabilities is negligible within asset classes (bonds or
stocks).?°

The model implies that unexpected valuation effects have a large impact on
the value of external assets and liabilities. In the short-run these can significantly
outweigh the impact of net capital flows on the net foreign asset position. This
is consistent with recent evidence on the importance of valuation effects, such as
Gourinchas and Rey (2007), Lane and Milesi-Ferretti (2005) and Tille (2008). Val-
uation effects have received significant attention in recent years as they interact
with rapidly increasing levels of external assets and liabilities.?” The model also
implies that expected valuation effects can be very large. However, the model im-
plies that predictable differences in expected returns cannot contribute to financing
a net external debt to the first-order, in contrast to the empirical findings by Gour-
inchas and Rey (2007). We cannot rule out that the third-order component of the
expected excess return plays this role, but these third-order components are very

small.

26Based on data from 1986 to 2005 they find that the average returns on US assets and liabilities

are respectively 13.1% and 13.8% for stock and 9.3% and 8.7% for bonds.
2"For industrialized countries the sum of external assets and liabilities as a fraction of GDP

has increased from less than 50% in the 1970s to about 350% today.



7 Conclusion

We develop a simple two-country DSGE model with portfolio choice in order
to shed light on the implications of portfolio choice for international capital flows.
We show that capital flows are driven by three factors: portfolio growth, portfolio
reallocation associated with time-varying expected returns, and portfolio reallo-
cation associated with time-varying second moments, with the last two playing a
sizable role. We also find that several important factors that determine equilibrium
expected return differences have no effect on capital flows. We stress the relevance
of endogenous variations in second moments, even though the standard deviation
of model innovations is constant. These changing second moments affect capital
flows only to the extent that they affect domestic and foreign investors differently,
and lead to positive co-movements between capital inflows and outflows.

An additional contribution of the paper is to develop a widely applicable
method for solving DSGE models with portfolio choice. The solution method
stays very close to standard first and second-order solution methods. While our
focus here has been on international capital flows, the method can be used to ad-
dress many other types of questions where portfolio choice may be relevant. Open
economy DSGE models no longer need to be restricted to a single traded bond or
complete markets.

While the model is qualitatively consistent with a broad range of empirical evi-
dence, an important agenda for future research is to more formally connect general
equilibrium portfolio choice models to the empirical evidence on capital flows and
international asset holdings. The main goal of this research should be to match
some key aspects of the data, such as the level of external (and bilateral) asset
holdings, the volatility of gross and net capital flows, the co-movement between
capital inflows and outflows and the relationship between capital flows and asset
prices. The large empirical finance literature on time-varying second moments
can potentially shed light on the link between capital flows and changing sec-
ond moments. Another relevant line of research focuses on the empirical evidence
for the different components of capital flows, such as different asset categories and
portfolio growth versus portfolio reallocation. In parallel to the international trade
literature, gravity models for bilateral asset positions can be developed that inform
us of the magnitude and determinants of international financial frictions.

The model discussed in this paper was kept simple in order to focus on the



role of portfolio choice while abstracting from other choice variables that are not
key to the analysis here. Future work will need to introduce consumption and
investment decisions as well. Other natural extensions are to introduce monetary
elements, fiscal policy, additional assets and multiple countries. A potentially
rewarding strategy may also be to introduce information asymmetries as in the
noisy rational expectations literature in finance. All these extensions will put us
in a better position to confront the model to data on gross and net capital flows
and external asset holdings, analyze policy questions related to capital flows, and
make meaningful predictions related to the external adjustment process faced by

countries with large external imbalances.



Appendix

A Equations of the model

The model can be summarized by 11 equations. Denoting the log of variables

by lower case letters (except for portfolio shares), we write these equations as:

Q441 = PO + €M1 (35)
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(35) and (36) are the autoregressive processes for productivity. (37)-(38) are the
wealth dynamics in the Home and Foreign countries. (39) is the Home goods
market clearing condition (we can omit the Foreign goods market clearing condition
due to Walras’s law). (40)-(41) are the market clearing conditions for Home and
Foreign equities. (42)-(43) are the optimal portfolio conditions for Home and
Foreign investors. Finally, (44)-(45) are the Bellman equations for Home and
Foreign investors.

These equations depend on consumer price indices, as well as asset and portfolio



returns, which in logarithmic form can be written as

eI7NPe — (o 4 (1—a) e(I=Npr (46)
e(1=p; — (1 _ a) + ae(I=APF (47)
elthitl = edH+17d e (] — @))eH+1 M e (48)
P = IR 4 (] — e)eth+1+am+1—qm (49)
i = [KH et (1 — Kl )ermen—T] epp (50)
et = [kIFﬂeTHvt“_T + (1 — k§7t)erF*t+1] ePi P (51)

(46)-(47) define the consumer prices indexes. (48)-(49) define the rates of return
on Home and Foreign equity. Finally, (50)-(51) define the rates of return on the

portfolios of Home and Foreign investors.

B Expansions of the Bellman equation

The state variables of the model are given by (18). The zero-order components
of the logs of productivity are zero. Similarly, wealth is identical in both coun-
tries to a zero-order, implying that the zero-order component of the cross-country
difference in (logs) of wealth is zero. This implies S (0) = 0. The elements of
the Bellmann equation for the Home investor (44) are solved by taking a second-
order expansion around S (0). The resulting expression contains both first- and

second-order components. The first-order components are:
v(1) + HigSi (1) = (1= ¢") [o (1) + Huu BuSep (D] + Ei(1 = y)rfih (1) (52)

where v (1) is the first-order component of v, Hy i is a 1x3 vector with the first
derivative of fy(S), evaluated at S (0), and ' = 1 — B(1 — ¥)R(0)'. (52) is
solved by v (1) = 0 and:

Hyg=(1—y)rs(Is— (1 —¢/)Ny) ™

where 7, is a 1x3 matrix taken from the first-order solution of the portfolio return
for the Home investor. From the first-order solution of control variables (19), we
can write 77} (1) = 7,S:41 (1). I is a 3x3 identity matrix and N is the 3x3 matrix
from (19).



The second-order components of (44) are:
1

Hyi$0(2) + 5 [[HinS (D) + 20 (2) + 8, (1) Ha Sy (1)] = (53)
(1= 0) Hy S @) + (1= En @)+ 2B [0 -t )] +

/
S [HunSies 0+ (0=t )] 4 20(2) 4 S 1) HoSis (1)
where v (2) is the second-order component of v and Hj y is a 3x3 matrix with the
second derivative of fy(5), evaluated at S = 0.

(53) entails cross-products of the first-order components of the state variables,
Si1 (1), and the portfolio return, 77}1 (1). These terms are taken from the first-
order solution (19). (53) also includes the second-order components of the state
variables, S;.1 (2), which are taken from (23), as well as the second-order compo-
nent of the expected the portfolio return, Eyr??] (2), which takes a form similar to
(22):

Bl (2) = 1350 (2) + 8¢ (1) 7455, (1) + 70 (54)
where r,, is a 3x3 matrix and 7 is a scalar.

We use (53), along with the solution for Sy, (1), Siy1 (2), 727 (1) and EyrP? (2)
to solve for Hy ;r.*® The 9x1 vector H35; is the "vectorized" form of the 3x3 matrix
Hjy . Specifically, the first three elements of Hy% are the first row of Hy g, the

next three elements are the second row of Hs y and the last three elements are the

third row of Hy . Hy% is solved from (53) as:
Hy% = (I — (1= ¢)N) " Hy*

where Iy is a 9x9 identity matrix. N is a 9x9 matrix that consists of cross-products
of various elements of the N; matrix from (19). The 9x1 vector H{* is the "vec-
torized" form of a 3x3 matrix Hs. The matrix H3 includes cross-products of the
matrices [, i and 7y, as well as the matrix ry, in the second-order component of

the expected portfolio return (54), specifically:

H3 = —HLHHLH + 2F1 + 2(1 - ’Y)rss + (1 - wl>N{H{7HH17HN1
+2(1 — 7/),)(1 - V)N{H{,Hrs +(1— 7)274/57”8

3
P = (1-4))  Hu(v)Ns,
v=1

Z8We also solve for v (2), but this element does not affect portfolio choice.



where Hy y(v) is the v’th element of the 1x3 vector Hy y and the 3x3 matrices
Nj , are the same as in (23).
The corresponding matrices for the Foreign investor, H; p and Hj p, are com-

puted analogously.

C First-order difference in portfolio shares

The solution of the first-order component of the portfolio share difference k”
relies on the third-order components of the optimal portfolio conditions (42)-(43).

The expansion of the condition for the Home investor (42) leads to:
Erervin (3) + Everepr (1) 181 (2) + Byerva (2) r (1) (55)
+Eierver (1) (1= ¥) fuesa (2) = 78 (2) + 1 (2) = pona (2)]
+Eieriin (2) (1= ¥) frea (1) = 8 (1) + 0 (1) = posa (1)

7B, [ (1) + (L= ¥) frres (1) = 98] (1) 4 pr (1) = e (1)) + 05 =0

where erii1 (1) = rge1 (1) — rpee (4), rﬁH (i) = 0.5[rges1 (1) + 7resa (7)), and

7 is second-order. The first term in (55) is the third-order component of the
expected excess return. The next two terms are the third-order components of
the cross-product between excess returns and the average return, and consists of
products of first- and second-order terms. Similarly, the fourth and fifth terms are
the third-order components of the cross-product between excess returns and the
pricing kernel. The sixth term reflects the friction in investing abroad, 7. The last

term in (55) consists of cubic-products of first-order elements:

Os = éEt [(TH,tH(l))g (rpes ( 3}
B, |(1= ) faeen (1) = o2 () 4 pe (1) = pra (U] 7k (U eria (1)
5 (1= B, [farees (1) = 978 (1) + 50 (1) = s (] erva (1)

1 2
FSUE [ = () 42 (1) = P (D] e (1)
The various components of Oz are solved using the first-order solution (19).
We can show that the resulting expression is:

Y-
2

03 = 2TDEBHAHO'QS,§ + Et [th+1(1)]2 GTt+1(1)



where Ay is a 1x3 vector and rpg and By are scalars. rpg reflects the sensitivity

of the first-order excess return to innovations:

eryr (1) = TDEeﬂl

where eﬂl = €gs+1 — €ri+1- Ap and By reflect the first-order solution of a

combination of the average rate of return 71, (1) and the pricing kernel:

Tﬁu +(1 - 7»U/)fHHl (1) — VTfﬁ (1) +p: (1) = pea (1) = Ap S + BHEBA + CHEtAH

where Cp is a scalar and 624+1 = 0.5 (em 1+ €ppt1)-
We undertake similar steps using the condition for the Foreign investor (43).

Taking the difference between (55) and its equivalent for the Foreign investor, we

write:
) B e OF = e )] eren () (56)
+Eerya(1) [ (1 =) [free1 (2) = frea (2)] = T+ (2) - Tt+1( )) ]
+(pe (2) —p; (2) — (Pt+1 (2) — piya (2) |
By (2) (1= ) [farera (1) = frpn (1)] =7 (1) —7}+1(1)) ] _0
+(pe (1) — py (1)) — (pt+1(1) P (1)) |

The first-order component of the difference in portfolio shares, kP (1), enters
(56) through the second-order components of the portfolio returns. Taking the

second-order components of (50)-(51) leads to:
P (2) = 1 (2) = K2 (O)era (2) + (5 (2) — 91 (2)
— (P41 (2) = P (2) + K7 (1) ereia (1)

Similarly, taking the first-order component of (50)-(51) leads to:

ri (1) =7 (1) = K2(0)erver (1) + (pe (1) = pf (1) = (P (1) — Dy (1))
Using this result, (56) becomes:

ME’? Hth+1(1)]2 - [thH(l)]Q)] eriy1(1)

+(1 = ¢ eov (farer — fris, ereen) — vkP (0)var(eryq)
+ (v = 1) cov(per1 — pryqs erer) — vk (1) var(eryey) = 0 (57)



where cov (x4, Yir1) = Frxir (1) yee1 (2) + Eyrrr (2) yea1 (1) and var (xpq) =
cov (Ty41, Trp1) and var(erryy) = By [ery (1)) (24) follows simply from (57).

The elements of (57) are computed by using the first-order solution (19), the
second-order dynamics of the state variables, (23), and the second-order solution
for the control variables, which are of the form of (22). For instance, the excess
returns are:

€Tt (1) = réetJrl €Tl (2) = St (1)/ M6t+1

. ! . . .
where r! is a 1x2 vector, €11 = [€mg 141, €re+1] and M is a 3x2 matrix. Using these

expression, we write:
var(ery ) = 2Beri 1 (1) eryy (2) = 20%r M'S, (1) (58)

(58) shows that the third-order components of the variances and covariances in (57)
reflect the second-order variance of the innovations, o2, along with the first-order
state variables, S; (1). Solving for all the third-order components of the variances
and covariances in (57) along similar lines we compute the first-order difference in

portfolio shares as a function of the first-order components of state variables:
k(1) = kS (1)

where k, is a 1x3 vector.

Taking the average of (55) and its equivalent for the Foreign investor, we write:

0 = Eera(3)+ i?//(l —U)E; [free1(1)® + freea(1)?] ereia (1)

ereit, iy + (1= )3 [freer + fre)

+Cévt H F
_7% (Tfh + Tfh) + % (pe — pf) — % (pt+1 —|—p2‘+1)

Using the first and second-order components of (50)-(51) this becomes:

0 = Eer1(3)+ i@bl(l — " E, [fH,t+1(1)2 + fF,t+1(1)2] eri+1(1)

+7 ——cou, (pt+1 + Dit1s €1, )
—1
-_-F, 2ra i1 (D)7 me41(2) = 2rpe (D) (2)]
1 .
+§(1 - W)covt (th+1 + th+1» 67“t+1) - ’Yk?f(l)Et (€Tt+1(1))2

where we used the fact that E, (erpy1(1))® = 0. (28) follows from a simple re-

arrangement of terms.
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