
Technical Appendix
International Capital Flows

Cedric Tille and Eric van Wincoop

This Technical Appendix describes all technical details associated with
the paper. It is organized in six sections:

1. First-order solution conditional on k(0), which is the zero-order portfo-
lio share invested in domestic assets in each country (so that kD(0) =
2k(0)� 1).

2. Second-order solution conditional on kD(1)

3. First and second order components of Bellman equation

4. Second and third order components of optimal portfolio equations

5. Overall solution method

6. Balance of payments accounting

1 First-order solution conditional on k(0)

While the paper describes a general numerical solution, the model is simple
enough to allow for an analytical solution of the �rst-order components of
control and state variables conditional on k(0). We �rst describe the an-
alytical solution and then turn to the numerical solution. The latter has
the advantage that it is also applicable to more general structures than the
speci�c model of the paper.
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1.1 Analytical solution

The �rst-order component of the model equations can be computed by log-
linearizing around the zero-order (steady state) component of model vari-
ables. The latter areW (0) = 1= , R(0) = (1� �)=(1� ), Q(0) = (1� )= 
and A(0) = PF (0) = 1. The zero-order components of the logs of model vari-
ables are simply the logs of these values. Linearizing around these values
delivers the following �rst-order components of model equations (46)-(54) in
Appendix A (all equations other than the Bellman equations that will be
discussed separately in section 3 below):

aH;t+1(1) = �aH;t(1) + �H;t+1 (1)

aF;t+1(1) = �aF;t(1) + �F;t+1 (2)

wt+1(1) + pt+1(1) = (1�  �) [k(0)rH;t+1(1) + (1� k(0))rF;t+1(1)] (3)

+ �aH;t+1(1) + (1�  �) (wt(1) + pt(1))

w�t+1(1) + p�t+1(1) = (1�  �) [(1� k(0)) rH;t+1(1) + k(0)rF;t+1(1)]

+ � (aF;t+1(1) + pF;t+1(1)) + (1�  �) (w�t (1) + p�t (1)) (4)

aH;t(1) = �wt(1) + (1� �)w�t (1) + �(�pt(1) + (1� �)p�t (1)) (5)

qH;t(1) = k(0)(wt(1) + pt(1)) + (1� k(0))(w�t (1) + p�t (1))

+2kAt (1) (6)

qF;t(1) = (1� k(0))(wt(1) + pt(1)) + k(0)(w�t (1) + p�t (1))

�2kAt (1) (7)

Et(rH;t+1(1)� rF;t+1(1)) = 0 (8)

The last equation follows from the �rst-order component of both Home and
Foreign portfolio Euler equations. For the asset market clearing conditions
(6)-(7) we have used that kHH;t(1) = kAt (1) + 0:5k

D
t (1), k

F
H;t(1) = kAt (1) �

0:5kDt (1), k
H
F;t(1) = 1� kHH;t(1) and k

F
F;t(1) = 1� kFH;t(1).

The �rst order components of consumer price indices and asset returns
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in equations (57)-(60) of Appendix A are:

pt(1) = (1� �) pF;t(1) (9)

p�t (1) = �pF;t(1) (10)

rH;t+1(1) =
1�  

1�  �
qH;t+1(1) +

 (1� �)

1�  �
aH;t+1(1)� qH;t(1) (11)

rF;t+1(1) =
1�  

1�  �
qF;t+1(1) +

 (1� �)

1�  �
(aF;t+1(1) + pF;t+1(1))� qF;t(1)

(12)

Notice that only the �rst-order component of the average portfolio share
kAt (1) enters these equations, not the �rst-order component of the di¤erence
in portfolio shareas, kDt (1). In addition, the �rst-order component of the av-
erage portfolio share enters only through the asset market clearing equations.
It is useful to write variables in terms of averages and di¤erences across

countries, with the superscript A standing for average and superscript D
standing for the di¤erence between countries. We take di¤erences and av-
erages of the sets of equations (1)-(2), (3)-(4), (6)-(7). For (5) substitute
aH;t(1) = aAt (1) + 0:5a

D
t (1), aF;t(1) = aAt (1) � 0:5aDt (1), wt(1) = wAt (1) +

0:5wDt (1) and w
�
t (1) = wAt (1) � 0:5wDt (1). Also using (9)-(10), (1)-(8) then

becomes

aAt+1(1) = �aAt (1) + �At+1 (13)

aDt+1(1) = �aDt (1) + �Dt+1 (14)

wAt+1(1) + 0:5pF;t+1(1) = (1�  �) rAt+1(1) +  �(aAt+1(1) + 0:5pF;t+1(1)) +

 �
�
wAt (1) + 0:5pF;t(1)

�
(15)

wDt+1(1) + (1� 2�)pF;t+1(1) = (1�  �)(2k(0)� 1)rDt+1(1) +
 �
�
aDt+1(1)� pF;t+1(1)

�
+ (1�  �)

�
wDt (1) + (1� 2�)pF;t(1)

�
(16)

aAt (1) + 0:5a
D
t (1) = wAt (1) + 0:5 (2�� 1)wDt (1) +

�2� (1� �) pF;t(1) (17)

qAt (1) = wAt (1) + 0:5pF;t(1) (18)

qDt (1) = (2k(0)� 1)wDt (1) + (1� 2�)(2k(0)� 1)pF;t(1) + 4kAt (1) (19)

Etr
D
t+1(1) = 0 (20)
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Taking the average and di¤erence of the asset returns (11)-(9), we have

rAt+1(1) =
1�  

1�  �
qAt+1(1) +

 (1� �)

1�  �

�
aAt+1(1) + 0:5pF;t+1(1)

�
�qAt (1) (21)

rDt+1(1) =
1�  

1�  �
qDt+1(1) +

 (1� �)

1�  �

�
aDt+1(1)� pF;t+1(1)

�
�qDt (1) (22)

Combining (15), (18) and (21) yields

wAt (1) = aAt (1) (23)

qAt (1) = aAt (1) +
1

2
pF;t(1) (24)

rAt+1(1) =
�
aAt+1(1)� aAt (1)

�
+
1

2
(pF;t+1(1)� pF;t(1)) (25)

Using (23), it is immediate from (17) that

pF;t(1) =
1

�4� (1� �)
aDt (1)�

(2�� 1)
�4� (1� �)

wDt (1) � paa
D
t (1)+pww

D
t (1) (26)

For now we make the conjecture that the equity price di¤erential is given by
qDt (1) = qaa

D
t (1) + qww

D
t (1). This will be veri�ed below, with coe¢ cients qa

and qw to be determined. The excess return (22) then implies

rDt+1(1) =
1�  

1�  �

�
qaa

D
t+1(1) + qww

D
t+1(1)

�
+
 (1� �)

1�  �

�
(1� pa) a

D
t+1(1)� pDww

D
t+1(1)

�
� qaa

D
t (1)� qww

D
t (1)

= m1a
D
t+1(1) +m2a

D
t (1) +m3w

D
t+1(1) +m4w

D
t (1) (27)

where:

m1 =
1�  

1�  �
qa +

 (1� �)

1�  �
(1� pa) m2 = �qa

m3 =
1�  

1�  �
qw �

 (1� �)

1�  �
pw m4 = �qw

Substituting (27) into (16) we have

wDt+1(1) = �1a
D
t+1(1) + �2a

D
t (1) + �3w

D
t (1) (28)
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where:

�1 =

�
2�k � 1

�
[(1�  ) qa +  (1� �) (1� pa)] + (2�� 1) pa +  � (1� pa)

1�
�
2�k � 1

�
[(1�  ) qw �  (1� �) pw]� (2�� 1) pw +  �pw

�2 = �
(1�  �)

��
2�k � 1

�
qa + (2�� 1) pa

�
1�

�
2�k � 1

�
[(1�  ) qw �  (1� �) pw]� (2�� 1) pw +  �pw

�3 =
(1�  �)

�
1�

�
2�k � 1

�
qw � (2�� 1) pw

�
1�

�
2�k � 1

�
[(1�  ) qw �  (1� �) pw]� (2�� 1) pw +  �pw

Substituting (28) into (27), the zero expected excess return equation (20)
leads to two restrictions on the parameters:

0 = (�m1 +m2) +m3(��1 + �2) (29)

0 = m3�3 +m4 (30)

(30) does not depend on qa and can be used to solve for for qw:

qw = �
1� (2�� 1) pw

1� (2�� 1) pw + �pw
(1� �) pw

Having solved for qw, (29) is used to solve for qa:

qa =
(1� �)

1� (2�� 1) pw + �pw

� 

(1�  �)� � (1�  )
[(1� pa)� (2�� 1) pw]

+
(1� �)

1� (2�� 1) pw + �pw
pa (2�� 1) pw

qa and qw are then used to solve for m1, m2, m3, m4 and �1, �2 and �3.
The zero-order component of the portfolio share, k(0), does not a¤ect the

parameters pa, pw, qa, qw or m1, m2, m3, m4. It therefore does not a¤ect the
solution of relative prices of goods and assets. k(0) does impact the �rst-
order solution of the model in two ways though. First, it a¤ects the solution
of the average portfolio share kAt (1), which follows from (19):

kAt (1) = kaa
D
t (1) + kww

D
t (1) (31)

where:

ka =
1

4
[qa + (2k(0)� 1) (2�� 1) pa]

kw =
1

4
[qw � (2k(0)� 1) [1� (2�� 1) pw]]
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Second, it a¤ects the accumulations of wealth. Substituting (13) into (28)
we have

wDt+1(1) = �1�
D
t+1 + (��1 + �2) a

D
t (1) + �3w

D
t (1) (32)

where

��1 + �2 =
� [(2�� 1) + � [�4� (1� �)� 1]]� (1�  �) (2�� 1)

1 + (�� 1) 4� (1� �)�  � (2�� 1)

�3 = (1�  �)
1 + (�� 1) 4� (1� �)

1 + (�� 1) 4� (1� �)�  � (2�� 1)

While ��1 + �2 and �3 do not depend on k(0), �1 does depend on k(0). The
impact of the innovation �Dt+1 on w

D
t+1(1) therefore depends on k(0).

Overall we can summarize the �rst-order solution of all variables other
than kD(1) as follows. The solution for the control variables is

pF;t(1) = paa
D
t (1) + pww

D
t (1) (33)

qDt (1) = qaa
D
t (1) + qww

D
t (1) (34)

qAt (1) = aAt (1) + 0:5paa
D
t (1) + 0:5pww

D
t (1) (35)

wAt (1) = aAt (1) (36)

kAt = kaa
D
t (1) + kww

D
t (1) (37)

The accumulation of the state variables is described by

aAt+1(1) = �aAt (1) + �At+1 (38)

aDt+1(1) = �aDt (1) + �Dt+1 (39)

wDt+1(1) = �1�
D
t+1 + (��1 + �2) a

D
t (1) + �3w

D
t (1) (40)

1.2 Numerical solution

The solution method described here is the standard �rst-order solution method
that applies more broadly than to the particulars of the model in the paper.
The system (1)-(8) consists of 3 state variables and 5 control variables. The
vectors of state and control variables are

St =
�
aDt wDt aAt

�0
(41)

CVt =
�
wAt pF;t kAt qH;t qF;t

�0
(42)
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We write the entire vector of model variables as

Xt =

�
(St)

0

(CVt)
0

�
(43)

After substituting the expressions for consumer price indices and asset
returns, and applying the expectations operator, equations (57)-(60) of Ap-
pendix A can be written compactly as

Etg(Xt; Xt+1) = 0 (44)

The �rst-order component of model equations follows from a linear expansion
around the steady state, which delivers

M1Xt(1) +M2EtXt+1(1) = 0) EtXt+1(1) =MXt(1)

where M = �(M2)
�1M1.

We diagonalize the matrix M 0:

M 0 = EV 
EV �1

where EV contains the eigenvectors of M 0 and 
 is a diagonal matrix with
the corresponding eigenvalues. Using the property that (EV �1)0 = (EV 0)�1

it follows that
M = (EV 0)�1
EV 0

We de�ne
~Xt(1) = EV 0Xt(1)

so that the �rst-order component of the model becomes

Et ~Xt+1(1) = 
 ~Xt(1)

The system is well de�ned when there are as many zero and explosive
eigenvalues as there are control variables (that is 5). We set the corre-
sponding elements of ~Xt(1) to zero. Let EV 0(subs) denote the rows of EV 0

corresponding to the zero or explosive eigenvalues. The �rst-order compo-
nent of control variables as a function of state variables is then solved from
EV 0(subs)Xt(1) = 0, which gives

CVt(1) = �(EV 0(sub; 4 : 8))�1EV 0(sub; 1 : 3)St(1) � ÊV � St(1) (45)
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In particular, we will use the following notation for the solution of goods
and asset prices

pF;t(1) = psSt(1) (46)

qH;t(1) = qHs St(1) (47)

qF;t(1) = qFs St(1) (48)

The accumulation of the �rst-order component of the state variables can
be described as

St+1(1) = N1St(1) +N2�t+1 (49)

�t+1 =
�
�Ht+1 �Ft+1

�0
This can be derived as follows. Let B1 be a 3x8 matrix that extracts the
rows of the model equations corresponding to the accumulation of the state
variables: the dynamics of the home wealth (3) and the dynamics of both
productivity levels, (1)-(2). Without the expectation operator applied to
those equations we have

B1M1Xt(1) +B1M2Xt+1(1) = B3�t+1 (50)

where:

B3 =

24 0 0
1 0
0 1

35
Using (45) we write:

Xt(1) =

�
St(1)
CVt(1)

�
=

�
I

ÊV

�
St(1) � B2St(1) (51)

where I is a 3x3 matrix. Proceeding similarly for Xt+1(1), we rewrite (50)
as:

B1M1B2St(1) +B1M2B2St+1(1) = B3�t+1

which leads to (49) with

N1 = � [B1M2B2]
�1B1M1B2 N2 = [B1M2B2]

�1B3
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2 Second order solution conditional on kD(1)

2.1 Second-order component of model equations

We now describe the numerical solution of the second-order component of
model variables conditional on the �rst-order component of the portfolio
di¤erence, kDt (1). Applying equation (6) of the paper, the second order
component of the model Etg(Xt; Xt+1) = 0 is equal to

M1Xt(2) +M2EtXt+1(2) + EtO2 = 0 (52)

where EtO2 contains the product of �rst-order components of model vari-
ables. These multiply second-order derivatives of the model equations at
the steady state. Let EtO2(i) be the i�th element of EtO2, corresponding to
equation i of the model. We have

EtO2(i) =
1

2
Xt(1)

0M3;iXt(1) +
1

2
EtXt+1(1)

0M4;iXt+1(1) +

Xt(1)
0M5;iEtXt+1(1) (53)

where M3;i is the second-order derivative of equation i with respect to Xt

and M4;i, M5;i are similarly de�ned.
While kDt (1) does not enter the �rst-order components of model equations,

it does enter the second-order component throughEtO2. We solve the second-
order component of model variables conditional on a conjectured solution
for kDt (1), which is k

D
t (1) = ksSt(1). The M3;i, M4;i and M5;i matrices

then depend on ks. Rather than numerically recomputing these second-order
derivatives for each value of ks we proceed as follows. Portfolio shares enter
the second-order component of model equations through

kHH;t(1) = kAt (1) + 0:5k
D
t (1) = kAt (1) + 0:5ksSt(1) (54)

kFH;t(1) = kAt (1)� 0:5kDt (1) = kAt (1)� 0:5ksSt(1) (55)

and kHF;t(1) = 1 � kHH;t(1), k
F
F;t(1) = 1 � kFH;t(1). We �rst numerically com-

pute the second-order derivatives at ks = 0. We then make an analytical
adjustment that adds terms to the second-order derivatives depending on ks.
Speci�cally, portfolio shares enter through wealth accumulation and asset-
market clearing conditions. Using these equations ((48)-(49) and (51)-(52)
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in Appendix A of the paper), and focusing on the second-order components
that depend on ks, we have

wt+1(2) =
1�  �

2
ksSt(1)

�
rq (qH;t+1(1)� qF;t+1(1))� (qH;t(1)� qF;t(1))

+ (1� rq)
�
aDt+1(1)� pF;t+1(1)

� �
+ other

wt+1(2)
� = �1�  �

2
ksSt(1)

�
rq (qH;t+1(1)� qF;t+1(1))� (qH;t(1)� qF;t(1))

+ (1� rq)
�
aDt+1(1)� pF;t+1(1)

� �
+ other

qH;t(2) = �1
2
ksSt(1)

�
(2�� 1) pF;t(1)� wDt (1)

�
+ other

qF;t(2) =
1

2
ksSt(1)

�
(2�� 1) pF;t(1)� wDt (1)

�
+ other

where �other�stands for all the other second-order terms that do not depend
on ks and rq = (1�  )=(1�  �). Starting from the second-order derivatives
of the model equations at ks = 0, these equations allow us to analytically
adjust the second-order derivatives M3;i, M4;i and M5;i as a function of ks.
Substituting the solution of the �rst-order components of model variables,

described by (51) and (49), into the expression for EtO2(i), we have

EtO2(i) =
1

2
St(1)

0B0
2M3;iB2St(1) +

1

2
St(1)

0N 0
1B

0
2M4;iB2N1St(1)

+
1

2
Et�

0
t+1N

0
2B

0
2M4;iB2N2�t+1 + St(1)

0B0
2M5;iB2N1St(1)

This is written in a more compact way as:

EtO2(i) = St(1)
0KiSt(1) + �2ki

where:

Ki =
1

2
B0
2M3;iB2 +

1

2
N 0
1B

0
2M4;iB2N1 +B0

2M5;iB2N1

ki = trace
�
1

2
N 0
2B

0
2M4;iB2N2

�
This uses that var(�t+1) = �2I, where I is a 2 by 2 matrix.
It will be useful to write the quadratic terms in St(1) as a vector. Writing
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element i of St(1) as St;i(1), de�ne

Yt (2) =

26666666666664

St;1(1)
2

St;1(1)St;2(1)
St;1(1)St;3(1)
St;2(1)St;1(1)
St;2(1)

2

St;2(1)St;3(1)
St;3(1)St;1(1)
St;3(1)St;2(1)
St;3(1)

2

37777777777775
EtO2(i) can then be written as a linear function of Yt:

EtO2(i) = (K
vec
i )0Yt (2) + �2ki (56)

where:

Kvec
i =

26666666666664

Ki;1;1

Ki;1;2

Ki;1;3

Ki;2;1

Ki;2;2

Ki;2;3

Ki;3;1

Ki;3;2

Ki;3;3

37777777777775
where Ki;x;y is element (x; y) of matrix Ki, and vec denotes the vectorization
of a matrix. (52) can then be written in a matrix form as:

M1Xt(2) +M2EtXt+1(2) +KYt (2) + k�2 = 0 (57)

where:

K =

24 (Kvec
1 )0

: : :
(Kvec

8 )0

35 k =

24 k1
: : :
k8

35
To compute the dynamics of Yt (2), start by writing

EtYt+1 (2) = (EtSt+1(1)St+1(1)
0)
vec
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From (49) we write:

EtSt+1(1)St+1(1)
0 = N1St(1)St(1)

0N 0
1 + �2N2N

0
2

Write N1 as:

N1 =

24 n01
::
n03

35
where n0i is row i of the matrix N1. Then element (i; j) of N1St(1)St(1)0N 0

1

is equal to

n0iSt(1)St(1)
0nj =

��
nin

0
j

�vec�0
Yt (2) � zi;jYt (2)

We then have

EtSt+1(1)St+1(1)
0 =

24 z1;1Yt (2) :: z1;3Yt (2)
:: ::

z3;1Yt (2) :: z3;3Yt (2)

35+ �2N2N
0
2

Also de�ne
~n = (N2N

0
2)
vec

which implies:
(EtSt+1(1)St+1(1)

0)
vec
= ZYt (2) + �2~n (58)

where

Z =

26666666666664

z1;1
::
z1;3
z2;1
::
z2;3
z3;1
::
z3;3

37777777777775
2.2 Second-order solution for the control variables

The preceding analysis allows us to write the second-order component of
model equations as

0 = M1Xt(2) +M2EtXt+1(2) +KYt (2) + k�2

EtYt+1 (2) = ZYt (2) + �2~n
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In order to compute the second-order component of control variables we pro-
ceed as we did with the �rst-order solution. De�ne M = �M�1

2 M1 and
diagonalize M 0: M 0 = EV 
EV �1. This implies: M = (EV 0)�1
EV 0. De-
�ne ~Xt (2) = EV 0Xt (2). Then the system becomes

Et ~Xt+1(2) = 
 ~Xt(2) +QYt + �k�
2

EtYt+1 (2) = ZYt (2) + �2~n

where �k = �EV 0M�1
2 k and Q = �EV 0M�1

2 K.
De�ne the matrix G such that: GZ � 
G = Q. Speci�cally, we write

G =

24 g01
: : :
g08

35
where g0i is row i of the matrix G. Let q0i be row i of matrix Q. Then the row
i of GZ � 
G = Q becomes

g0iZ � �ig
0
i = q0i

where �i is the i�th eigenvalue on the diagonal of the matrix 
. It follows
that

Z 0gi � �igi = qi ) gi = (Z
0 � �iI)

�1
qi

where I is a 9x9 identity matrix.
The two equations of the system are then combined as:

Et( ~Xt+1(2)�GYt+1 (2)) = 
( ~Xt(2)�GYt (2)) + k̂�2

where k̂ = �k � G~n. We again identify the eigenvalues in 
 that are zero or
explosive (as in the �rst order solution), and set the corresponding rows of
~Xt(2)�GYt�~k�2 to zero, where ~k = (I�
)�1k̂. This gives EV 0(subs)Xt(2)�
G(sub; :)Yt (2)�~k(sub)�2 = 0, so that the second order solution of the control
variables is

CVt(2) = �(EV 0(sub; 4 : 8))�1EV 0(sub; 1 : 3)St(2)

+(EV 0(sub; 4 : 8))�1G(sub; :)Yt (2) + (EV
0(sub; 4 : 8))�1~k(sub)�2

� ÊV St(2) + ĜYt (2) + kc�
2 (59)

We write

Ĝ =

0@ ĝ1
: : :
ĝ8

1A
13



where ĝi is row i of Ĝ. Therefore for control variable i the part of the second-
order solution that depends on the product of �rst-order component of state
variables is ĝiYt (2). We can convert this back to matrix form: ĝiYt (2) =
St(1)

0ĝmi St(1), where the �rst three elements of ĝi make up the �rst row of
ĝmi , the second three elements make up the second row and the last three
elements make up the last row. We continue to use the superscript m below
to convert vectors to matrices in this way.
For goods and equity prices we will write this second-order solution as

pF;t(2) = psSt(2) + St(1)
0pssSt(1) + kp�

2 (60)

qH;t(2) = qHs St(2) + St(1)
0qHssSt(1) + kHq �

2 (61)

qF;t(2) = qFs St(2) + St(1)
0qFssSt(1) + kFq �

2 (62)

Note that pss, qHss and q
F
ss need not be symmetric. It is ok if the i; j and j; i

elements di¤er, as all that matters is their sum.

2.3 Second-order dynamics of the state variables

We now turn to the dynamic process of the second-order components of the
state variables. Let again B1 be a matrix that extracts the rows correspond-
ing to the state variable accumulation equations. Without the expectation
operator applied to accumulation equations for the state variables, we have

B1M1Xt(2) +B1M2Xt+1(2) +B1O2 = 0 (63)

Using (59) we write:

Xt(2) =

�
St(2)
CVt(2)

�
=

�
St(2)

ÊV St(2) + ĜYt (2) + kc�
2

�
= B2St(2) + �GYt (2) + kx�

2 (64)

where:

B2 =

�
I3x3
ÊV

�
�G =

�
03x9
Ĝ

�
kx =

�
03x1
kc

�
Substituting (64) into (63) we have

St+1(2) = N1St(2) +B4Yt (2) +B5Yt+1 (2) +B6B1O2 +N6�
2 (65)
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where

B4 = � (B1M2B2)
�1B1M1

�G

B5 = � (B1M2B2)
�1B1M2

�G

B6 = � (B1M2B2)
�1

N6 = � (B1M2B2)
�1B1(M1 +M2)kx

First consider the term B6B1O2 in (65). Element i of O2

O2(i) =
1

2
Xt(1)

0M3;iXt(1) +
1

2
Xt+1(1)

0M4;iXt+1(1) +Xt(1)
0M5;iXt+1(1) =

= St(1)
0V1;iSt(1) + �0t+1V2;i�t+1 + St(1)

0V3;i�t+1

where

V1;i =
1

2
(B0

2M3;iB2 +N 0
1B

0
2M4;iB2N1) +B0

2M5;iB2N1

V2;i =
1

2
N 0
2B

0
2M4;iB2N2

V3;i = B0
2M5;iB2N2 +N 0

1B
0
2M4;iB2N2

Here we used Xt(1) = B2St(1) and St+1(1) = N1St(1) +N2�t+1.
Let the three rows of the model corresponding to the state accumulation

equations (the rows extracted by B1) be rows a, b and c:

B1O2 =

24 St(1)
0V1;aSt(1) + �0t+1V2;a�t+1 + St(1)

0V3;a�t+1
St(1)

0V1;bSt(1) + �0t+1V2;b�t+1 + St(1)
0V3;b�t+1

St(1)
0V1;cSt(1) + �0t+1V2;c�t+1 + St(1)

0V3;c�t+1

35
We can then write

B6B1O2 =

24 St(1)
0 �V1;1St(1) + �0t+1

�V1;2�t+1 + St(1)
0 �V1;3�t+1

St(1)
0 �V2;1St(1) + �0t+1

�V2;2�t+1 + St(1)
0 �V2;3�t+1

St(1)
0 �V3;1St(1) + �0t+1 �V3;2�t+1 + St(1)

0 �V3;3�t+1

35
where

�Vi;1 = B6;i;1V1;a +B6;i;2V1;b +B6;i;3V1;c
�Vi;2 = B6;i;1V2;a +B6;i;2V2;b +B6;i;3V2;c
�Vi;3 = B6;i;1V3;a +B6;i;2V3;b +B6;i;3V3;c

15



where B6;x;y is the element (x; y) of matrix B6.
We now turn to the term B5Yt+1 (2) in (65):

B5Yt+1 (2) = B5 (St+1(1)St+1(1)
0)
vec

Using (49) we have:

St+1(1)St+1(1)
0 = N1St(1)St(1)

0N 0
1 +N2�t+1�

0
t+1N

0
2 +

N1St(1)�
0
t+1N

0
2 +N2�t+1St(1)

0N 0
1

We have already derived that

(N1St(1)St(1)
0N 0

1)
vec
= ZYt (2)

We can similarly derive that�
N2�t+1�

0
t+1N

0
2

�vec
= �ZY eps

t

where

Y eps
t =

2664
�2H;t

�H;t�F;t
�F;t�H;t
�2F;t

3775
and

�Z =

26666666666664

�z1;1
::
�z1;3
�z2;1
::
�z2;3
�z3;1
::
�z3;3

37777777777775
with

�zi;j =
��
�ni�n

0
j

�vec�0
where �n0i is row i of N2.
Next turn to N1St(1)�0t+1N

0
2. Element (i; j) of N1St(1)�

0
t+1N

0
2 is equal to

(n0i is row i of N1 and �n0j is row j of N2):

n0iSt(1)�
0
t+1�nj = St(1)

0ni�n
0
j�t+1

16



Similarly, element (i; j) of N2�t+1S 0t (1)N
0
1 is equal to:

�n0i�t+1St(1)
0nj = �0t+1�nin

0
jSt(1) = St(1)

0nj�n
0
i�t+1

So the element (i; j) of N1St(1)�0t+1N
0
2 +N2�t+1St(1)

0N 0
1 is:

St(1)
0 �ni�n0j + nj�n

0
i

�
�t+1

Therefore row i (out of the three rows) of

B5
�
N1St(1)�

0
t+1N

0
2 +N2�t+1St(1)

0N 0
1

�vec
is written as:

B5;i;1St(1)
0 [n1�n

0
1 + n1�n

0
1] �t+1 +B5;i;2St(1)

0 [n1�n
0
2 + n2�n

0
1] �t+1

+B5;i;3St(1)
0 [n1�n

0
3 + n3�n

0
1] �t+1

+B5;i;4St(1)
0 [n2�n

0
1 + n1�n

0
2] �t+1 +B5;i;5St(1)

0 [n2�n
0
2 + n2�n

0
2] �t+1

+B5;i;6St(1)
0 [n2�n

0
3 + n3�n

0
2] �t+1

+B5;i;7St(1)
0 [n3�n

0
1 + n1�n

0
3] �t+1 +B5;i;8St(1)

0 [n3�n
0
2 + n2�n

0
3] �t+1

+B5;i;9St(1)
0 [n3�n

0
3 + n3�n

0
3] �t+1

where B5;x;y is the element of B5 on the xth row and the yth column. This
is written in a more compact way as:

St(1)
0 �N5;i�t+1

where

�N5;i =

3X
v=1

3X
w=1

Bm
5;i;v;w (nv�n

0
w + nw�n

0
v)

where Bm
5;i;v;w is element (v; w) of matrix B

m
5;i, where B

m
5;i is:

Bm
5;i =

0@ B5;i;1 B5;i;2 B5;i;3
B5;i;4 B5;i;5 B5;i;6
B5;i;7 B5;i;8 B5;i;9

1A
Here Bm

5;i is the matrix form associated with row i of B5. Similarly write

�N3;i = (B4 +B5Z)
m
i

�N4;i =
�
B5 �Z

�m
i

17



These are the matrix form of row i of the respective matrices.
Putting all these steps together, (65) becomes

St+1(2) = N1St(2) +

+

0@ St(1)
0N3;1St(1) + �0t+1N4;1�t+1 + St(1)

0N5;1�t+1
St(1)

0N3;2St(1) + �0t+1N4;2�t+1 + St(1)
0N5;2�t+1

St(1)
0N3;3St(1) + �0t+1N4;3�t+1 + St(1)

0N5;3�t+1

1A+N6�
2 (66)

where

N3;i = �N3;i + �Vi;1

N4;i = �N4;i + �Vi;2

N5;i = �N5;i + �Vi;3

This describes the dynamics of the second-order components of the state
variables.

2.4 Expected portfolio return

We �nally derive the second-order component of the expected portfolio re-
turn, Etr

p;H
t+1(2), which is needed when computing the second-order compo-

nent of the Bellman equation in section 3. We obtain the second-order com-
ponent of rp;Ht+1 from the second-order component of equation (61) in Appendix
A of the paper. This gives

rp;Ht+1(2) = rH;t+1(2) + (1� k(0))(rF;t+1(2)� rH;t+1(2)� �) + pt(2)� pt+1(2)

+(rH;t+1(1)� rF;t+1(1))k
H
H;t(1) +

1

2
k(0)(1� k(0))(rH;t+1(1)� rF;t+1(1))

2 (67)

Start with the expectation of the last two terms in (67). As the expected
excess return is zero to a �rst order and the portfolio shares are known at
time t, we have

Et(rH;t+1(1)� rF;t+1(1))k
H
H;t(1) = kHH;tEt(rH;t+1(1)� rF;t+1(1)) = 0

From the �rst-order solution the �rst-order component of the excess return
is proportional to the innovation �Dt+1 since the expected excess return is zero

18



to a �rst order. We write the �rst-order component of the excess return as
rH;t+1(1)� rF;t+1(1) = rDE�

D
t+1. Therefore

Et(rH;t+1(1)� rF;t+1(1))
2 = 2r2DE�

2

As shown later (in section 4), the expected excess return is also zero to a
second order, so the expectation of the second term in (67) becomes:

Et(rF;t+1(2)� rH;t+1(2)� �) = ��

and (67) is written in expected terms as:

Etr
p;H
t+1(2) = EtrH;t+1(2)+pt(2)�Etpt+1(2)�(1�k(0))�+k(0)(1�k(0))r2DE�2

(68)
Turning to the consumer prices, the second-order component of the home

CPI (equation 57 in Appendix A of the paper) is

pt(2) = (1� �)pF;t(2)�
1

2
(�� 1)� (1� �) pF;t(1)

2

� �psSt(2) + St(1)
0�pssSt(1) + �kp�

2

where we used (60) and:

�ps = (1� �)ps

�pss = (1� �)pss �
1

2
(�� 1)� (1� �) p0sps

�kp = (1� �)kp

Using (66) this implies:

Etpt+1(2) = �psN1St(2) + St(1)
0p̂ssSt(1) + p̂�2

where:

p̂ss = N 0
1�pssN1 +

3X
v=1

�ps(v)N3;v

p̂ = �psN6 + �kp + ~p

~p = trace

"
3X
v=1

�ps(v)N4;v +N 0
2�pssN2

#
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We next turn to EtrH;t+1(2). Using equation (59) of Appendix A of the
paper, the expected second order component of the Home return is

EtrH;t+1(2) = �qH;t(2) + rqEtqH;t+1(2) + raEtaH;t+1(2) (69)

+
1

2
rqqEtqH;t+1(1)

2 +
1

2
raaEtaH;t+1(1)

2 + rqaEtqH;t+1(1)aH;t+1(1)

where rq = (1�  ) (1�  �)�1, ra = 1�rq and rqq = raa = �rqa = rq(1�rq).
Consider the last three terms of (69) �rst. We can simply substitute the
�rst-order results. Using qH;t+1(1) = qHs St(1), we have

EtqH;t+1(1)
2 = EtSt+1(1)

0(qHs (1))
0qHs St+1(1)

= St(1)
0N 0

1(q
H
s )

0qHs N1St(1) + e1�
2

where e1 =trace
�
N 0
2(q

H
s )

0qHs N2
�
. Similarly, writing aH;t+1(1) = aHs St(1) +

aHE �t+1, where a
H
s = (0:5�; 0; �) and a

H
E = (1; 0), we have

EtaH;t+1(1)
2 = St(1)

0 �aHs �0 aHs St(1) + e3�
2

= St(1)
0 �aHs �0 aHs St(1) + aHE

�
aHE
�0
�2

where e3 =trace
h�
aHE
�0
aHE

i
. Finally:

EtqH;t+1(1)aH;t+1(1) = Et(q
H
s N1St(1) + qHs N2�t+1)(a

H
s St(1) + aHE �t+1)

= St(1)
0N 0

1

�
qHs
�0
aHs St(1) + e2�

2

where e2 =trace
h
N 0
2

�
qHs
�0
aHE

i
.

Next consider the �rst three terms of (69), using (61) and (66):

qH;t(2) = qHs St(2) + St(1)
0qHssSt(1) + kHq �

2

EtqH;t+1(2) = qHs N1St(2) + St(1)
0q̂ssSt(1) + q̂�2

where:

q̂ss = N 0
1q
H
ssN1 +

3X
v=1

qHs (v)N3;v

q̂ = qHs N6 + kHq + ~q

~q = trace

"
3X
v=1

qHs (v)N4;v +N 0
2q
H
ssN2

#
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The last elements is: EtaH;t+1(2) = aHs St(2).
Putting all our results together, (68) becomes:

Etr
p;H
t+1(2) = rsSt(2) + St(1)

0rssSt(1) + r̂�2 (70)

where

rs = �qHs + rqq
H
s N1 + raa

H
s + �ps � �psN1

r̂ = �kHq + rq q̂ +
1

2
rqqe1 +

1

2
raae3 + rqae2

+�kp � p̂+ k (0) (1� k (0))r2DE � (1� k (0))
�

�2

rss = �qHss + rq q̂ss +
1

2
rqqN

0
1(q

H
s )

0qHs N1

+rqaN
0
1

�
qHs
�0
aHs +

1

2
raa
�
aHs
�0
aHs + �pss � p̂ss

3 First and second-order components of Bell-
man equation

3.1 Second order Taylor expansion

The Bellman equation for the Home country is listed in equation (55) of
Appendix A and repeated here for convenience:

ev(0)+v(1)+v(2)+fH(St)

= �(1�  )Ete
v(0)+v(1)+v(2)+fH(St+1)+(1�
)rp;Ht+1 (71)

+� Ete
(1�
)rp;Ht+1

We only list the zero, �rst and second-order components of the constant term
v since higher order components will not matter for the analysis. We will
write the �rst and second-order derivatives of fH at S = 0 as respectively
H1;H and H2;H .
Taking a second-order Taylor expansion of the left hand side of (71)

around S = 0 and v(1) = v(2) = 0, we get

ev(0)+v(1)+v(2)+fH(St)

= ev(0) [1 + v(1) + v(2) +H1;HSt]

+
1

2
ev(0)

�
[v(1) + v(2) +H1;HSt]

2 + S 0tH2;HSt
�
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Similarly, the �rst term on the right-hand side of (71) is expanded around
S = 0, v(1) = v(2) = 0 and rp;Ht+1 = �r. Denote r̂

p;H
t+1 = rp;Ht+1� �r. A second-order

expansion then gives

ev(0)+v(1)+v(2)+fH(St+1)+(1�
)r̂
p;H
t+1

= ev(0)+(1�
)�r
h
1 + v(1) + v(2) +H1;HSt+1 + (1� 
)r̂p;Ht+1

i
+
1

2
ev(0)+(1�
)�r

" h
v(1) + v(2) +H1;HSt+1 + (1� 
)r̂p;Ht+1

i2
+S 0t+1H2;HSt+1

#

The last term on the right-hand side of (71) is expanded as

e(1�
)r
p;H
t+1 = e(1�
)�r

h
1 + (1� 
)r̂p;Ht+1

i
+
1

2
e(1�
)�r

h
(1� 
)r̂p;Ht+1

i2
Combining the terms of order zero we get:

ev(0) =
� e(1�
)�r

1� � (1�  ) e(1�
)�r

It is convenient to substitute this result into the remaining terms of the
second-order expansion of the Bellman equation, which gives

[v(1) + v(2) +H1;HSt] +
1

2

�
[v(1) + v(2) +H1;HSt]

2 + S 0tH2;HSt
�

= (1�  0)Et

2664
h
v(1) + v(2) +H1;HSt+1 + (1� 
)r̂p;Ht+1

i
+1
2

" h
v(1) + v(2) +H1;HSt+1 + (1� 
)r̂p;Ht+1

i2
+S 0t+1H2;HSt+1

# 3775(72)
+ 0Et

�
(1� 
)r̂p;Ht+1 +

1

2

h
(1� 
)r̂p;Ht+1

i2�
where:

 0 = 1� � (1�  ) exp [(1� 
)�r] (73)
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3.2 First order terms

Focusing on the �rst-order terms in (72), we have

v(1) +H1;HSt(1) = (1�  0)Et

h
v(1) +H1;HSt+1(1) + (1� 
)rp;Ht+1(1)

i
+ 0Et(1� 
)rp;Ht+1(1)

= (1�  0) (H1;HN1St(1) + v(1)) + (1� 
)rsSt(1)

where we used (49) and the �rst order equivalent of (70), namely: Etr
p;H
t+1(1) =

rsSt(1). This clearly implies that:

v(1) = 0

H1;H = (1� 
)rs (I � (1�  0)N1)
�1 (74)

where I is a 3x3 identity matrix.

3.3 Second order terms

Now take the second-order terms in (72).

H1;HSt(2) +
1

2
St(1)

0 �H2;H +H 0
1;HH1;H

�
St(1) + v(2)

= (1�  0)Et

�
H1;HSt+1(2) + v(2) +

1

2
St+1(1)

0H2;HSt+1(1)

�
+ (1� 
)Etr

p;H
t+1(2)

+
1

2
(1�  0)Et

�
H1;HSt+1(1) + (1� 
)rp;Ht+1(1)

�2
+
1

2
 0Et

h
(1� 
)rp;Ht+1(1)

i2
Using (70) and (66) the second order terms become:

H1;HSt(2) +
1

2
St(1)

0 �H2;H +H 0
1;HH1;H

�
St(1) +  0v2

= (1�  0)H1;HN1St(2) + (1�  0)H1;HN6�
2 + St(1)

0F1St(1) + f1�
2

+
1

2
(1�  0)St(1)

0N 0
1H2;HN1St(1) + f2�

2

+(1� 
)rsSt(2) + (1� 
)St(1)
0rssSt(1) + (1� 
)r̂�2 (75)

+
1

2
(1�  0)EtSt+1(1)

0H 0
1;HH1;HSt+1(1)

+
1

2
(1� 
)2Et

�
rp;Ht+1(1)

�2
+ (1�  0)(1� 
)EtSt+1(1)

0H 0
1;Hr

p;H
t+1(1)
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where

F1 = (1�  0)
3X
v=1

H1;H(v)N3;v

f1 = (1�  0)trace

"
3X
v=1

H1;H(v)N4;v

#
f2 =

1

2
(1�  0)trace [N 0

2H2;HN2]

The �rst-order component of the portfolio return is

rp;Ht+1(1) = k(0)rH;t+1(1) + (1� k(0))rF;t+1(1) + pt(1)� pt+1(1) (76)

Using

rH;t+1(1) = �qH;t(1) + rqqH;t+1(1) + raaH;t+1(1)

rF;t+1(1) = �qF;t(1) + rqqF;t+1(1) + raaF;t+1(1) + rapF;t+1(1)

the �rst-order component of the portfolio return can be written as

rp;Ht+1(1) = rsSt(1) + rE�t+1 (77)

where rs is as in (70) and:

rE = k(0)rqq
H
s N2 + (1� k(0))

�
rqq

F
s N2 + rapsN2

�
+ ~r � (1� �)psN2

with
~r =

�
k(0)ra (1� k(0))ra

�
Using the �rst order solution for rp;Ht+1(1) the last three terms in (75)

become:

1

2
(1�  0)EtSt+1(1)

0H 0
1;HH1;HSt+1(1)

+
1

2
(1� 
)2Et

�
rp;Ht+1(1)

�2
+ (1�  0)(1� 
)EtSt+1(1)

0H 0
1;Hr

p;H
t+1(1)

=
1

2
(1�  0)St(1)

0N 0
1H

0
1;HH1;HN1St(1) + f3�

2 + 0:5(1� 
)2rEr
0
E�

2

+(1�  0)(1� 
)St(1)
0N 0

1H
0
1;HrsSt(1) + f4�

2

+
1

2
(1� 
)2St(1)

0r0srsSt(1)
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where

f3 =
1

2
(1�  0)trace

�
N 0
2H

0
1;HH1;HN2

�
f4 = (1�  0)(1� 
)trace

�
N 0
2H

0
1;HrE

�
Using these results along with (74), (75) becomes:

1

2
St(1)

0 �H2;H +H 0
1;HH1;H

�
St(1) +  0v(2)

=
1

2
St(1)

0

24 (1�  0)N 0
1H2;HN1 + 2F1 + 2(1� 
)rss+

+(1�  0)N 0
1H

0
1;HH1;HN1 + 2(1�  0)(1� 
)N 0

1H
0
1;Hrs+

+(1� 
)2r0srs

35St(1)
+
�
(1�  0)H1;HN6 + f1 + f2 + f3 + f4 + (1� 
)r̂ + 0:5(1� 
)2rEr

0
E

�
�2

This implies:

 0v(2) =

�
(1�  0)H1;HN6 + f1 + f2 + f3 + f4
+(1� 
)r̂ + 0:5(1� 
)2rEr

0
E

�
�2

and:
H2;H = (1�  0)N 0

1H2;HN1 +H3 (78)

where

H3 = �H 0
1;HH1;H + 2F1 + 2(1� 
)rss + (1�  0)N 0

1H
0
1;HH1;HN1

+2(1�  0)(1� 
)N 0
1H

0
1;Hrs + (1� 
)2r0srs

To solve for H2;H from (78) we write it in vector notation:

Hvec
2;H =

26666666666664

H2;H;1;1

H2;H;1;2

H2;H;1;3

H2;H;2;1

H2;H;2;2

H2;H;2;3

H2;H;3;1

H2;H;3;2

H2;H;3;3

37777777777775
where H2;H;x;y is element (x; y) of matrix H2;H , and vec denotes the vector-
ization of a matrix.
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The element (i; j) of N 0
1H2;HN1 is

n̂0iH2;H n̂j =
��
n̂in̂

0
j

�vec�0
Hvec
2;H � ni;jH

vec
2;H

where n̂i is column i of matrix N1. We write

N̂ =

2666666664

n1;1
::
n1;3
::
n3;1
::
n3;3

3777777775
It then follows from (78) that

Hvec
2;H = (1�  0)N̂Hvec

2;H +Hvec
3

which implies:
Hvec
2;H = (I � (1�  0)N̂)�1Hvec

3 (79)

where I is a 9x9 identity matrix.

4 Second and third-order components of the
optimal portfolio equations

The Euler equations for optimal portfolio choice are used to solve for the
di¤erence in portfolio shares. Using (73) and v(1) = 0, the Home and Foreign
portfolio Euler equations (equations (53) and (54) in Appendix A of the
paper) become

Et
�
(1�  0)ev(2)+v(3)+fH(St+1) +  0

�
e�
r

p;H
t+1+r

H
H;t+1 (80)

= Et
�
(1�  0)ev(2)+v(3)+fH(St+1) +  0

�
e�
r

p;H
t+1+r

H
F;t+1��

and

Et
�
(1�  0)ev(2)+v(3)+fF (St+1) +  0

�
e�
r

p;F
t+1+r

H
H;t+1��

= Et
�
(1�  0)ev(2)+v(3)+fF (St+1) +  0

�
e�
r

p;F
t+1+r

F
F;t+1
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where elements of v higher than third order are omitted as they are not
relevant for the analysis of second and third-order terms that follows.
A �rst order expansion of either relation shows that the expected excess

Return is zero to a �rst order:

Et (rH;t+1(1)� rF;t+1(1)) = 0

4.1 Second order component of optimal portfolio equa-
tions

The second-order component of the Home portfolio Euler equation (80) is

0 = Et(rH;t+1(2)� rF;t+1(2) + �) +
1

2
Et
�
rHH;t+1(1)

�2 � 1
2
Et
�
rHF;t+1(1)

�2
�
Etrp;Ht+1(1)(rH;t+1(1)� rF;t+1(1)) +

(1�  0)EtH1;HSt+1(1)(rH;t+1(1)� rF;t+1(1))

Since rHH;t+1 = rH;t+1+pt�pt+1 and rHF;t+1 = rF;t+1+pt�pt+1, it follows that
1

2
Et
�
rHH;t+1(1)

�2 � 1
2
Et
�
rHF;t+1(1)

�2
=

1

2
Et (rH;t+1 (1))

2 � 1
2
Et (rF;t+1 (1))

2 + Et(pt(1)� pt+1(1))(rH;t+1(1)� rF;t+1(1))

so that the second-order component of the Home portfolio Euler equation
becomes

0 = Et(rH;t+1(2)� rF;t+1(2) + �) +
1

2
Et(rH;t+1(1))

2 � 1
2
Et(rF;t+1(1))

2 (81)

+Et

�
pt(1)� pt+1(1)� 
rp;Ht+1(1) + (1�  0)H1;HSt+1(1)

�
(rH;t+1(1)� rF;t+1(1))

Following similar steps for the Foreign optimal portfolio condition we get

0 = Et(rH;t+1(2)� rF;t+1(2)� �) +
1

2
Et(rH;t+1(1))

2 � 1
2
Et(rF;t+1(1))

2 (82)

+Et

�
p�t (1)� p�t+1(1)� 
rp;Ft+1(1) + (1�  0)H1;FSt+1(1)

�
(rH;t+1(1)� rF;t+1(1))

Taking the di¤erence between (81) and (82) we get

0 = 2� � Et ((pt+1(1)� pt(1))� (pt+1(1)� � p�t (1))) (rH;t+1(1)� rF;t+1(1))

�
Et
�
rp;Ht+1(1)� rp;Ft+1(1)

�
(rH;t+1(1)� rF;t+1(1))

+(1�  0)Et(H1;H �H1;F )St+1(1)(rH;t+1(1)� rF;t+1(1))
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Since the �rst-order components of Home and Foreign portfolio returns are

rp;Ht+1(1) = k(0)(rH;t+1(1)� rF;t+1(1)) + rF;t+1(1) + pt(1)� pt+1(1)

rp;Ft+1(1) = �k(0) (rH;t+1(1)� rF;t+1(1)) + rH;t+1(1) + p�t (1)� p�t+1(1)

we have

rp;Ht+1(1)� rp;Ft+1(1) = (2k(0)� 1)(rH;t+1(1)� rF;t+1(1)) +

(pt(1)� pt+1(1))� (p�t (1)� p�t+1(1))

Use that the �rst-order solution of the return di¤erential is rH;t+1(1) �
rF;t+1(1) = r��t+1, where

r� =
�
rDE �rDE

�
Also using (74), the second-order component of the di¤erence between the
Home and Foreign portfolio Euler equations then becomes

0 = 2� + (
 � 1)Et
�
(pt+1(1)� pt(1))� (p�t+1(1)� p�t (1))

�
(rH;t+1(1)� rF;t+1(1))

�
(2k(0)� 1)var(rH;t+1(1)� rF;t+1(1)) + (1�  0)�2(H1;H �H1;F )N2r
0
�

We can then solve for k(0) as

k(0) =
1

2
+

�


var(rH;t+1(1)� rF;t+1(1))
+

+
1

2


 � 1



Et
�
pt+1(1)� p�t+1(1)

�
(rH;t+1(1)� rF;t+1(1))

var(rH;t+1(1)� rF;t+1(1))

+
1

2

(1�  0)�2(H1;H �H1;F )N2r
0
�


var(rH;t+1(1)� rF;t+1(1))
(83)

One can also think of this as a solution of the zero-order component of the
di¤erence in portfolio shares, which is 2k(0)� 1.

4.2 Second-order expected excess return

The solution of k(0) is based on the di¤erence between the second-order
components of the Home and Foreign portfolio Euler equations. Given the
solution for k(0) we now return to the second-order component of the Home
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portfolio Euler equation (81) in order to solve for the second-order component
of the expected excess return. We start by writing

1

2
Et(rH;t+1(1))

2 � 1
2
Et(rF;t+1(1))

2 =

1

2
Et(rH;t+1(1) + rF;t+1(1))(rH;t+1(1)� rF;t+1(1)) =

Etr
A
t+1(1)(rH;t+1(1)� rF;t+1(1)) =

Et

�
aAt+1(1) +

1

2
pF;t+1(1)

�
(rH;t+1(1)� rF;t+1(1))

�
�
aAt (1) +

1

2
pF;t(1)

�
Et(rH;t+1(1)� rF;t+1(1)) =

1

2
EtpF;t+1(1)(rH;t+1(1)� rF;t+1(1))

where we used (25), the fact that the �rst-order expected excess return is
zero and that �Dt+1 is uncorrelated with �

A
t+1. In addition we write

Etr
p;H
t+1(1)(rH;t+1(1)� rF;t+1(1)) =

k(0)var(rH;t+1(1)� rF;t+1(1)) + EtrF;t+1(1)(rH;t+1(1)� rF;t+1(1))

+Et(pt(1)� pt+1(1))(rH;t+1(1)� rF;t+1(1))

Using rF;t+1(1) = rAt+1(1) � 0:5rDt+1(1) = aAt+1(1) � aAt+1(1) + 0:5(pF;t+1(1) �
pF;t(1))� 0:5rDt+1(1), we get:

EtrF;t+1(1)(rH;t+1(1)� rF;t+1(1)) =

�1
2
var(rH;t+1(1)� rF;t+1(1)) +

1

2
EtpF;t+1(1)(rH;t+1(1)� rF;t+1(1))

The expected product of the portfolio return and excess return is then

Etr
p;H
t+1(1)(rH;t+1(1)� rF;t+1(1)) =

2k(0)� 1
2

var(rH;t+1(1)� rF;t+1(1))

+
2�� 1
2

EtpF;t+1(1)(rH;t+1(1)� rF;t+1(1))
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Using these results, (81) becomes

0 = Et(rH;t+1(2)� rF;t+1(2) + �) +

(1� 
)
2�� 1
2

EtpF;t+1(1)(rH;t+1(1)� rF;t+1(1))

�
 2k(0)� 1
2

var(rH;t+1(1)� rF;t+1(1)) +

(1�  0)H1;HEtSt+1(1)(rH;t+1(1)� rF;t+1(1))

Using (83) we get

Et(rH;t+1(2)� rF;t+1(2)) = �
1

2
(1�  0)(H1;H +H1;F )�

2N2r
0
� (84)

(84) shows that the expected excess return is zero to a second order. This can
be seen as follows. Because of symmetry, the �rst two elements of H1;H are
equal to minus the �rst two elements of H1;F as they multiply cross-country
di¤erentials. The last element of H1;H is the same as the last element of H1;F

as they apply to the worldwide shock. The �rst two elements of H1;H +H1;F

are then zero. Writing wDE as the coe¢ cient multiplying �Dt+1 in the �rst-
order solution for wDt+1, we have

N2r
0
� =

24 1 �1
wDE �wDE
1
2

1
2

35� rDE
�rDE

�

= rDE

0@ 2
2wDE
0

1A
Since the �rst two elements of H1;H +H1;F are zero, it follows that (H1;H +
H1;F )N2r

0
� = 0 and therefore Et(rH;t+1(2)� rF;t+1(2)) = 0.

4.3 Third order component of Home�s optimal portfo-
lio equation

We will denote x̂ = x� x(0) for any variable x. A third-order Taylor expan-
sion of the left-hand side of (80), treating the sum of terms in the exponentials
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as one variable, is equal to (ignoring the multiplication constant e(1�
)�r)

(1�  0)
�
fH(St+1)� 
r̂p;Ht+1 + r̂H;t+1 + p̂t � p̂t+1 + v(2) + v(3)

�
+
1

2
(1�  0)

�
fH(St+1)� 
r̂p;Ht+1 + r̂H;t+1 + p̂t � p̂t+1 + v(2) + v(3)

�2
+
1

6
(1�  0)

�
fH(St+1)� 
r̂p;Ht+1 + r̂H;t+1 + p̂t � p̂t+1 + v(2) + v(3)

�3
+ 0

�
�
r̂p;Ht+1 + r̂H;t+1 + p̂t � p̂t+1

�
+
1

2
 0
�
�
r̂p;Ht+1 + r̂H;t+1 + p̂t � p̂t+1

�2
+
1

6
 0
�
�
r̂p;Ht+1 + r̂H;t+1 + p̂t � p̂t+1

�3
The right hand side of (80) is the same except that r̂H;t+1 is replaced by
r̂F;t+1 � � . Combining both sides of (80) we get

0 = Et(r̂H;t+1 � r̂F;t+1 + �)

+
1

2
Et
�
(r̂H;t+1)

2 � (r̂F;t+1 � �)2
�

+(1�  0)Et(r̂H;t+1 � r̂F;t+1 + �) (fH(St+1) + v(2) + v(3))

+Et(r̂H;t+1 � r̂F;t+1 + �)(�
r̂p;Ht+1 + p̂t � p̂t+1)

+O3 (85)

where

O3 =
1

6
Et
�
(r̂H;t+1)

3 � (r̂F;t+1)3
�
+

+
1

2
Et
�
(r̂H;t+1)

2 � (r̂F;t+1)2
� �
�
r̂p;Ht+1 + p̂t � p̂t+1 + (1�  0)fH(St+1)

�
+
1

2
(1�  0)Et(r̂H;t+1 � r̂F;t+1)

�
fH(St+1)� 
r̂p;Ht+1 + p̂t � p̂t+1

�2
+
1

2
 0Et(r̂H;t+1 � r̂F;t+1)

�
�
r̂p;Ht+1 + p̂t � p̂t+1

�2
(86)

In the expression for O3 we have omitted � , v(2) and v(3) since when multi-
plied with other terms they lead to fourth and higher order terms.
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The third-order component of (85) is equal to

0 = Et(rH;t+1(3)� rF;t+1(3)) +O3 (87)

+ ^covt

�
rH;t+1 � rF;t+1; r

A
t+1 + (1�  0)fH(St+1)� 
rp;Ht+1 + pt � pt+1

�
+�Et

�
rAt+1(1) + (1�  0)H1;HSt+1(1)� 
rp;Ht+1(1) + pt (1)� pt+1(1)

�
where ^covt is de�ned as ^covt(x; y) = Etx(1)y(2)+Etx(2)y(1) and O3 is equal
to (86) after replacing each variable with its �rst-order component. v(2) drops
out as it only enters the third-order component of (85) when multiplied with
the �rst-order expected excess return, which is zero.
We now simplify the cubic terms in (86) by substituting the �rst-order

solution of all variables. Using that rH;t+1(1) = rAt+1(1) + 0:5r
D
t+1(1) and

rF;t+1(1) = rAt+1(1)� 0:5rDt+1(1), we have

Et
�
(rH;t+1(1))

3 � (rF;t+1(1))3
�
= Et

�
1

4
(rDt+1(1))

3 + 3(rAt+1(1))
2rDt+1(1)

�
Since rDt+1(1) = rDE�

D
t+1, the �rst term of the above expression is zero because

Et(�
D
t+1)

3 = 0. Therefore

Et
�
rH;t+1(1)

3 � rF;t+1(1)
3
�
= 3Et(r

A
t+1(1))

2rDt+1(1) (88)

De�ne
lt+1(1) = rAt+1(1)� 
rp;Ht+1(1) + pt(1)� pt+1(1)

Then (86) becomes

O3 =
1

2
(1�  0)Et(rH;t+1(1)� rF;t+1(1)) (lt+1(1) +H1;HSt+1(1))

2

+
1

2
 0Et(rH;t+1(1)� rF;t+1(1))(lt+1(1))

2 (89)

We can simplify this further by using the second-order component of
Home�s optimal portfolio equation, equation (81), which we write as

Et(rH;t+1(2)� rF;t+1(2) + �) +

Et(rH;t+1(1)� rF;t+1(1)) (lt+1(1) + (1�  0)H1;HSt+1(1)) = 0

We have shown that Et(rH;t+1(2)� rF;t+1(2)) = 0. After substituting the
�rst order solution for the variables we then must have

rDEEt (lt+1(1) + (1�  0)H1;HSt+1(1)) �
D
t+1 = ��
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The variables in the big parentheses depend on St(1), �At+1 and �
D
t+1:

lt+1(1) + (1�  0)H1;HSt+1(1) = AHSt(1) +BH�
D
t+1 + CH�

A
t+1 (90)

As Et�Dt+1 = Et�
A
t+1�

D
t+1 = 0 we get:

2BHrDE�
2 = �� (91)

as Et
�
�Dt+1

�2
= 2�2.

Next use the fact that

H1;HSt+1(1) = H1;HN1St(1) +H1;HN2�t+1 =

fHSSt(1) + fHD�
D
t+1 + fHA�

A
t+1 (92)

where:

fHS = H1;HN1

fHD = H1;H;1 +H1;H;2wDE

fHA = H1;H;3

where we used:

H1;HN2�t+1 =
�
H1;H;1 H1;H;2 H1;H;3

� 24 1 �1
wDE �wDE
0:5 0:5

35� �Ht+1
�Ft+1

�

=
�
H1;H;1 H1;H;2 H1;H;3

� 24 �Dt+1
wDE�

D
t+1

�At+1

35
Substituting (90) and (92) into (89), we get (recall that Et(�Dt+1)

3 =
Et(�

A
t+1)

3 = Et(�
A
t+1)

2�Dt+1 = Et�
A
t+1(�

D
t+1)

2 = Et�
A
t+1�

D
t+1 = 0)

O3 = 2�
2rDE (BHAH +  0(1�  0)fHDfHS)St(1) (93)

Using (93) the third order expansion of the Home optimal portfolio (87)
is written as

0 = Et(rH;t+1(3)� rF;t+1(3))

+2�2rDE (BHAH +  0(1�  0)fHDfHS)St(1)

+ ^covt

�
rH;t+1 � rF;t+1; r

A
t+1 + (1�  0)fH(St+1)� 
rp;Ht+1 + pt � pt+1

�
+�Et

�
rAt+1(1) + (1�  0)H1;HSt+1(1)� 
rp;Ht+1(1) + pt(1)� pt+1(1)

�
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Focusing for a moment on the last term, using (90), (91) and Et�
D
t+1 =

Et�
A
t+1 = 0, we write:

�Et

�
rAt+1(1) + (1�  0)H1;HSt+1(1)� 
rp;Ht+1(1) + pt(1)� pt+1(1)

�
=

�AHSt(1) = �2BHrDE�
2AHSt(1)

The third-order component of the Home optimal portfolio condition then
simpli�es to

0 = Et(rH;t+1(3)� rF;t+1(3)) + 2�
2rDE 

0(1�  0)fHDfHSSt(1)

+ ^covt

�
rH;t+1 � rF;t+1; r

A
t+1 + (1�  0)fH(St+1)� 
rp;Ht+1 � pt+1

�
(94)

where pt is preset and can be ommitted from ^covt.

4.4 Combining the Home and Foreign optimal portfo-
lio equations

Following similar steps for the Foreign country and writing (analogous to
(92) for the Home country)

H1;FSt+1(1) = fFSSt(1) + fFD�
D
t+1 + fFA�

A
t+1 (95)

the third-order component of the optimal portfolio equation for the Foreign
country is

0 = Et(rH;t+1(3)� rF;t+1(3)) + 2�
2rDE 

0(1�  0)fFDfFSSt(1)

+ ^covt

�
rDt+1; r

A
t+1 + (1�  0)fF (St+1)� 
rp;Ft+1 � p�t+1

�
where rDt+1 = rH;t+1 � rF;t+1.
Taking the di¤erence between the third-order component of the Home

and Foreign portfolio Euler equations we have

0 = 2�2rDE 
0(1�  0)(fHDfHS � fFDfFS)St(1) (96)

+ ^covt

�
rDt+1; (1�  0)(fH(St+1)� fF (St+1))� 
(rp;Ht+1 � rp;Ft+1)� (pt+1 � p�t+1)

�
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The second-order component of Home and Foreign portfolio returns are

rp;Ht+1(2) = k(0)rH;t+1(2) + (1� k(0))(rF;t+1(2)� �) + pt(2)� pt+1(2)

+
1

2
k(0)(1� k(0))(rDt+1(1))

2 + rDt+1(1)k
H
H;t(1) (97)

rp;Ft+1(2) = (1� k(0)) (rH;t+1(2)� �) + k(0)rF;t+1(2) + p�t (2)� p�t+1(2)

+
1

2
k(0)(1� k(0))(rDt+1(1))

2 � rDt+1(1)k
F
F;t(1) (98)

The di¤erence is

rp;Ht+1(2)� rp;Ft+1(2) = (2k(0)� 1)rDt+1(2) + (pt(2)� p�t (2))�
�
pt+1(2)� p�t+1(2)

�
+rDt+1(1)k

D
t (1)

The �rst-order component of the portfolio return di¤erence is

rp;Ht+1(1)� r
p;F
t+1(1) = (2k(0)� 1)rDt+1(1) + (pt(1)� p�t (1))�

�
pt+1(1)� p�t+1(1)

�
Substituting the �rst and second-order components of portfolio return

di¤erences into (96), we have

0 = 2�2rDE 
0(1�  0)(fHDfHS � fFDfFS)St(1)

+(1�  0) ^covt
�
rDt+1; fH(St+1)� fF (St+1)

�
�
(2k(0)� 1) ^vart(rDt+1) (99)

+(
 � 1) ^covt
�
rDt+1; pt+1 � p�t+1

�
�
kDt (1)var(rDt+1(1))

where ^vart(x) = 2Etx(1)x(2) and var(rDt+1(1)) = 2r
2
DE�

2.
We can use this to solve for kDt (1):

kDt (1) = �(2k(0)� 1)
^vart(r

D
t+1)

var(rDt+1(1))
+

 � 1



^covt(r
D
t+1; pt+1 � p�t+1)

var(rDt+1(1))

+(1�  0)
^covt
�
rDt+1; fH(St+1)� fF (St+1)

�

var(rDt+1(1))

+2�2rDE 
0(1�  0)

(fHDfHS � fFDfFS)St(1)


var(rDt+1(1))
(100)

This corresponds to equation (43) of the paper, where ert+1 = rDt+1 and using
that from (92) and (95)

Et
�
fH;t+1(1)

2 � fF;t+1(1)
2
�
rDt+1 (1) = 4rDE�

2 (fHSfHD � fFSfFD)

where fH;t+1(1) = H1;HSt+1(1) and fF;t+1(1) = H1;FSt+1(1).
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4.5 Computing third-order expectations

Let R1 and R2 denote, respectively, the �rst and second-order components of
rDt+1. Similarly, let F1 and F2 denote the �rst and second-order components
of fH(St+1)� fF (St+1) and P1, P2 the �rst and second-order components of
pt+1 � p�t+1. In order to evaluate (100) we then need to compute EtR1R2,
EtR1F2, EtR1P2, EtR2F1 and EtR2P1.
The computation of these terms uses the second-order solution to the

model. Let�s start with the �rst and second-order terms of rDt+1. We know
that the �rst order term is rDE�Dt+1. Using the de�nitions of returns (equa-
tions (59)-(60) in Appendix A of the paper), the second-order components
are

rH;t+1(2) = �qH;t(2) + rqqH;t+1(2) + (1� rq) aH;t+1(2)

+
1

2
rqq
�
(qH;t+1(1))

2 + (aH;t+1(1))
2 � 2qH;t+1(1)aH;t+1(1)

�
rF;t+1(2) = �qF;t(2) + rqqF;t+1(2) + (1� rq) (aF;t+1(2) + pF;t+1(2))

+
1

2
rqq

�
(qF;t+1(1))

2 + (aF;t+1(1))
2 + (pF;t+1(1))

2 + 2aF;t+1(1)pF;t+1(1)
�2qF;t+1(1)aF;t+1(1)� 2qF;t+1(1)pF;t+1(1)

�
where rq = (1�  ) (1�  �)�1 and rqq = rq (1� rq). The second-order solu-
tion for the relative price of Foreign goods and equity prices are (60)-(62).
The second order components in rH;t+1 and rF;t+1 take four di¤erent forms:

(i) quadratic in St(1), (ii) proportional to �2, (iii) quadratic in the innovations
�t+1 and (iv) product of St(1) and innovations. We focus on the di¤erence
between rH;t+1(2) and rF;t+1(2). We know that the expected value of this
di¤erence is zero. We can then ignore (i) and (ii) as they are known at time
t. We can also ignore (iii). The expected value of those terms in R2 is zero.
When multiplying them with �rst-order terms later on, we can therefore
ignore them to the extent that the �rst-order terms are linear in the state
space (the expected product of those terms in R2 times St(1) remains zero.)
To the extent that the �rst order terms are linear in innovations, we can
ignore them as well since the expectation of any cubic form of innovations
is zero. The only relevant second-order terms are therefore ones that are
products of the state space at time t and innovations at t + 1. We will
therefore focus on those terms only.
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Using (60)-(62) the second-order component of the excess return is

R2 = rH;t+1(2)� rF;t+1(2) =

�
��
qHs � qFs

�
St(2) + St(1)

0 �qHss � qFss
�
St(1) +

�
kHq � kFq

�
�2
�

+rq
��
qHs � qFs

�
St+1(2) + St+1(1)

0 �qHss � qFss
�
St+1(1) +

�
kHq � kFq

�
�2
�

+(1� rq)
�
aH;t+1(2)� aF;t+1(2)� psSt+1(2)� St+1(1)

0pssSt+1(1)� kp�
2
�

+
1

2
rqq

24 (qH;t+1(1))
2 + (aH;t+1(1))

2 � 2qH;t+1(1)aH;t+1(1)
�(qF;t+1(1))2 � (aF;t+1(1))2 � (pF;t+1(1))2 � 2aF;t+1(1)pF;t+1(1)

+2qF;t+1(1)aF;t+1(1) + 2qF;t+1(1)pF;t+1(1)

35
The productivity terms are exactly �rst-order by assumption, hence aH;t+1(2) =

aF;t+1(2) = 0. Using (49), (66) and

aH;t+1(1) = �aH;t(1) + �H;t+1 � aHs St(1) + aHE �t+1

aF;t+1(1) = �aF;t(1) + �F;t+1 � aFs St(1) + aFE�t+1

the terms in the expression for rH;t+1(2)� rF;t+1(2) that involve the product
of St(1) and model innovations are

�
rq
�
qHs � qFs

�
� (1� rq) ps

�0@ St(1)
0N5;1�t+1

St(1)
0N5;2�t+1

St(1)
0N5;3�t+1

1A
+2St(1)

0N 0
1

�
rq
�
qHss � qFss

�
� (1� rq) pss

�
N2�t+1

+
1

2
rqq

26666664
2St(1)

0N 0
1

h�
qHs
�0
qHs �

�
qFs
�0
qFs � (ps)

0 ps +
�
qFs
�0
ps + (ps)

0 qFs

i
N2�t+1

+2St(1)
0
h�
aHs
�0
aHE �

�
aFs
�0
aFE

i
�t+1

�2St(1)0N 0
1

h�
qHs
�0
aHE �

h�
qFs
�0 � (ps)0i aFEi �t+1

�2St(1)0
h�
aHs
�0
qHs �

�
aFs
�0 �

qFs � ps
�i
N2�t+1

37777775
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Another way to write these terms is

St(1)
0

"
3X
v=1

�
rq(q

H
s;v � qFs;v)� (1� rq) ps;v

�
N5;v

#
�t+1

+2St(1)
0N 0

1

�
rq(q

H
ss � qFss)� (1� rq) pss

�
N2�t+1

+rqqSt(1)
0N 0

1

h
(qHs )

0qHs � (qFs )0qFs � (ps)
0 ps +

�
qFs
�0
ps + (ps)

0 qFs

i
N2�t+1

+rqqSt(1)
0 �(aHs )0aHE � (aFs )0aFE� �t+1

�rqqSt(1)0
�
(aHs )

0qHs � (aFs )0qFs
�
N2�t+1

�rqqSt(1)0N 0
1

�
(qHs )

0aHE � (qFs )0aFE
�
�t+1

�rqqSt(1)0(aFs )0psN2�t+1 � rqqSt(1)
0N 0

1 (ps)
0 aFE�t+1

where qHs;x is xth element of the vector q
H
s and similarly for ps;x. We can write

these terms in a compact way as St(1)0 �M�t+1. Since R1 = rDE�
D
t+1 = r��t+1,

it follows that
EtR1R2 = �2St(1)

0 �Mr0� (101)

We next turn to P2, the second-order component of pt+1� p�t+1. We have

pt+1(2) = (1� �)pF;t+1(2)�
1

2
�(1� �) (�� 1) (pF;t+1(1))2 (102)

p�t+1(2) = �pF;t+1(2)�
1

2
�(1� �) (�� 1) (pF;t+1(1))2 (103)

Combining this with (60) we have

P2 = pt+1(2)� p�t+1(2) = (1� 2�)
�
psSt+1(2) + St+1(1)

0pssSt+1(1) + kp�
2
�
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Using (49) and (66) this becomes

P2 = (1� 2�)psN1St(2) + (1� 2�)psN6�2

+(1� 2�)St(1)0
 

3X
v=1

ps;vN3;v

!
St(1)

+(1� 2�)�0t+1

 
3X
v=1

ps;vN4;v

!
�t+1

+(1� 2�)St(1)0
 

3X
v=1

ps;vN5;v

!
�t+1

+(1� 2�)St(1)0N 0
1pssN1St (1)

+(1� 2�)�0t+1N 0
2pssN2�t+1

+(1� 2�)2St(1)0N 0
1pssN2�t+1

+(1� 2�)kp�2

Recall that P1 = (1 � 2�)ps [N1St(1) +N2�t+1]. Using these results and
focusing on the terms in the cross product of St(1) and �t+1we have

EtR1P2 = 2(1� 2�)�2St(1)0N 0
1pssN2r

0
� (104)

+(1� 2�)�2St(1)0
 

3X
v=1

ps;vN5;v

!
r0�

EtR2P1 = (1� 2�)�2St(1)0 �MN 0
2p
0
s (105)

Finally consider F2, the second-order component of fH(St+1)� fF (St+1).
We have:

F2 = (H1;H �H1;F )St+1(2) +
1

2
St+1(1)

0(H2;H �H2;F )St+1(1)
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Using (49) and (66) this becomes

F2 =

(H1;H �H1;F )N1St(2) + (H1;H �H1;F )N6�
2

+St(1)
0

 
3X
v=1

(H1;H;v �H1;F;v)N3;v

!
St(1)

+�0t+1

 
3X
v=1

(H1;H;v �H1;F;v)N4;v

!
�t+1

+St(1)
0

 
3X
v=1

(H1;H;v �H1;F;v)N5;v

!
�t+1

+
1

2
St(1)

0N 0
1(H2;H �H2;F )N1St(1)

+
1

2
�0t+1N

0
2(H2;H �H2;F )N2�t+1

+
1

2
St(1)

0N 0
1 [(H2;H �H2;F ) + (H2;H �H2;F )

0]N2�t+1

Recall that F1 = (H1;H � H1;F ) [N1St(1) +N2�t+1]. Using these results and
focusing on the terms in the cross product of St(1) and �t+1, it follows that

EtR1F2 =
1

2
�2St(1)

0N 0
1 [(H2;H �H2;F ) + (H2;H �H2;F )

0]N2r
0
�

+�2St(1)
0

 
3X
v=1

(H1;H;v �H1;F;v)N5;v

!
r0� (106)

EtR2F1 = �2St(1)
0 �MN 0

2(H1;H �H1;F )
0 (107)

To summarize, we have

EtR1R2 = �2r� �M
0St(1)

EtR1P2 = (1� 2�)�2r�

"
2N 0

2 (pss)
0N1 +

 
3X
v=1

ps;vN5;v

!0#
St(1)

EtR2P1 = (1� 2�)�2psN2 �M 0St(1)

EtR1F2 = �2r�

� 1
2
N 0
2 [(H2;H �H2;F ) + (H2;H �H2;F )

0]N1
+
�P3

v=1(H1;H;v �H1;F;v)N5;v
�0 �

St(1)

EtR2F1 = �2(H1;H �H1;F )N2 �M
0St(1)
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Using this (100) becomes

kDt+1(1) = ksSt(1) (108)

where

2
r2DEks = (1�  0)r�
1

2
N 0
2 [(H2;H �H2;F ) + (H2;H �H2;F )

0]N1

+(1�  0)r�

 
3X
v=1

(H1;H;v �H1;F;v)N5;v

!0
+(1�  0)(H1;H �H1;F )N2 �M

0

�2
(2k(0)� 1)r� �M 0

+(
 � 1)(1� 2�)2r�N 0
2(pss)

0N1 + (
 � 1)(1� 2�)r�

 
3X
v=1

ps;vN5;v

!0
+(
 � 1)(1� 2�)psN2 �M 0

+2rDE 
0(1�  0)(fHDfHS � fFDfFS) (109)

where we used var(rDt+1(1)) = 2�
2r2DE.

4.6 Third-order component of expected excess return

We have already shown that the �rst and second-order components of the
expected excess return are zero. We now turn to computing the third-order
component of the expected excess return. We start by taking the sum of the
third-order component of the Home portfolio Euler equation in (94) and its
foreign equivalent:

2Et(rH;t+1(3)� rF;t+1(3)) = �2�2rDE 0(1�  0) (fHDfHS + fFDfFS)St(1)

� ^covt
�
rDt+1; 2r

A
t+1 + (1�  0) (fH(St+1) + fF (St+1))

�
(110)

+ ^covt

�
rDt+1; 


�
rp;Ht+1 + rp;Ft+1

�
+
�
pt+1 + p�t+1

��
Taking the sum of (97)-(98) we write:

rp;Ht+1(2) + rp;Ft+1(2) = rH;t+1(2) + rF;t+1(2)� (1� k(0))2�

+pt(2) + p�t (2)� pt+1(2)� p�t+1(2)

+k(0)(1� k(0))(rDt+1(1))
2 + rDt+1(1)

�
kHH;t(1)� kFF;t(1)

�
41



Similarly:

rp;Ht+1(1) + rp;Ft+1(1) = rH;t+1(1) + rF;t+1(1) + pt(1) + p�t (1)� pt+1(1)� p�t+1(1)

Using these results we write:

^covt

�
rDt+1; r

p;H
t+1 + rp;Ft+1

�
= 2 ^covt(r

D
t+1; r

A
t+1)

� ^covt(r
D
t+1; pt+1 + p�t+1) + 2k

A
t (1)var(r

D
t+1(1))

where we used Et(rDt+1(1))
3 = 0. Substituting this result into (110) yields:

Et(rH;t+1(3)� rF;t+1(3)) = ��2rDE 0(1�  0) (fHDfHS + fFDfFS)St(1)

� (1� 
) ^covt
�
rDt+1; r

A
t+1

�
+ 0:5 (1� 
) ^covt

�
rDt+1; pt+1 + p�t+1

�
�0:5(1�  0) ^covt

�
rDt+1; fH(St+1) + fF (St+1)

�
(111)

+
kAt (1)vart
�
rDt+1(1)

�
The last term can also be written as 2�2r2DE
k

A
s St(1) where we have written

the �rst-order solution of the average portfolio share as kAt (1) = kAs St(1).
The term involving the consumer price indexes is also relatively easy to

compute from (102)-(103):

^covt
�
rDt+1; pt+1 + p�t+1

�
=

1

1� 2�(EtR1P2 + EtR2P1)

��(1� �)(�� 1)2�2r�N 0
2p
0
spsN1St(1)

The two terms in (111) left to compute are then ^covt(r
D
t+1; r

A
t+1) and

^covt(r
D
t+1; fH(St+1) + fF (St+1)). Let R

A
1 and R

A
2 denote the �rst and second-

order component of rAt+1 and F
A
1 and F

A
2 be the �rst and second-order com-

ponents of 0:5 [fH(St+1) + fF (St+1)]. We therefore need to compute EtR1RA
2 ,

EtR2R
A
1 , EtR1F

A
2 and EtR2F

A
1 .

In the second-order terms again only products of St(1) and �t+1 are rele-
vant. These terms in RA

2 are computed analogously to those for R2 computed
above and can be summarized as St(1)0 �MA�t+1, where
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�MA = 0:5

"
3X
v=1

�
rqq

H
s;v + qFs;v) + (1� rq) ps;v

�
N5;v

#
+N 0

1

�
rq(q

H
ss + qFss) + (1� rq) pss

�
N2

+0:5rqqN
0
1

h
(qHs )

0qHs + (q
F
s )

0qFs + (ps)
0 ps �

�
qFs
�0
ps � (ps)0 qFs

i
N2

+0:5rqq
�
(aHs )

0aHE + (a
F
s )
0aFE
�

�0:5rqq
�
(aHs )

0qHs + (a
F
s )
0qFs
�
N2

�0:5rqqN 0
1

�
(qHs )

0aHE + (q
F
s )

0aFE
�

+0:5rqq(a
F
s )
0psN2 + 0:5rqqN

0
1 (ps)

0 aFE

Therefore
EtR1R

A
2 = �2St(1)

0 �MAr0� (112)

The innovation component of RA
1 is r

A
� �t+1, where

rA� = 0:5rq(q
H
s + qFs )N2 + 0:5(1� rq)psN2 + 0:5(1� rq)

�
aHE + aFE

�
Therefore

EtR2R
A
1 = �2St(1)

0 �M
�
rA�
�0

(113)

Analogous to (106) and (107) we have

EtR1F
A
2 =

1

4
�2St(1)

0N 0
1

�
(H2;H +H2;F ) + (H2;H +H2;F )

0�N2r0�
+0:5�2St(1)

0

 
3X
v=1

(H1;H;v +H1;F;v)N5;v

!
r0�

EtR2F
A
1 = 0:5�2St(1)

0 �MN 0
2 (H1;H +H1;F )

0

Substituting these results into (111) we have

Et(rH;t+1(3)� rF;t+1(3)) = �2r3St (1) (114)
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where

r3 = �rDE 0(1�  0) (fHDfHS + fFDfFS)� (1� 
)
h
r�
�
�MA
�0
+ rA�

�M 0
i

+(1� 
) r�N
0
2p
0
ssN1 + 0:5 (1� 
) r�

 
3X
v=1

ps;vN5;v

!0
+0:5 (1� 
) psN2 �M

0 � (1� 
)�(1� �)(�� 1)r�N 0
2p
0
spsN1

�(1�  0)
1

4
r�N

0
2

�
(H2;H +H2;F ) + (H2;H +H2;F )

0�N1
�(1�  0)0:5r�

 
3X
v=1

(H1;H;v +H1;F;v)N5;v

!0
�(1�  0)0:5 (H1;H +H1;F )N2 �M

0

+2r2DE
k
A
s

5 Solution method

The numerical solution proceeds as follows. Conditional on k(0) we obtain
the �rst-order solution summarized by (45) and (49). The �rst-order solution
also gives us H1;H from (74), which is based on the �rst-order component of
the Bellman equation. H1;F follows by symmetry. We use these results to
compute a new value for k(0) from (83). This procedure therefore yields a
mapping of k(0) into itself. This mapping is non-linear. The resulting �xed
point problem is solved numerically. At this point we have solved for k(0) as
well as the �rst-order component of all variables other than kDt .
Next, we conjecture a solution for the �rst-order component of kDt : k

D
t (1) =

ksSt(1). This a¤ects the second-order component of model equations (see
the discussion in section 2.1). Conditional on this �rst order solution of
kDt we then obtain the second-order solution summarized by (59) and (66).
The second-order solution is then used to compute H2;H from (79), which
is based on the second-order component of the Bellman equation. H2;F fol-
lows by symmetry. We then use these results to solve for ks in (109). This
then leads to a �xed point problem in ks, which is solved numerically. At
this point we have solved for the �rst-order components of both kDt and k

A
t ,

which yields the �rst-order components of all portfolio shares.
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6 Balance of payments accounting

6.1 De�nitions

At the end of period t home agents have a nominal wealth of (1�  )WtPt
(measured in terms of the Home good) invested in equities, and Foreign
agents have a nominal wealth (1�  )W �

t P
�
t invested. The nominal value of

the various holdings of equities, as well as the quantity of shares held by each
agent, is outlined in the table below:

Nominal value Quantity of shares
Home agents�wealth (1�  )WtPt

in Home equity (1�  ) kHH;tWtPt GH
H;t =

(1� )kHH;tWtPt

QH;t

in Foreign equity (1�  )
�
1� kHH;t

�
WtPt GH

F;t =
(1� )(1�kHH;t)WtPt

QF;t

Foreign agents�wealth (1�  )W �
t P

�
t

in Home equity (1�  )
�
1� kFF;t

�
W �
t P

�
t GF

H;t =
(1� )(1�kFF;t)W �

t P
�
t

QH;t

in Foreign equity (1�  ) kFF;tW
�
t P

�
t GF

F;t =
(1� )kFF;tW �

t P
�
t

QF;t

The home net foreign asset position is the di¤erence between gross foreign
assets, GAt, and gross foreign liabilities, GLt:

GAt = (1�  )
�
1� kHH;t

�
WtPt (115)

GLt = (1�  )
�
1� kFF;t

�
W �
t P

�
t (116)

NFAt = GAt �GLt (117)

= (1�  )
��
1� kHH;t

�
WtPt �

�
1� kFF;t

�
W �
t P

�
t

�
We next turn to trade �ows. The value of Home exports during period t

(measured in terms of Home good) is simply the consumption of Home goods
by Foreign agents:

XH
t = (1� �) (P �t )

�  W �
t

Similarly for the value of Foreign exports:

XF
t = (1� �) (PF;t)

1�� (Pt)
�  Wt

so the Home trade balance is

TBt = XH
t �XF

t = (1� �) 
h
(P �t )

�W �
t � (PF;t)

1�� (Pt)
�Wt

i
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Note that it is also the value of output minus consumption:

TBt = AH;t �  PtWt = �PF;tAF;t +  P �t W
�
t

which can also be written as:

2TBt = (AH;t � PF;tAF;t)�  (PtWt � P �t W
�
t ) (118)

We now look at international factor payments in period t. The quantity
of foreign shares owned by home residents at the beginning of the period is
GH
F;t�1. Each share receives (1� �)AF;t in terms of Foreign goods, so the

payment in terms of Home goods is:

GDH
t = GH

F;t�1 (1� �)PF;tAF;t (119)

Similarly the dividend payments of the Home country are:

GDF
t = GF

H;t�1 (1� �)AH;t (120)

The net dividend income of the home country is then:

NDt = GDH
t �GDF

t = (1� �)
�
GH
F;t�1PF;tAF;t �GF

H;t�1AH;t
�

(121)

The current account is the sum of the trade balance and net dividend
income:

CAt = TBt +NDt (122)

The capital gain on Home gross foreign assets in period t is

GKH
t = GH

F;t�1 [QF;t �QF;t�1] (123)

Similarly the capital gain on Home gross foreign liabilities is

GKF
t = GF

H;t�1 [QH;t �QH;t�1] (124)

and the net capital gain is:

NKt = GKH
t �GKF

t = GH
F;t�1 [QF;t �QF;t�1]�GF

H;t�1 [QH;t �QH;t�1] (125)

Recalling that positions are measured at the end of the periods, the Home
gross asset position change between period t � 1 and t is the sum of gross
�nancial out�ows, GFH

t , and capital gains, GK
H
t :

GAt �GAt�1 = GFH
t +GKH

t
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Similarly for the Home gross liability position:

GLt �GLt�1 = GF F
t +GKF

t

In net terms we have:

NFAt �NFAt�1 =
�
GFH

t �GF F
t

�
+
�
GKH

t �GKF
t

�
= NFt +NKt (126)

where NFt stands for net �nancial �ows (net capital out�ows). In addition,
the net �nancial �ows have to match the current account:

NFt = CAt

This is simply a consequence of the dynamics of the net foreign assets re-
�ecting the trade balance, net dividend income and net capital gains:

NFAt = NFAt�1 + TBt +NDt +NKt (127)

We de�ne the passive portfolio share of Home equity as the share when
the quantities of assets are held at the zero-order levels, and asset prices take
their actual level:

kH;pH;t =
QH;tk (0)

QH;tk (0) +QF;t (1� k (0))

kF;pH;t =
QH;t (1� k (0))

QH;t (1� k (0)) +QF;tk (0)

6.2 First-order components

We focus on the �rst-order components of all balance of payments variables.
Some key zero-order components are:

GA (0) = GL (0) = (1�  ) (1� k (0))W (0) =
1�  

 
(1� k (0))

GDH (0) = GDF (0) = (1� k (0)) (1� �) , GKH (0) = GKF (0) = 0

XH (0) = XF (0) = (1� �)
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We scale all variables by the zero-order component of GDP, which is 1,
so they can all be interpreted as percentage of GDP. The resulting variables
are indicated with lower case letters. The asset positions (115)-(117) are:

gat (1) =
1�  

 

�
(1� k (0)) (wt (1) + pt (1))� kHH;t (1)

�
glt (1) =

1�  

 

�
(1� k (0)) (w�t (1) + p�t (1))� kFF;t (1)

�
nfat (1) =

1�  

 

�
(1� k (0)) (wt (1)� w�t (1))

+ (1� k (0)) (pt (1)� p�t (1))� 2kAt (1)

�
(128)

where we use kAt (1) = 0:5
�
kHH;t (1) + kFH;t (1)

�
.

The trade �ows and trade balance are:

xHt (1) = (1� �) [w�t (1) + �p�t (1)]

xFt (1) = (1� �) [wt (1) + �pt (1) + (1� �) pF;t (1)]

tbt (1) = (1� �)

�
� (wt (1)� w�t (1))

�� (pt (1)� p�t (1))� (1� �) pF;t (1)

�
From (118) we also have:

tbt (1) =
1

2
(aH;t (1)� pF;t (1)� aF;t (1))

�1
2
(pt (1) + wt (1)� p�t (1)� w�t (1))

The dividend �ows are:

gdHt (1) =

(1� �)
�
(1� k (0)) [pF;t (1) + aF;t (1) + wt�1 (1) + pt�1 (1)� qF;t�1 (1)]� kHH;t�1 (1)

�
gdFt (1) =

(1� �)
�
(1� k (0))

�
aH;t (1) + w�t�1 (1) + p�t�1 (1)� qH;t�1 (1)

�
� kFF;t�1 (1)

�
ndt (1) =

(1� �) (1� k (0))

24 pF;t (1)� (aH;t (1)� aF;t (1))
+
�
wt�1 (1)� w�t�1 (1)

�
+
�
pt�1 (1)� p�t�1 (1)

�
+(qH;t�1 (1)� qF;t�1 (1))

35
� (1� �) 2kAt�1 (1) (129)
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The current account is

cat (1) = tbt (1) + ndt (1)

The capital gains are

gkHt (1) =
1�  

 
(1� k (0))�qF;t (1)

gkFt (1) =
1�  

 
(1� k (0))�qH;t (1)

nkt (1) =
1�  

 
(1� k (0)) [�qF;t (1)��qH;t (1)] (130)

where �xt = xt � xt�1. The gross �nancial �ows (gross out�ows and gross
in�ows) are

gfHt (1) = �gat (1)� gkHt (1) =

1�  

 

�
(1� k (0)) [�wt (1) + �pt (1)��qF;t (1)]��kHH;t (1)

�
gfFt (1) = �glt (1)� gkFt (1) =

1�  

 

�
(1� k (0)) [�w�t (1) + �p

�
t (1)��qH;t (1)]��kFF;t (1)

�
We can also check that

cat (1) = gfHt (1)� gfFt (1)

6.3 Financial �ows and valuation e¤ects

The changes in positions can be decomposed between �nancial �ows and
capital gains:

�gat (1) = gfHt (1) + gkHt (1)

�glt (1) = gfFt (1) + gkFt (1)

�nfat (1) = cat (1) + nkt (1)

The net valuation e¤ect can be split between real exchange rate move-
ments (that is movements in the relative price of Foreign goods) and equity
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price changes. For this purpose we write the Foreign equity price in terms of
Foreign goods, denoted q�F;t. This gives

nkt (1) =
1�  

 
(1� k (0))

264 ��qH;t (1)| {z }
equity price on liabilities

+ �q�F;t (1)| {z }
equity price on assets

+ �pF;t (1)| {z }
real exchange rate

375
The passive portfolio shares are:

kH;pH;t (1) = kF;pH;t (1) = kpt (1) = k (0) (1� k (0)) [qH;t (1)� qF;t (1)] (131)

6.4 The drivers of capital �ows

The changes in Home gross foreign assets and liabilities are written as:

�GAt = (1�  )
��
1� kHH;t�1

�
�(WtPt)�WtPt�k

H
H;t

�
�GLt = (1�  )

��
1� kFF;t�1

�
�(W �

t P
�
t )�W �

t P
�
t �k

F
F;t

�
The changes of invested wealth stem from savings (labor income plus dividend
income minus consumption) and capital gains on Home and Foreign equity.
Using the dynamics of home wealth we get the relation for the Home country:

(1�  )� (WtPt) = St+(1�  )Wt�1Pt�1

�
kHH;t�1

�QH;t

QH;t�1
+
�
1� kHH;t�1

� �QF;t

QF;t�1

�
where home savings are:

St = �AH;t �  WtPt (132)

+(1� �) (1�  )Wt�1Pt�1

�
kHH;t�1

AH;t
QH;t�1

+
�
1� kHH;t�1

� PF;tAF;t
QF;t�1

�
Using the dynamics of Foreign wealth we get the relation for the Foreign

country:

(1�  )� (W �
t P

�
t ) = S�t+(1�  )W �

t�1P
�
t�1

��
1� kFF;t�1

� �QH;t

QH;t�1
+ kFF;t�1

�QF;t

QF;t�1

�
where foreign savings are:

S�t = �PF;tAF;t �  W �
t P

�
t (133)

+(1� �) (1�  )W �
t�1P

�
t�1

��
1� kFF;t�1

� AH;t
QH;t�1

+ kFF;t�1
PF;tAF;t
QF;t�1

�
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We can show that St + S�t = 0.
Gross �nancial out�ows are the change in gross assets minus capital gains

on Home agents�holding of Foreign equity:

GFH
t = �GAt �GKH

t

=
�
1� kHH;t�1

�
St � (1�  )WtPt�k

H
H;t (134)

+kHH;t�1
�
1� kHH;t�1

�
(1�  )Wt�1Pt�1

�
�QH;t

QH;t�1
� �QF;t

QF;t�1

�
Similarly for gross �nancial in�ows:

GF F
t = �GLt �GKF

t

=
�
1� kFF;t�1

�
S�t � (1�  )W �

t P
�
t �k

F
F;t (135)

�kFF;t�1
�
1� kFF;t�1

�
(1�  )W �

t�1P
�
t�1

�
�QH;t

QH;t�1
� �QF;t

QF;t�1

�
The �rst-order components of (132)-(133) are

st (1) = �aH;t (1)� (wt (1) + pt (1))

+ (1� �)

�
(wt�1 (1) + pt�1 (1)) + k (0) (aH;t (1)� qH;t�1 (1))
+ (1� k (0)) (aF;t (1) + pF;t (1)� qF;t�1 (1))

�
s�t (1) = � (aF;t (1) + pF;t (1))� (w�t (1) + p�t (1))

+ (1� �)

� �
w�t�1 (1) + p�t�1 (1)

�
+ (1� k (0)) (aH;t (1)� qH;t�1 (1))

+k (0) (aF;t (1) + pF;t (1)� qF;t�1 (1))

�
Note that s�t (1) = �st (1), hence:

st (1) =
1

2
(st (1)� s�t (1))

=
1

2
� [aH;t (1)� aF;t (1)� pF;t (1)] (136)

�1
2
(wt (1)� w�t (1) + pt (1)� p�t (1))

+
1� �

2

24 wt�1 (1)� w�t�1 (1) + pt�1 (1)� p�t�1 (1)
+ (2k (0)� 1) [aH;t (1)� aF;t (1)� pF;t (1)]
� (2k (0)� 1) (qH;t�1 (1)� qF;t�1 (1))
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Using (131), the �rst-order components of (134)-(135) are written as:

gfHt (1) = (1� k (0)) st (1)�
1�  

 

�
�kHH;t (1)��k

p
t (1)

�
(137)

gfFt (1) = � (1� k (0)) st (1) +
1�  

 

�
�kFH;t (1)��k

p
t (1)

�
(138)

where we used �kFH;t (1) + �k
F
F;t (1) = 0. The net portfolio �ows are

nft (1) = 2 (1� k (0)) st (1)� 2
1�  

 

�
�kAt (1)��k

p
t (1)

�
we can check that nft (1) = cat (1).

6.5 Components of external adjustment

The rates of return on Home and Foreign equity re�ect a capital gain and a
dividend return:

RH;t+1 = 1 +
QH;t+1 �QH;t

QH;t

+DH;t+1

RF;t+1 = 1 +
QF;t+1 �QF;t

QF;t

+DF;t+1

where:

DH;t+1 = (1� �)
AH;t+1
QH;t

DF;t+1 = (1� �)
PF;t+1AF;t+1

QF;t

First-order components are

dH;t+1 (1) = aH;t+1 (1)�qH;t (1) dF;t+1 (1) = aF;t+1 (1)+pF;t+1 (1)�qF;t (1)

and the return di¤erentials are

dH;t+1 (1)� dF;t+1 (1) = aH;t+1 (1)� aF;t+1 (1)� pF;t+1 (1)� (qH;t (1)� qF;t (1))

rH;t+1 (1)� rF;t+1 (1) =
1�  

1�  �
[(qH;t+1 (1)� qF;t+1 (1))� (qH;t (1)� qF;t (1))]

+
 (1� �)

1�  �
(dH;t+1 (1)� dF;t+1 (1))
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Using (128), (129) and (130) the dynamics of the Home country�s net
foreign assets are

nfat+1 (1) = nfat (1) + tbt+1 (1) + ndt+1 (1) + nkt+1 (1)

= nfat (1) + tbt+1 (1) +
 (1� �)

1�  
nfat (1)

� (1� k (0))
1�  �

 
(rH;t+1 (1)� rF;t+1 (1))

where we used the fact that

ndt+1 (1) =
 (1� �)

1�  
nfat (1)� (1� �) (1� k (0)) (dH;t+1 (1)� dF;t+1 (1))

We rewrite the dynamics of the net foreign asset position as

nfat+1 (1) = tbt+1 (1) +R (0) � nfat (1)
�GA (0) �R (0) (rH;t+1 (1)� rF;t+1 (1))

where GA (0) = 1� 
 
(1� k (0)) is the zero-order component of the gross asset

position. Iterating forward we get

nfat (1) = �
1X
s=1

�
1

R (0)

�s
tbt+s (1)+GA (0)

1X
s=1

�
1

R (0)

�s�1
(rH;t+s (1)� rF;t+s (1))

(139)
(139) shows that a net debt (nfat (1) < 0) has to be o¤set by future trade sur-
pluses (tbt+s (1) > 0) or a higher return on Foreign equity than on Home eq-
uity, that is a higher return on home assets than liabilities (rH;t+s (1)� rF;t+s (1) < 0).
Future returns can in turn be split between capital gains and dividend

yields:

nfat (1) = �
1X
s=1

�
1

R (0)

�s
tbt+s (1)�

1X
s=1

�
1

R (0)

�s
[ndyt+s (1) + nkt+s (1)]

where nkt+s is given by (130) and:

ndyt+1 (1) = � (1� �) (1� k (0)) (dH;t+1 (1)� dF;t+1 (1))
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