Technical Appendix for
A Method for Solving DSGE Models

with Dispersed Private Information

Cedric Tille
Geneva Graduate Institute of International

and Development Studies

CEPR

Eric van Wincoop
University of Virginia
NBER

March 17, 2011



1 Introduction

This Technical Appendix presents the detailed solution of the two country general
equilibrium model. We proceed in three broad steps: we first lay out and expand
the various equations, then compute the returns on assets and the various agents’
expectations of these returns, and finally impose the equations to various orders in
order to derive the solution of the control variables as a function of state variables
to various orders.

The first step covers Sections 2 through 4. Section 2 presents the various
equations with the variables in logarithmic form and combines some equations to
derive a more compact system. Sections 3 and 4 expand the system around the
zero-order allocation. The approximated system consists of six control variables
(the future capital stocks, the current asset prices and the current portfolio shares,
each in terms of worldwide average and cross-country difference) and four state
variables (the current capital stocks and technology, also in terms of worldwide
average and cross-country difference). The variables are linked through six non-
linear equations (Tobin’s @ relation that determines the future capital stock, asset
market clearing conditions, and the Euler conditions for portfolio choice). Like the
variables, for the equations we also take the world wide averages and cross country
differences. Section 3 presents the quadratic approximations of the Tobin’s ) and
asset market clearing equations. Section 4 derives the cubic approximation of the
portfolio Euler equations.

The second step of our analysis focuses on the excess return, which enters the
portfolio Euler equations. This is covered in Sections 5 to 7. Section 5 derives a
cubic approximation of this excess return as a function of current state variables
and future innovations. Section 6 solves the information extraction problem where
individual agents form their expectations of future innovations using both their
noisy private information on future innovations, as well as the publicly observed
asset prices. Section 7 uses these individual investors’ expectations to compute the
first, second and third-order components of the expected excess return, as well as
the quadratic and cubic excess return.

The final stage of the analysis in section 8 draws on these building blocks to
impose the equations to various orders and solve for the control variables to various
orders. We first derive the solution for the zero-order cross-country difference in

portfolio shares, along with the first-order solution for all other variables. This



is done using the second-order component of the cross-country difference between
the portfolio Euler equations, along with the first-order component of all other
equations. This solution remains partial, as it is conditional on the signal to noise
ratio in agents’ signals. The next step repeats this to one higher order. Specif-
ically, we get the solution for the first-order cross-country difference in portfolio
shares and the second-order solution for all other variables. This is done using
the third-order component of the cross-country difference between the portfolio
Euler equations and the second-order component of all other equations. Again,
the solution is conditional on the signal to noise ratio in agents’ signals.

The final step solves for the signal to noise ratio by combining the third-order
component of the worldwide average of the portfolio Euler equation, which drives
global asset demand (first-order component of average portfolio share) and the
first-order component of the average asset market clearing condition, which gives

the first-order component of relative asset supply.

2 The system of Equations

Denoting logs by lower case letters, the model is summarized by the consumption
rule for young agents, the Tobin’s QQ investment rule, the portfolio Euler equations,
the clearing of Home and Foreign equity markets, the dynamics of capital stocks,

and the process of productivity, for « = H, F":
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where the rates of returns on portfolios and equity are:

erff{i _ ZHj,terH’H—l + (1 _ ZHj7t)€T‘F,t+1_THj,t (9)
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We can compact this system of equations in two ways. First, we can remove
the consumption equations. (1) gives a log-linear solution of consumption of young
agents as a function of wealth:

¢y =In(w/(1+8)+a,+(1—w)ki i=HF (12)

Y

Consumption of young agents does not show up anywhere else in the system, so
we can remove this control variable. Second, we combine (2) and (7) to eliminate

investment %; 4:

1
eki,t+17k’i,t — 1 + E (e%,t _ 1) (13)

This reduces the number of control variables that remain to be solved to six:
Home and foreign portfolio shares, equity prices and next period’s capital stocks.
The system of equations is then summarized by (3)-(6), (8) and (13). Once the
resulting system is solved, we can compute the various order components of in-
vestment directly from (2).

We solve the equations in terms of worldwide averages of the variables and
differences across countries. The variables for Home and Foreign countries can be
expressed as functions of the worldwide average 4 = 0.5 (mH + 2F ) and cross-

country difference 2P = 2 — 2 as follows: 2 = 24 + 0.527, 2" = 24 — 0.52P.

3 Taylor Expansions of Equations Other than

Portfolio Eulers

We need to take cubic Taylor expansions of the portfolio Euler equations (3)-
(4) and quadratic Taylor expansions of all other equations. In this section we
derive quadratic Taylor expansions for all equations other than the portfolio Euler
equations. In the next section we derive cubic expansions of the portfolio Euler

equations.



3.1 Zero-Order Components

All expansions are done around the zero-order components of the variables, which

are obtained by imposing the zero-order component of the equations:

a(0) = a”(0) = ¢*(0) = ¢”(0) = k”(0) = 0 (14)
24(0) =05 (15)
FA0) = Zin(Bu/(1+ B)) (16)
In addition we have
(0 — 1-0+(1—w)(1408)/(Bw) (17)

where r(0) is the zero order component of 711, rri1, as well as the portfolio

p,Hj D, Fj
returns r;; ;7 and ;.

The only variable whose zero-order component cannot
be computed from the zero-order component of the equations is z”. This will be
computed later on from the second-order component of the difference in portfolio
Euler equations. We will start by expanding all equations other than the portfolio

Euler equations, which are more complex.

3.2 Quadratic Taylor Expansions

From here on all variables will be in deviation from their zero-order components.

So for example k;; now stands for the log of the capital stock minus £(0).
Starting with the capital accumulation equations (13), we take the log of both

sides and then a quadratic Taylor expansion of the expression on the right hand

side. This gives
1 1¢£€-1

Kity1 — kiz = EQi,t + 55—2 (q'i,t)2
Taking the average and difference between the Home and Foreign relations we get:
1 1£—-1 2 1 2
A A A A D
kign — ki = g% + 2 & ((qt )+ 1 (a) ) (18)
1 E—1
ki — k7 = E%D + £—QQZ4QtD (19)



Quadratic Taylor expansions of the asset market clearing equations (5)-(6) are

A A ZD(O) D D A
qui + kg1 = (at—l—(l—w)k’t)—l— 5 (at —l—(l—w)kt)—l—Zzt

1— (22 (0))°

+—(Z8 ( )) (a?+(1—w) ktD)z

£220 (aP + (1 - w) kD) = 2 (1)’

2
—zP(0) z,;A (atD + (1 —-w) k;f))

and:

qr¢ +kpip1 = (af + (1 -w) k’tA) -

—2P(0) 2 (af? + (1 —w) k:tD)

Combining these we have

2
a' +ki, = af +(1—w) k! —2(z") (20)

1— (2(0))? 2

+% (a?—l—(l—w)k,f))

—P (0) zf (a? + (1 —w) ktD)
and:

a +kb, = 27(0) (af + (1 —w) k) + 4z

+2f (af + (1 —w) k) (21)

The shock process (8) does not need to be expanded as it is already linear. In
terms of averages and differences it is

A A A . D _ D D
Quy1 = Pay + €41 5 Ay = Pay + €4 (22)

4 Cubic Taylor Expansions of Portfolio Euler Equa-
tions

We now turn to the portfolio Euler conditions (3)-(4). We first write them by

replacing 7411 and g1 by rﬁH +0.5er;.1 and rﬁH —0.5ery, ;1 respectively, where
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eri41 = THi+1 — Tret1 1S the excess return. This gives
0 — E{I,je—’r‘f_"_l] <e7“£4+1+0.5e7‘t+1 _ 67"24+1_0-557”t+1_7'Hj,t>

0 = EF,] Tt+1 (erﬁ1+0-5ert+1*7'Fj,t _67‘?_‘_170.567}4,_1)

We take a cubic approximations of these relations around the zero-order allocation,

where all rates of returns are identical and the friction is zero:

0 = EtH’j (eris1) + Thjt (23)
_%THj,tE erg+1 + E (Tt+1 - Tt+1 ) (erer1 + Tmjt)
+214E 7 (eTtJrl) + ;E 7 (Ttﬂ - Tt+b1[ )2 ETt4+1

0 = B (ery) — Trj (24)
_%TFNE} ’]ertH + EtF’j (Tﬁu — rfj’LFlj> (erts1 — Trjt)
+214E (67’t+1) + ;E 7 <7”t+1 - thi )2 €T41

In computing these relations, we used the fact that 74;; and 7r;; have terms of

order two and above. As we are only interested in terms up to order three, we can
2 3 2 2

drop terms such as (Tgj+)", or (Ta ), or erpiy (THjt)”, Or (€rey1)” Thjs.

7 and 7} +1j as functions of the frictions and the

The last step is to express 7} Jg
rates of return on equity. Since our aim is to obtain a cubic approximation, (23)-
(23) imply that it is sufficient to use a quadratic Taylor expansion for the portfolio
returns. For the Home portfolio return, we take the log of (9) and then obtain a

quadratic expansion of the right-hand side:

1
rff{ﬂ = rtA+1 + (ij (0) - 5) erier — (1= zu; (0) Ty
2 (0) (1 — 24 (0
4 2H) (0)( 5 1; () (erees + Taje)” + zmje (eren + Taje)

The quadratic Taylor expansion of the Foreign investor j’s portfolio return (10) is

1
= i+ <2Fj (0) — 5) ere1 — 2rj (0) Trj
(0) (1 —2p; (0
220 5 2 (0) (eress = Trje)" + zmgs (€ — Trjg)



Focusing on terms up to order two, which we saw is sufficient for the cubic

expansion of the portfolio Euler equations, we get:

1
P = rha (ij (0) — §> eres1 — (1 — 25 (0))Thje
2 (0) (1 — zg; (O
OO O)
p.Fj A 1
ripi = Tea | 205 (0) = 5 | e = 2 (0) Ty
zr; (0) (1 — zp; (O
+ £ (0) 5 r; (0)) (€Tt+1) + ZFji€ri1
Using our results, (23)-(24) become (up to cubic terms):
; 2z;(0) — 1 ;
0 = E"(ery) + Tmj— %Efj (eresr)? (25)

—(2ZH] (O) ]_)TH] tE €rip1 — ZijtEtHJ (GT’t+1)2
1 .
[ o 0) 0 2y 0)] B9 eray

2
+(22p; (0) — 1) TF]tE erp g — sztE (ert+1)2

5= 2 O = 22y )] B e’

0 = E(ery1) —Tpj— E{Y (ersa)’ (26)

Next, we aggregate (25)-(26) across investors in each country:

1
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0
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where Ef er,, | = fo Hj .’ dj is the average expectation of excess return across Home

agents, and Efer;,; = fo Jd] is the average expectation of Foreign agents.
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We will show that the expected value of (ery41)” and (ere.1)” is the same across
all agents to all relevant orders. The portfolio Euler equations, averaged across
agents, are then:

1
0 = Elfer,y +1 - (z (0) — 5 il )> E; (erey1)’
+2refl — (zt + % ) E( ert+1 m(0)Ey (ert+1)3
_ 1 2P(0)
0 = EFe/rtJrl (Z (0 — 5 — z 2( ) Et 67“t+1

1
—2rel’ — (zf‘ — §ztD> E; (eres1)? + m(0)Ey (ergn)’

where we used the fact that the component of 74, that enters THj,tEfI J eryi is
only the second-order component 7, as we focus on terms up to a third-order,
and defined (note that by symmetry fol 2 (0))(1 — zp; (0))dj = fol zri (0))(1 —
zr; (0))dj):
1 1
mO) = g [ a0 =2, 0
1
el = / (0.5 — 251;(0) B eryy 1 dj
0

1
efl = / (0.5 — 2p;(0) E ery 1 dj
0

Taking the average and difference of the relations, we get:

1 TD
(z{1 + 24 (0) — 5) B, (ert+1)2 = Eﬁlert+1 + = 5 + Tet (27)
+m(0)E; (ert+1)3

(zP + 2" (0)) E, (eres1)” = Efferyy — Eferyq 427 +47e  (28)

where E{ilenﬂ =0.5 (EiHertH + EtFertH).

5 Deriving Expression for Excess Return

. . . 2 3
The expansions of the portfolio Euler equations depend on eryy, ery ; and ery ,
for which we need cubic expansions. We need in particular to express these vari-

ables in terms of variables known at time ¢ and future innovations. This will



allow us to compute expectations later on, once we have solved a signal extraction
problem regarding future innovations.

5.1 Cubic Taylor Expansion of Excess Return
We start by taking the log of (11) as
Tigr1 = In [(1 — w) e+ + (1 - 5)} + Git+1 — Qg

where ! 41 = Qi1 — wWhiry1 — ¢igr1. A cubic expansion of this relation implies:

i 1 N i \3
Tit+1 = Qit+1 — it + 51$t+1 + 552 ($t+1) + 653 ($t+1)
where 7;,11 is in deviation from r (0) and:

s (1-w+p)
Qw1+ B) (1 6)bw
5y = 61— (61)°

03 = 02 — 20109

Combining the cubic approximation for rg ;i and rp:y1 we write the cubic
approximation of the excess return as:

1 3 1 2
erit1 = qﬁrl q’ + 51$t+1 + 52$t+1$t+1 + 03 24 ("Et+1) + 92 ($24+1) xgrl
= (1=0)g — ¢ + 01 (a2, —wkiy)

+09 (afﬂ - Wkﬁn - C]ﬁu) (CLBA - Wkg-l - QtD+1) (29)
53 3 53
+24 (at+1 Wkt+1 qu—l) +5 5 (at+1 Wkt+1 qﬁu) (at+1 C‘fkt+1 qﬁ-l)

. . . . 2 3 .
Using this, cubic expressions for ery ; and ery,, are:

2
@Tt2+1 = [(1 - 51)%{11 - th + 01 (atD-i-l - Wklg-l)}
(1_51)QtD1_QtD A A A D D D
+26 + al, —wki, — a, — wki, —
2 6, (aﬂl Wkt+1) ( t+1 t+1 Qt+1) ( t+1 t+1 Qt+1)
3
6r?+1 = [(1 - ‘51)‘1731 — ¢/ + 6 (at+1 - Wk’tal)}



5.2 Asset Price Conjectures

These cubic Taylor expansions for the excess return depend on future asset price
innovations. We need to make a conjecture for the asset prices as a function of
the state variables, so that we can split up qgrl and Q£+1 into components that are

known at time ¢ and future innovations. Our conjectures are

th = anSt + CY57tht + S;AqDSt + 6qDStht + y’qD (ht)2 + cubicD(St, ht)(30)
6 = 0gaSi+ asgahs+ S{AAS, + BuaSih + s () (31)

where S; = (aP,a, kP, k)" is the vector or observed state variables, and h; =
efq + AP /7 is the combination of unobserved state variables (future payoff inno-
vation and current noise shock). A is a zero-order term that needs to be solved.
We refer to it as the noise to signal ratio in the public signal.

agp = (14D, M40, O3 gD, 4 gD)s Cga = (1 44, A2 A, A3 44, Qg q4) are vectors
of coefficients and A,p, A,4 are symmetric 4 by 4 matrices. 3,p = (81 4p, B2.40: B340 Bagpn)
and B4 = (8144, B294, B394, Baga)-

cubicp(S, hy) stands for all 35 cubic terms in the elements of S; and h; in the
relative asset price. We only need to allow for cubic terms in the expression for ¢”
as it affects the excess return ery; linearly. By contrast, the average asset price ¢;'
only enters the excess return interacted with other variables, making a quadratic
conjecture sufficient to obtain a cubic expression for er; ;. As we will see, it is not
essential for the solution to explicitly write out the sum of all the 35 cubic terms
in cubicp (S, ht).

It is useful to write down the resulting expressions for Q£r1 and q;il that enter
in the expression for er;y;. Define Siy1 = (pal,pai, kP, k). This is the
component of S;,; that is known at time ¢. We then have

€1
— E:A
Siy1 = Sey1 + o (32)
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Using this, (30) at time ¢ + 1 is:

D Q D A
i1 = QqDSi+1 + Q1gpEy + QagpEriy + A5 gDl

+8; 14D St + 2( el ety 00 >AqD§t+1

2 2
+Agn (604) + 241200881501 + Az gp (141) (33)
+B,0S 1141 + (Brgpetin + Bogpeisn) hevr + tgp (hesr)’

. D _A 1.D A D A
+cubicp(ay, a;, ki, kiyr sty €601, €ipn)

where o ,p 0s the ith element of the vector ayp, and A;;,p is the element on the
ith row and jth column of A,p (Ai24p = A214p by symmetry). All we need to

know about the cubic terms in the last row is that they can be written as terms

i oD A 1D LA D _A - :
that are cubic in a;”, af*, ki1, k{11, hit1, €71, €141, With the last three variables

unknown at time ¢.

Similarly, we write (31) at time ¢t + 1 as:

qﬁl = an§t+1 + OéquA6g_1 + 0427(],46;:_1
+S1AnSia+2 (P eha 00 ) AgaSin (34)
2 2
+A117q,4 (62,_1) + 2A127qA624+183_1 + A227q,4 (524+1)

O 2
+ByaSes 1t + (Brgaiin + Bogacivt) hest + tga (hes1)

5.3 Cubic Excess Return Expressions in Knowns and Un-
Knowns
We now use our conjectures on the asset price to write a cubic expression for
the excess return. It follows from (29) that a cubic expression for er;;; requires a
quadratic expression for a;}; —wk;}; —¢i:; and cubic expressions for a)’, ; —wkf, —
D D D D D
Gyr and (1 —01)qiy; — @ + 61 (at+1 - Wkt+1)'

. . A A A s
A quadratic expression for a;}, — wk/ | — ¢/}, is
A A A
iy — Whity = G
a A D
= (l2—wly—aga) Sty + (1 — g ga) €14y — 1 gagiy
Q1 Q D A qQ

2 2
a +A11,44 (5tD+1) + 2A12,qA5tA+15tD+1 + Az ga (524+1)
+ByaSti1his + (Brgagtin + Bogaciia) hesr + piga (hesr)’

11



where [; is a 1x4 vector of zeros except for the ith element equal to one.
. . D D D .
A cubic expression for a;}, —wk;} | — ;1 is
D D D
a1 —whiin — ap
G D A
= (Il — wlg — OéqD) St+1 + (1 — anD) 6t+1 — ozqupgtﬂ — a57tht+1
- _ b ) _
Siy1AqpSe1 +2 ( €rr1 €t 00 )AqDStH
D \?2 A D A )2
+A11,40 (5t+1) + 2A12,4p€ 1418141 + A224D (€t+1)
+B,0Sts1hes1 + (Brgpetis + Bagpeiia) husr + tgp (hett)
; D A 1.D LA D A
+cubicp(ay, ai', ki, Ky hegr, €04 €i11)

Finally, a cubic expression for (1 —d1)¢", — ¢ + 61 (aly — wkf,,) is

(1- 51)%31 —q + & (a’grl - Wkgrl)
= [(1 —=61)ayp + 61 (I} — wl3)] Sii1 — agp Sk
+[(1 = 61)argp +d1) el + (1 — 01)aogpeis
+asqp [(1 = 01)hiyr — Ryl
Si41AqDSk1 + 2( el ety 00 >AqDSt+1
+(1—6y) +Aigp (EtDH)Q + 2419 gpefy €l + Az gp (524+1)2

+B,pStr1hest + (Brepetin + Bagpeiv) Perr + tgp (hes1)
. D A 1.D A D A
+cubicp a; , a; ,kt+1,kt+17ht+17€t+175t+1)

(
— [S1AupS: + BypSihe + pyp (he)® + cubicp(Si, hy)]
It is useful to distinguish between linear and quadratic terms in er,,; that are

known at time ¢, denoted by [lin; and quad;. Substituting the results above into

(29), the cubic expression for er; ; is

eriyy = ling + quad; + Mer,15£r1 + Mer,25tA+1 + Hepzhis
+/“(’e7‘,4(€£r1)2 + Mer,5<5tA+1)2 + Her,ﬁgtDﬂgiAﬂ (35)
HhleraEi i1 + HepsSia b + (1= 01)pgpht.y
eubice (Sp, kL1, ki ys hey Bus, €01, €1

where:

lint = [(1 — (51>an + 51 (Il — wlg)] gt—i—l — anSt — a5,tht
quadt = (1 — 61)S£+1Aqut+1 — [S;AqDSt + ﬁqDSf,ht + :qu (ht)2:|
_|_525'£+1 ([1 —wls — an)/ (I2 —wly — an) 5’H—l

12



and (Ayprow i is Tow @ of A p):

:uer,l

:uer,2 -

/'Ler,3 -

Hera =
Hers =
Herp =
:Uer,'T -

Ner,S =

(1 —d01)ar,gp + 01+ 2(1 — 81) Agprow 15141

+02 [(1 = a1gp) (I — wly — a1ga) — 0194 (11 — w3z — agp)] Sisa
(1 —61)aaep +2(1 — 61)Agprow 2541

03 [vggp (Iy — wly — aga) — (1 — agga) (I — wlz — ayp)] Sena
asgp(l—d1) + (1 - 51)5qut+1

—8aa5 40 (Ig — wls — vga) Siia

(1 =061)A114p — 020144 (1 — a1 4p)

(1 - 51)A22,qD - 52042,qD (1 - a2,qA)

2(1 = 01)A124p + 02 (1 — a14p) (1 — Q244) + Q2 4pQ1ga)

(1 =101)B14p + 0201 ga5 4D

(1=101)Bgp — 02(1 — azga)asep

: 2 3 .
The expressions for ery,; and er;,; are then:

2
6Tt+1

3
€741

Here cubice,o(.) refers to terms of er?,; that are cubic in the state variables and
innovations. Similarly cubic,,3(.) refers to terms of er} ; that are cubic in the state
variables and innovations. It corresponds to the cubic product of the linear terms

in erpyq in (35): cubices(.) = (ling + fiep 18001 + fero€ivs + Mershis1)

= (lin)* + 2lin, [Mer,lgtl—)l—l + Mer,Qgﬁl—l + Mer,3ht+1]
+ (Mer,1)2 (5£r1)2 + (Mer,2)2 (524+1)2 + 2Mer,1ﬂer,2524+15£r1
 (tters)” (h1) + 2fteps [Hera€lahest + HeroSishes]
Fcubicera(Sp, kg, kivys hey Bus1, €21, E51)

- D LA D _A
= cubice3(S;, kiiqs ks by hegr, €044, 5t+1)

3

6 Signal extraction

6.1 General formula

Investor combine three sources of information on the future payoff innovations
€mt+1 and €pyyq. The first is their unconditional distribution, with each having a

mean zero and a variance o2. The second is the private signals, which for a Home

13



investor are:

H.H H,H . HF H,
il = E€Hp+1 T € ; Vi¢ = EFi41 T €4

F
(%

The signals for a Foreign investor are:

FH _ F.H ) FF _ FF
Vii T EHp+1 T € ; Uiy = ERt41 T €6
The variance of signal errors are 0%, ;; for signals on the domestic innovation, and
0% p > 04y for innovations in the other country.
The final source of information stems from the asset price difference, more

specifically:
D

hjt = 5t[—)i-1 + )\TTt (38)

where ) is the noise to signal ratio, and the noise 7 /7 is mean zero and variance
4002.

a

Jit gt 0
. . . / . ; .
linked to the innovation vector &, 1 = |ep 411, €rs41| through a matrix X% with

/
. . . " H H.H H.F ..
A Home investor j has a vector of signals Y;" = ‘ht, v v, 0,0 . This is

) i H . i H " H . .
shocks v?H: Y% = X3H¢,  + vl The shocks v]" have a diagonal variance

matrix R¥. The expectation and variance of &, are then:

-1

B = (0 ()7 (0
() = (00 e o)

The formula is similar for a Foreign investor.

(0 ()

6.2 Home investor

The specific matrices for the Home investor j are:

1 -1 4)%002

1 0 a%—’H
XM =10 1 ; diag (R77) = | o},

1 0 o?

0 1 o?
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The inferences for the Home investor are then:

HF
EZ‘,H&H _ EH hht + aaH vHth + aaH qugltF (39)
sF hht + O%F vijt + asF RVt
2 | o+ 7+ 1 =5
o, 4,\29 o2 4229
Vi (§1) = v - 1 0% 11 (40)
4220 T % +
where:
2 2 1 2 2
v () (E )k (F 2
On.u OH.F AN0 \ oy p On.u
; 1 o2 1
]7H — . a 1
aaH,h 1% (0.12[[7}7 + ) 4)\29
; 1 o2 1 o2
])H a a
— +1
eHvH |74 (0%{7F + 4)\29) J%LH
O‘jllj F = l 12 03
v VAN 0 0
1 o2 1
JaH a
al = —— 4
Fh % (a%ﬂ ) 4)%0
3. H _ i 1 a2
=ttt VAN ot
~ 1 ( o2 1 o2
J.H _ = a 1 a
%eror = Y (fﬁw T 4A29) Tr
6.3 Foreign investor
The specific matrices for the Foreign investor j are:
1 -1 4X%002
1 0 O'%LF
X =10 1 : diag (R*") = O
1 0 o?
0 1 o?
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The inferences for the Foreign investor are then:

F,F
g, F _ aH hhiL + asH vHth + asH wFUjt
B e = | Ca i (41)
th ¢+ aaFvHU]t + aaF'uFU]t
1
2| 5 1
Vi (g ) . & 4>\29 + U%I,F + 4)2%9 (42)
t \St+1 - Vv 1 1 + ol +1
42%9 a0 ' o}y
where V is as before and:
J. F _ . aH
gp = —Qpy
Ozj’F _ Ozj H
eHvH eFuF
JF il
eHvF eFvH
JE J.H
pp = —Qpy
aJ}F _ Ozj’H
eFlvH eHuF
aj’F _ aﬂ H
eFvF eHvH

6.4 Orders of coefficients

The coefficients in (39)-(40) are functions of o2 and thus include various orders.
The orders of a coefficient a are computed by taking a Taylor expansion with

respect to o, around o, = 0:

| N Do N 1 %«
=al _,+ — Ou+ - ——
7a=0 80@ q,=0 2 (8Ja)2

2
04q=0 3 (aa(l)B

0q,=0

where the terms on the right-hand side are the zero-, first-, second- and third-order
components of the coefficient.

The only term in the variance (40) that is non-zero is the second-order term:

1+ 4)\%0 1
1 1+ 4)\%0

1

Vi Gl @ = 55

Oq
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The coefficients on the private signals in (39) only has second-order terms:

G H ]
O ol
GH ]
asH,vF
JH ]
aaF,vH

LH ]
OéEFﬂ)F

14+4X%0 o2

2 (1+2)%0) 0%y
1 o2

2 (14 2X%0) 0% p
1 03

2 (142X%0) oy
144X o2

a

2 (1+2X%0) 0%

The coefficients on the signal h; in (39) have zero- and second-order terms:

iH _ [ aH _ 1
[aaH,h_ 0) = [O‘aF,h] (0) = (1 n 2/\29)
AR = U i

T 4(1+2)\6’) ohHOH p
o) @ = (L4 43°0) () = Tl

( + 2)\29) UHHO'HF

The signal h; only has a first-order component, 2, + Ai, while the private

signals have zero- and first-order components, the later being identical across in-

vestors:

H.H H.H HF HF H.H HF

Vst 0) = €t ) Usit (O>—€j,t ; Ust (1) =emin ; Vst (1) = eren
ve 0 = g 5wl =g 5 gl W= 5 v (1) = enm

6.5 Expected innovations

Using our results on the orders of coefficients and signals, we compute the various

orders of the expected innovations across agents. The zero-order terms are all zero:

B e | (0) = B epin] (0) = [ B emun | 0) =[BT epia| (0) =0

Agents all have the same first-order expectations:

.,
2 (1+22%)

. 1
[Eng€F7t+l] (1) = —mht

B e | () = B e ] (1) =
[Eg’Hé?F,tH] (1)
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The expected average and cross-country difference of innovations are then:
[EMed | ) =[BT () =0

[E?Hggrl} (1) = [Enggfil] (1) = !

—
1+2)2%0 "

The second-order expectations differ only through the private signals:

_ i GH’H €H7F ] O'2

i 2) = [(1+4)%0) Z— + 2 ;
[ i CHt+1 (2) _( ) U%I,H U%LF_ 2 (1 + 2)\29)

_ [ EH’H €H7F ] o2

Efepn] () = |9 4 (14 4x2g) S :
[ i ER (2) _U%{,H ( ) g%LF_ 2 (1 + 2/\20)

_ i GF’H GE’F ] o2

i, 2) = [(1+4)%) 2 4 21 ;
[ i EHt+] (2) _( ) U?{,F g%,H_ 2 (1 + 2/\20)

i I eE’H GE’F ] o2

EiFepin] @) = |20 4 (1+4)%) 3 :
[ i ERt| (2) _U%{,F ( ) g%,’H_ 2 (1 + 2/\20)

As private signals average to zero across investors in a given country, all country-
wide averages of second-order components are zero.

Finally, the third-order expectations are common to all investors in a given
country, but differ across countries:

. 1 o2 1 4 4)2%0) o2 c c ] o2
[EgvHeH,tH (3) = 2HH ( - ) Ly + (14 40%0) 250 4 5 o
. (L+2X%0) 0% 0% » O OuF | 2 (1+2X1%0)
: 1 1 +4X%0) 0%, ,, — o2 € € ] 2
[E,?’HsF,tH (3) _ ( )2 H.H Hth Ht+1 X (1 4 4)\20) F2,t+1 o i
] | 2(1+20°0) 0%y oy g O ohr | 2(1+2270)
, 1 1+ 4/\26) 0% . — 02 o34 ep ] o2
FiE - 3) — ( H,H HFh 4 (1 4 4)20) SHtrL | SRt a
[ e (3) | 2(14+2X%0) oy yo g e+ ) o Ohw | 2(1+2X3%)
. - [ 02 — (1 4+ 4)%0) o2 € € o?
[Eg’FgF,tJrl 3) = A ()\20 ) 2Hth + h;’tﬂ + (1 +4X%0) FQ’tH = 25
- 2 (1+2X%0) 0% goiy p OHF ohu | 2 (1+2X%)
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The expected average and cross-country difference of innovations are then:

[Ej,HgA ] 3) = SHut1 | ERul ) O~ OhF 1 t 0_2
P \obn o ooty 2(1+2)0) ] 2
) r 2 2 1 2
; EHt+1l  EFttl O — OHF 1 o
BNl (3) = | : hy| =2
BAEID \ T TP ) T i, 20200 | 2
piH D ] 3) = EHt+1  EFRp+1 | U%{,H‘i‘U%{,F 1 b 2220 9
oot a 2 2 2 0% e 2(1122%0) | 112227
|\ 9uH OHF OHHOHF ( + ) |1+
EIFD 1 (3) — EHt+1  EFt+1 Ot T O 1 b 2220,
Ve B) = 2 %) ohaohe 2(1+20%0) | 1+ 2%
\ 9u,F On.u Oqu%mur ( + ) ] +

6.6 Expected cross-product of innovations

To compute the expectation fo cross-products of innovations, recall that:
E (a:2) = (Eaz:)2 +wvar (z) 5  E(zy)=cov(z,y)+ (Ex)(Ey)

We therefore write:

. T i y 12
|:Eg7H (€H7t+1)2 — EivH (EH,t—i‘l) + |:‘/t (£t+1)171:|
. T M y 2
[E,{’H (8F’t+1)2 = Eg’H (6F,t+1)] + [VZ (5t+1)2,2}
[Eg’HﬁH,tHﬁF,tH = | B () [EgH (gF’tH)] + [V% (€t+1)1’2]

We focus on the second- and third-order terms of these cross-product.
The second-order terms involve squares of first-order terms and the second-

order term of the variance:

(7 ] @) = [[E 2] O] + Vi (€n)] @
1 1+4X%0

= - h 2_|_—
4(1+2)%)° " 5 T axeg)

B ] @ = [[Eern] 0] + [V (E),,] @
= B enen)’] @
[Ef’H€H7t+1€F,t+1] (2) = :Eg’H€H,t+1] (1) [Ef’HEF,tH] (1) + [Vt (&%1)1,2} (2)
1 1 )

- - = (W) —
1(1 +2)\29)2( V)
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As the first-order expected innovations and the second-order variance are the same

for all investors, the second-order components of cross-products are the same for

all investors. The expectations

difference in innovations are:
FIH (A 2

t (5t+1)
Ej’H D \2]

t (5t+1)

iH A D ]
[Et €t11€t41

of cross-products of average and cross-country

4)%0
1+ 2)%0

1
(1+22%0)"
0

2
Oq

h)® +

Turning to the third-order component of cross-products, we write for a Home

investor (recall that V; (§,,) has

[EZH (5H,t+1)2} (3) 2

[EtJH (5F,t+1)2} (3) 2

[Eg’HEH,tHEF,tH} (3)

no third-order terms):

B e | () B eni| @)

(1 +42%) i, Gt %y,
U%{,H J%{,F 2(1—|—2/\20)2

B erin | (1) | EPepen] )
[ H.H

7t
g %{H ]

(—:H’F
+ (1 +4)%0) O_Jj
H,F

2

Oq

h
2(1+22%0)°

Etj’H€H,t+1] (1) [E?HEF,HI} (2)

+ Eg’HgH,z%l} (2) [E?HEF,HI] (1)
= — ¢
_U%{,F U%{,H (1 + 2)\29)2
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Similarly for a Foreign investor:

B )’ 3) = 2|B e | (U [BF enen] @

GF’H GE’F o?
= |(1+42%) 2 + 2 ol
Owur Oun 2(1+2/\2€)
(B eren] ) = 2 [BF enun] () [EFenea] @)
[ H ehf o?
= — |3+ (1+4X0) 5 e
ohp OH.H 2(1+2/\ 9)
[Eg7F€H,t+15F,t+1} (3) = [E?FEH’”J (1) [Et] gFtH] 2)
+ Eg’FgH,tJrl] (2) [ Ef 5Ft+1] (1)
ST N0o?

2 2
Owmug 9ur

(1+22%)°

As the idiosyincratic component of signals averages to zero at the country level,
all third-order components of the expectations of cross-products of innovations are

zero when expressed as COllIltI'y averages.

6.7 Expected cubic-product of innovations

Turning to the expectations of cubic products, recall that:

E(z%) = (Ez)® + 3 (Ex)var (z)
E (ny) = 2cov(x,y) Ex + EyE (fL‘2)
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We therefore write the following expectations which are the same for all investors:

[EgH (5H,t+1)3] (3)

B (o)’ 3)

[EtJH (crer1)’ empst| (3)

B e (era)’] (3)

[ Bl €Ht+1} 1) + [ E} €H,t+1] (1) [V} (€t+1)1,1] (2)

14+4X%0
2 (1 + 2)20) oy 21 Za
1+2/\ 1+2>\9) 2 (14 21°0)

[ Z 5Ft+1} (1) 3+3[ tj 5F,t+1} (1) [V} <§t+1)272} (2)

— t’ 5Ht+1

}
] @

2

L—

V)] @) B o] (1)
+ | Bierin| 1) |BY Enen)?] )
r 13

1 1 1—4)%0
2 (1+27%) ht_ o) 212
2 [V}, (§t+1)1,2] (2) :Eg’Hé“F,tﬂ} (1)
+ [E‘Z’HsH,m} (1) [[Etj,Hf‘:F,t-&-l} (1)}2

— [EZH (5H,t+1)25F,t+1} (3)

7 Expected Returns

7.1 Linear terms

It will be useful to compute the various order components of the average expec-

tation of the excess return in (35). We consider the first, second and third order

components. These expectations enter the portfolio Euler equations. We compute

the orders for the average expectations across Home and Foreign investors, the

average across all investors worldwide, and the cross-country difference between

Home and Foreign investors. The analysis is undertaken taking account of the fact

that the coefficients in (35) themselves have different orders.

Forwarding (38) by one period, h;, 1 only has first order terms, namely 52{12 and

TtDH /7. Notice that at time ¢ agents have no information on these terms, except
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for the unconditional distribution. In addition, shocks are iid. Therefore:

Ehiyn = 0
Etglérlhﬂrl = Et524+1Etht+1 =0

By (his1)® = Var (hepr) =202 + 402002 = 2 (1 4 2X%0) o2
The first-order component of the average expectation of (35) is:

[Effer] (1) = [Eferya] (1) = [Eleryq] (1)

1
= ling (1 0)——h
Znt( )+H’er,1( >1+2)\20 t

The second-order component of the average expectation of (35) is:

[Effer 1] (2) = [Eferya] (2) = [Eferyq] (2) (43)
: 1 2
=1 2 d; (2 1) ——=h 0) —= (h
Znt()+quat<)+ﬂer,1()1+2)\29 t+/1ler,4<)(1+2)\29)2( t)
4X%0 1
+ /’l’e'r,4 (0) m + /“Ler,5 (O) 5 + (1 — 51)/“LqD (O) 2 (1 + 2)\29) O'z

where we used that expected cross-products of innovations are the same for all
investors.
The third-order component of the expectation of (35) is:

[Effery1] (3) = ling (3) + quad; (3)
+:uer,1 (O) (sHthrl €F,t+1) . U%—],H + O-%{,F 1 2>\29 2

h o
ohy  Ohr oy nohr 2 (1+2)X%0) "l 1+2)%
i 2 2 T 9
EHi+1 . EFtt1 Onna — OHF 1 o
+ O ) + ) + ) 5 h _(1
ferz (0) _( J%{’H O%{,F> O’%{’HU%E 2 (1+2)\29) t_ 2
1
+ 2) ————h +(1—96 1)2(1 4 2)%6)0
:uer,l( )1+2>\29 t ( 1)MqD( ) ( )aa
1 9 4N*0 1
+ er 1 5 N2 h + er 1 —+ er 1 a O-Z
et O G O [t (07 s 0

+[EE cubice,(.)](3)
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The corresponding expression for the Foreign country is:

[Eferii1] (3) = ling (3) + quad, (3)

[ 2 2 1 2
EHt+1  EFt+1 O+ O0HF 1 22°0
+y’er,1 (0) 2t+ - 2t+ - 2 2 2 ht 2 O-Z
Owr  Ohm ok nohr 2(1+2X%0) 14+2X°0
[ 2 2 T 2
EHt+1 | EFt+l Oun — OHF 1 o
+ 0 5 3 _ 5 ) h _a
Herz (0) < J%{’F O’%iH ) U%7HU%{’F 2 (1 + 2)\29) t_ 2
+ 2) ————h;+(1—§ 1)2(1 4 2)%0)0?
Mer,l( )1+2)\29 t ( l)lqu( ) ( )
1 5 40%0 1]
+ er 1 h + er, 1 + er 1) 04
“’4()(1+2A29)2(t) {“ 2 oy T Hens (D3
+[EF cubice,(.)](3)
The average across the Home and Foreign countries is:
[Eleri1] (3) = ling (3) + quad, (3)
2 2 2
OuntO0ur 1 A°0
+Mer,1 (O> 9 9 gtD+1 - 2 t 2 0-3
Oy HOHF 14+ 2X70 14 2X70
2 2 2
Onu T OHFo, 4
o) H:AH - “HFZa
+ILL6T,2 ( ) U%—LHO'%-[’F 2 8t—&—l
1
+ 2) ————h; +(1—9§ 1)2(1 4+ 2)%0)0?
:uer,l( >1+2)\20 t ( l)lqu( ) ( )
1 5 4)%0 1]
_I_ er, 1 PN h + er, 1 T Aa2n _I_ er. 1 a 0-0,
M’4()(1+2>\20)2(t> [“ + () o T Hens (D3
+[Ecubice,(.))(3)
The difference across countries is:
[Eeri1] (3) — [Ef eria] (3)
2 2 2
Oun — OHF 2\70
- 9 9 2:uer,1 (0) 2 0-(218;54+1
O HOHF 14 2X70
2 2 2
O~ Our D 1 o;
e 0) g — ——=M| =
U%LHO']QL[,F :uer,2 ( ) t+1 1 + 2)\29 t 9

+[EE cubice,()](3) — [Ef cubice, ()] (3)

The last term, [Ef cubice,(.)](3) — [EF cubice.(.)](3), is equal to zero. This re-

quires some explanation. It involves expectations of cubic products that we do not
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actually spell out. These products entail variables known at time ¢, about which
investors obviously agree, and innovations. There are three types of terms involv-
ing innovations: cubic products of innovations (such as (e H7t+1)2 Ept+1), quadratic
products of innovations times variables known at time ¢ (such as ey y16p4415%),
and quadratic products of variables known at time ¢ times innovations (such as
em1+15;5:). We argue that the investors agree on all three terms.

The third-order component of the expected cubic products of innovations are
the same for all investors (see Section 6.7). Next consider the quadratic products
of innovations times variables known at time ¢. The third-order component of
these terms depend on the second-order component of the expected cross-products
of innovations. These are also the same for all investors (see section 6.6). Finally,
consider quadratic products of variables known at time ¢ times innovations. Their
third-order components entail the first-order component of the expected innova-
tions. As shown in section 6.5, these are also the same for all investors.

We therefore conclude that [E cubice,(.)](3) — [EF cubic,,(.)](3) = 0, so that

[Efertﬂ] (3) — [EtFertJrl] (3)

P 9220
= - H72H 2 it Qluer,l (0) 2 0—381154-1—1
Ot uOHF 14+ 2)°0
2 2 2
OuH — OHF D 1 o,
s 0 |L, — —— Za 44
0121[7HO—%{,F :uer,2 ( ) t+1 1 + 2)\29 t 9 ( )

7.2 Quadratic and cubic terms

We now compute the various components of the terms in (36). The second-order

terms are the same for all investors:

1

[Brer?1] (2) = (ling (1))° + 2, (0) ling (1) by + (prer (0))°

1
1+ 2)2%0

4)%0 51

| (s 0) 15375+ (2 00) 5+ (pera (0))°2 (14+2X°0) |

The third-order component of Eiery,; is also the same for all investors. It
is a bit easier to compute after deriving some of the results from imposing the
equations at various orders. We derive an expressions for [Eiery ,](3) in Section
8.3.3. [Eter},](3) is also the same across all investors and is equal to zero. We

show this in section 8.4.1. It follows directly from the fact that the expected excess
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return is zero to the first-order, which follows from imposing the portfolio Euler

equation to the first-order for individual investors.

8 Imposing orders

8.1 General approach

We now turn to the last overall step towards the solution, which involves imposing
the equations to various orders. This will deliver a solution of the control variables
as a function of the state variables to various orders.

Following the method developed by Devereux and Sutherland (2010) and Tille
and van Wincoop (2010), we do so in two steps. We first combine the second-
order component of the difference in portfolio Euler equations (eqn. (28)) and the
first-order components of all "other" equations. The "other" equations are the
average and the difference of the capital accumulation equations ((18) and (19)),
the average and the difference of the market clearing equations ((20) and (21)) and
the average portfolio Euler equation (27). Doing so delivers ¢/ (1), ¢/*(1), k2 (1),
k2 1(1), (1) and 2P(0) as a function of the state variables. We refer to the first
5 of these variables, for which we solve the first-order components, as the "other"
variables.

Step 2 is the same but one order higher. We impose the third-order compo-
nent of the difference in portfolio Euler equations (eqn.(28)) and the second-order
components of all other equations. Doing so delivers ¢ (2), ¢;*(2), k5.1(2), k{11(2),
z(2) and 2P(1) as a function of the state variables.

One final step is needed that does not arise in models without information
heterogeneity. The solution is conditional on the signal to noise ratio A in (38).
We solve for A by equating the first-order component of equity demand to the first-
order component of equity supply. The former, /(1) from a demand perspective,
follows from imposing the third-order component of the average portfolio Euler
equation (27), while the latter follows from the first-order component of the average
market clearing condition (20).

Each of the three steps is detailed in this section.
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8.2 First Step: First-Order Solution

We start with the first-order component of the "other" variables and the zero-order

component of the cross-country difference in portfolio shares.

8.2.1 "Other" equations

We start with the worldwide average of the "other" variables and equations. The
first-order components of the average capital accumulation (18) and the average

asset market clearing equation (20) imply:

Ay = S aa(q) = 8 g
g (1) = 1+€at (1) 1+§kt (1)

which immediately gives the zero-order coefficents in (31):

an(O):ng[o 10 —w]:li%(fz—m) (46)

and as 44 (0) = 0. The average capital accumulation equation (18) in turns implies:

1 1+€&—w
k;_l'_l (1) = QA (O)St: |: I + é

14} S (1) (47)

The first-order components of the difference in capital accumulation (19) and
the difference in asset market clearing equations (21) give the solution for k7, (1)

and 2z (1) as functions of ¢ (1):

ktDH (1) = {%qul) (0) + 13] Sy (1) + %045,qD (0) hy (48)
#0) = 5 [%aq[) (0) + Is — 2 (0) (I + (1 — w) )| S, (1)
+14——Z§Oé57qp (0) ht (49)

We finally need to solve for o,p(0) and a5 ,p(0) in the first-order component
of the difference in asset prices: ¢”(1) = a,p(0)S:(1) + a5,4p(0)h,.. We do so by
imposing the the first-order component of the average portfolio Euler equation
(27). This implies that the first-order expected excess return, which is the same

for all agents (as shown in section 7.1), is zero:

1

— - _h 50
14+2)2%0 " (50)

0= [Eferia] (1) = ling (1) + fte,,; (0)
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where, using our results from section 5.3:

fery (0) = (1 —01)a14p (0) + 61
ling (1) = [(1=061)agp (0) + 61 (It — wl3)] Spy1 (1) = agp (0) Si (1) — as.4p (0)

The first-order component of S;; in (32) are:

Sis1(1) = N1 (0) Sy (1) 4+ N3 (0) he

where:
p 0 0 !
0 p 0 0
N1 (0) =
1 ( ) %al 4D (0) %042,qD (0) %ag’q[) (O) +1 %054,(1D (O)
1 0 1+€—w
e 1+€
0
0
N3 (0) =
ga5,qD (O)
0

We then write:

ting (1) = [[(1 = d1)agp (0) + 01 (11 — wl3)] N1 (0) — agp (0)] S; (1)

+ {(1 ;51)043@ (0) — ch51 _ 1} as.qp (0) hy

T S I
azqp (0) [[(1 —01)p — 1] + asep (0) 1}61 - 51%} + 11;551 aqp (0)

- Si (1)
OéquD (0) [%Oég’ql) (0) — 51&%} — w51
[0 (0) 152+ (1= 81) 555 — 1= 812 o (0)
1-0 wd
+ P Y g0 (0) — 22 1} 5,40 (0) hy
§ §
We now use the method of undetermined coefficients in (50). The coefficients on

k(1) imply oy 4p (0) = 0, and the coefficient on a;* (1) in turns implies ag ,p (0) =

0.
From (48) the coefficient on k(1) in the solution for kZ,(1) is equal to
a3 ,p(0) = a3,p(0)/€ + 1, so that as,p (0) = &[askp (0) —1]. Using this, and
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setting the coefficient on kP (1) in (50) equal to zero, gives the following quadratic
polynomial in asp (0):
0 = Pol (a3,kD (0))
= (1=81)¢&lasen (0) = 1" = 61 (€ +w) [azp (0) = 1] — wdy
The polynomial is positive for a3 xp (0) being minus or plus infinity, positive
for asxp (0) = 0, and negative for agip (0) = 1. There is thus an explosive root

above one, and a stable one between zero and one which we consider. This implies

asqp (0) < 0. Specifically:

51 (€ +w) — [(61)2 (€ +w)? + 46, (1 - 61) éw]””

pu— ].
The coefficient on a” (1) implies:
)
a1,4p (0) 12 >0 (52)

T 1 (1-00)p+ [whi — (1— dr)agyn (0)] 1
The coefficient on h; gives the solution for as,p (0), which is conditional on

the noise to signal ratio A that we have yet to solve for:

_ (1 — 51)a1,qD (0) + (51 1
1+ [(,U(Sl — (1 — 61)043,qD (O)] % 1+ 2/\2Q

as,4p (0) >0 (53)

This completes the solution of ¢” (1), ¢;*(1), k2 (1), k11 (1), 2*(1) as a function
of S;(1) and h;. Note that the solution for a;,p (0) is conditional on A, which will
be solved later. Also, the solution for 271(1) is conditional on 22 (0), which we now

solve.

8.2.2 Difference in portfolio Euler condition

We solve for z”(0) by imposing the second-order component of the difference in
portfolio Euler equations (28), using the results from the first-order solution above.

The second order component of (28) is written as:
2P (0) [Erer}y] (2) = [Efferva] (2) — [Ef eria] (2) + 27

(43) shows that the second-order component of the expected excess return is
the same for all agents, so we get: [Effery1] (2) — [Eferyiq] (2) = 0. Therefore
27
[Ererf.] (2)

29

2P (0) =



[Ever? ;] (2) is taken from (45). Using our results from section 5.3 and 8.2.1,

we write:

frer1 (0) = (1 —061)a14p (0) + 61
fer2 (0) = (1 —01)az,p(0)=0
fer3 (0) = (1 —d1)asep (0)

Using these results, along with lin, (1) = —p,,.; (0) (1 + 2)\26’)71 h from (50), (45)

then becomes:

[EteTfH] (2)

— | (tr (0)) % + (10 (0)) % + (p1ers (0)72 (1 + 2A29)] o2 (54)
C2[(1=8)ar () 5. |, (1-6) i
N 1 + 2)\29 2 9 + (1 + [W61 — (1 — 51)043,qD (O)] %) %a

At this stage we have solved for the first-order components of all "other" vari-
ables and the zero-order component of the cross country difference in the portfolio
shares, 2 (0). The solution conditional, as as,p (0) depends on A\. We next turn
to the second step of the solution, which parallels the first step but one order
higher.

8.3 Second-Order Solution

We now solve for the second-order component of the "other" variables and the

first-order component of the cross-country difference in portfolio shares.

8.3.1 Worldwide Average Variables

We start by computing the worldwide average variables k7. ;(2), ¢;/*(2) and z(2).
These are solved using the second-order component of the average capital accu-
mulation equation (18), the average asset market clearing condition (20) and the
difference in asset market clearing conditions (21).

The second-order component of the average capital accumulation equation (18)
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1s:

1 -1
@) = K@+ @)+
E—1

+4—€2a5,qD (0) Q4D (O) St (1) ht +

S (L) NS (1) (55)

-1
8¢?

(5,40 (0))° (he)*

where: .
N = ZO‘;D (0) agp (0) + 4 (0) aga (0)

The average asset market clearing condition (20) then implies:

‘ m

() = g (h-wl)S)
£ 1, — [Gaan) Ggag — 452N
——=S ¢ t
§ 3+¢ 2 2
T1E s (5,40 (0))” (he) (56)
_]_L_'_é'i 3T_|_€an (O) + [31§L§ A5 4D (0) St (1) ht
where: .
Goan = %fan (0) + I

Using the conjecture for ¢* (31), it then follows that the second-order compo-

nent of the average asset price is
6'(2) = 0ga(0)8:(2) + aga(1)Si(1) + asga(1)hy
+54(1) Aga(0)Si(1) + Boa(0)Se(L)he + p1y4(0) (57)
We solve for the coefficients by combining (56)-(57) and using the method of un-

determined coefficients. As shown in the previous section, this implies a,4(0) =
(14 &)1 (I, — wly). Furthermore, we get:

(1) = asga (1) =0 59
R — [Gyaa] Gyaq — 455EN

A0 = g +(11+(1—w)13)’(11+(§1—w)13>] (59

5 = i P e 04 1 s 0) (60

1a(0) =~ e (a5 (0))° (61)
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Substituting this into (55) gives the second-order component of the average
capital stock at ¢ + 1:

1 1 —
@ = (el ) S0 62

+5(1) EAQA (0) + %N} S, (1)

1[ 11+3¢ 1

+Z —?1—4_504@ (0) - [35] asgp (0) Se (1) by

1 14 3¢

TsE 11 (@ (0)) (he)®

The last world-wide average variable that we need to compute is 2;*(2). This
follows from the second-order component of the difference in asset market clearing

conditions (21), which gives:

A2 = e’ @)+ kg (2) = 2P (1) (I + (1 - w) I) S (1)] (63)

o |

PO (I +(1-0) 1) 5, (2)

This depends on ¢ (2) and k2, (2), which will be solved in the next subsection,

and on 2P (1), which is solved in Section 8.3.3.

8.3.2 Cross-Country Difference Variables

We next turn to computing the cross-country differences ¢ (2) and k7., (2). These
are computed using the second-order component of the average portfolio Euler
equation (27) and the difference in capital accumulation equations (19).

The second-order component of the average portfolio Euler equation (27), along
with 2 (0) = 0.5, implies that [Ef*eryq] (2) = 0. Using (43) we write:

1

0=1lin; (2) + d: (2) + 1) ————h; + 0) ——— (hy)?
iy ( ) quady ( ) Her,1 ( ) 1 2)\20 t T Hera ( ) (1 2)\20)2 ( t)
+ (0) —4)\29 + (0) —1 + (1 —64) (0)2 (1 + 2)\29) o2 (64)
Hera 1+ 2220 Her s 9 1)HgD a
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Using as 4p (0) = 1,44 (0) = 0 and the expressions in section 5.3 we write:

fery (1) = (1 =01) argp (1) +2(1 = 81) Agp row 1 (0) 1 (1)
+62(1 — a1,4p (0)) (12 — wly) Sira (1)

fera (0) = (1= 61)A11,4p (0)

fers (0) = (1 —061)A22,4p(0)

The term quad, (2) involves the product of (I; — wlz — ay p), which is a 1x4 vector
with non-zero elements only in positions 1 and 3, and (/s — wly — @y4), which is a
4x1 vector with non-zero elements only in positions 2 and 4. This product is thus

zero and we get:

quady (2) = Si,5 (1) (1= 01)Agp (0) Seat (1) = S (1) Agp (0) S, (1)
—Byp (0) S (1) hy — pryp (0) (he)?

We also write:

ling (2) = [(1—0d1)agp (0) + 01 (11 — wl5)] S (2) — g (0) S (2)
+agp (1) [(1 = 01)Sp1 (1) = Si ()] — as,gp (1) by

Using S;11 (1) = Ny (0) S (1) + N3 (0) by and the fact that only the third and

fourth elements of S;,; and S; have non-zero second-order terms, we write:

ling (2) = [(1—0d1)asgp (0) —wd] ki (2) — azgp (0) k7 (2)
Fagp (1) [(1 = 01) N1 (0) — Laza] S (1)
+[(1 = d1)agp (1) N3 (0) — asgp (1)] b
quady (2) = S; (1) [(1—61) [N1(0)]" Agp (0) N1 (0) — Agp (0)] S (1)
+[2(1 = 61) N3 (0) Agp (0) N1 (0) = Byp (0)] Si (1) P
+ [(1 = 81)N5 (0) Agp (0) N3 (0) = figp (0)] (he)”

The second-order component of (19), the difference in capital accumulation
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equations, implies that:

K2 (2) = KP(2)+ %q? @2 +° > Lt (yeP ()
1 1 1 1 )
= <13 + anD (0)) St (2) —+ anD (1) St (1) + 5&57(11) (1) ht + E/quD (O) (ht)
+5(1) [%qu (0) + 0.5 (crga (0)) g (0) + 0.5 (g (0)) g (0)| 51 (1)
€1 1
+ £ asan O i 0+ £, 0] s )1 (65)

Combining all elements (64) becomes:

0 = [(1—061)asen (0) —wdy]
[ (1 + %a&qD (0)) 135, (2) + Lagp (1) S (1)

+Lasp (1) he + g (0) (he)
) + 3 [(aga (0)) agp (0) + (agp (0)) aga (0 )]} S (1)
5.0 (0) aga (0) + 18,5 (0)] S0 (1) by
agp (1) [(1 = 61)N1 (0) — Laza] S¢ (1)
+[(1 = d1)agp (1) N3 (0) = as gp (1)] e (66)
+5; (1) [(1 = 61) [N1(0))" Agp (0) N1 (0) — Agp (0)] S; (1)
+[2(1 = 1) N5 (0) Agp (0) Ny (0) = Byp (0)] Si (1) by
+ [(1 = 61) N5 (0) Agp (0) N3 (0) = p1gp (0)] (hy)?

+5/(1) |44,

p (0
| + %
—azqp (0) I35: (2) +

1
1—-9¢ 1 hy
+( 1)041qD()1+2/\29
2(1 —01)A,Drow 1 (0 1
+ (1= 01)Agpow 1(0) — Ny (0) Sy (1)
i —|—52(1 — al,qD (0)) (IQ — (,d[4) ] 1 + 2)\ 9
201 = 0 Auprew 1 (0 ] 1
+ ( 1) qD, 1( ) N3 (0) . (ht)2
i —|—(52(1 — al,qD (0)) (IQ — (,d[4) ] 1 + 2)\ 9
1 2
+(1—-0)A 0)———— (h
( 1) 117‘1D( ) (1+2>\20)2( t)
(1= 61)Ar1,qp (0) 12555 + (1 — 01) Azagp (0) 2 2
+(1 = 01)pgp (0) 2 (1 + 2X%6) ¢

Setting the coeffficient on S; (1) to zero implies ayp (1) = 0. Setting the coeffficient

on h; to zero then implies a5 4p (1) = 0. The coefficient on S, (2) gives a3 ,p (0)

34



as before.
The coefficient on S (1) .S; (1) in (66) implies:

1 1
0 = |[(1=d1)asgp (0) — wii] £ 1 1_—51qu (0) (67)
U= 010800 O 220 (201 (0) o 0) + (240 (0)) 201 0]

+[N1(0)]" Agp (0) Ny (0)

This gives the solution for the matrix A,p (0). The model is simple enough to
solve for it analytically, using the fact that Ny (0) and (a4 (0)) ayp (0) contain

many Zeros:

5 [0 (0)) g0 0) + (040 (0)) 14 (0)]
0 a1,4p (0) 0 —way gp (0)
. 1 g al,qD (O) 0 a3,qD (0) 0
B §m 0 Qa3 gD (0) 0 —Wa3 gD (O)
—Wa1 4D (0) 0 —Wag ¢D (O) 0

We then get the symmetric matrix A,p (0):

0 At2,40 (0) 0 Ataqp (0)
At2,40 (0) 0 Azs qp (0) 0

0 Azz 4p (0) 0 Aza4p (0)
A1a4p (0) 0 Asza4p (0) 0

AqD (0) =

where Asy ,p (0) solves:

0 — hl—&mMD@%wﬁﬂ%—q
(1 — 51>a3,qD (0) — LL)61 5 w
- 1- 6, g2 (0)
liﬁ%%ﬁi(la&ﬂDm)+q>‘4MﬂD(m

§
and Ass ,p (0) is computed from:

0 — h1—&memyﬂﬁﬂ§—q

(1 — 61)a3,qD (O) — (JJ61 f 1
1- 6, T eaar (0)

1

1_—(51A34,qD (0)

+

1

1_—511423,@ (0)

i (%ag,w (0) + 1) {pA%,qD (0) + i/‘lm,w (0)
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Aj44p (0) is computed from:

0 = [[(1 — S1)as e (0) — wdy] % _ 1} %&Am,w (0)
METNHOERTN S
+141—§T—§w [PAM,qD (0) + %al,qD (0) Asaqp (0)}

and Aj24p (0) is computed from:
0 - [[(1 ~ $1)asn (0) —whi] ¢ - 1} A (0)
(]_ — 61)0[37qD (0) — (U(Sl 5 1

* 1- 4, T eaer ()
T {pAu,qD (0)+ 0100 (0) Azso <o>]
g |Artan 0+ £010 0) Ausyo (0)

Note that this implies:

Si (1) Agp (0) 5 (1)
= 2A12,40 (0)a; (1) @ (1) + 242540 (0) K (1) " (1)
+2A1440 (0) k' (1) a” (1) + 243440 (0) &

Having solved for A,p (0),we use our results as well as N3 (0) to write the
coefficient on (h;)” in (66) as

1
0 = [(1—51)043,@(0)—&’51]5—1 typ (0)
1 1
2(1 —6,)A 0) - 0) ———=—
+2( 1) Au3q0 ( )5015,qD( )1+2)\26
1-14;
A (0) —— 01

Since A11,4p (0) = Aiz4p (0) = 0, we conclude that p,5, (0) = 0.
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The coefficient on S; (1) hy in (66) implies:

Kl—anmmpw>—w&]iéiawD«»aw<m

1
-+@1—&MMwawwﬂg—@ﬁw«»
0
A12.45(0 A14.45(0
a1 s p [ L0540 (0) Ass g (0) + 4220 4 11 [Lats o1y (0) Agago (0) + Aitnf®
0
—w A14,40(0
T [%Oés,qD (0) Asaqp (0) + 1;252(9)
/
0
(52(1 — al,qD (0)) P — Wﬁ —0
1+ 2)\%0 0
1+€—w
Wi

which gives the solution for 3,5 (0). As ay4(0) = (1 + &)~ (I, — wly), we con-
clude that 3, ,p (0) = B3 ,p (0) = 0.

To summarize, using the second-order component of the average portfolio Euler
equation (27) and the difference in capital accumulation equation (19) we have now
computed k7 (2) in (65) and ¢”(2). The latter is equal to

6 (2) = agp(0)S(2) + Si(1) Agp(0)Si(1) + B, (0)Se(1)hy (68)

with Ap(0) and 3,5(0) solved above.

8.3.3 Difference in Portfolio Euler Equation

Finally, we compute z”(1) from the third-order component of the difference in
portfolio Euler equations (28):

[EtHert—H} (3) — [EtFertH] (3)
[E: (ere41)?] (2)

Here we used that e;'(1) = 0 as all agents have the same first-order expectation of

[Et (eTt+1)2} (3)

z (1) = [Et (67}4-1)2} (2)

—27(0)

(69)

the excess return, which is zero. We have already solved for [Eiery, ](2) in (54).
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Using our results, the zero-order components of the coefficients i, are:

(1 —461)aa4p (0) + 01

(1 =0d1)azep (0) =0

= (1 —d1)asqp (0)

(1= 01)A11,4p (0) = d201,44 (0) (1 = a1,4p (0)) =
(1= 01)A2,4p (0) — 2241 (0) (1 — 2,44 (0)) =
ferg (0) = 2(1 = 01)A124p + 02 (1 — 1,40 (0))(1 — 2,44 (0)) + a2,4p (0) 1,44 (0))
= 2(1—01)A124p + 62(1 — a1 ,4p (0))(1 — 244 (0))

fer7 (0) = (1= 61)B14p (0) + 201,44 (0) as5.4p (0) =0

fers (0) = (1= 061)By4p (0) = 02(1 — 2,44 (0)) s 4p (0)

and the first-order components of ., ; and p,, 5 are:

:uer,l (1) = [2(1 - 51)AqD,row 1 (0) + 52(1 — Q14D (0)) (IQ — CUI4)] St+1 (1)

1 _
perg (1) = [(1=01)B,p (0) = 205,40 (0) T (I2 = wla) | Sera (1)
From (44) we then write:
2 2 2
- 99.H — 9HF 4270
[Efferiia] (3) — [Ef erya] (3) = —mﬂem (0) mgz A (70)

The expression for [E; (eTtH)Q] (3) is more complex. It is useful to define:

~ g D A
lingyr = ling + fep 141 + Hera€iqa T Hepghit

_ D \2 A 2 D A
quadt+1 - quadt + Ner,4(€t+1) + :uer,t')(gt—i-l) + Mer,6€t+1€t+1

+M67’,78tD+1ht+1 + Her,s€f+1ht+1 + (11— 51)Mthf+1

so that:

i . D A D A
ervyr = lingpr + quad, + cubice, (St ki, Ky, Py hiyr, €415 €101

The square of the excess return is then (dropping terms that go beyond cubic
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products):

iy = <%t+1>2 + Q%tﬂquadtﬂ
= (liny)® + 2ling (e 16000 + fer2iin + Herghtsn]
+ (Mer,lgﬂl + /’Ler,2€24+1 + Mer,3ht+1)2
49 < Liny + 1€ > ( quady + 1o, 4(€010)? + flers (€84 1) + Hersefiieli )
+Mer,2524+1 + tep3his +uer,75£rlht+1 + Mer,85f+1ht+1 + (1 - 51)Nth?+1

The last row corresponds to cubicera(Sy, ki1, kit1, he, het1, €05 €41 )-
The third-order component of F; (ertH)Q is then:

[Ereriiy] (3) = {Et (lmt+1>2] (3)+2 [Et%wrlmyrl] (3) (71)

N2
We start with the term [Et (lint+1) } (3) in (71). Using the definition of the

£ (i) | ) = [Vars (i) @)+ 2 B0 ()| @ [ (1001)] )

Note that [Et ([/Z;Lt+1>:| (1) is equal to the first-order expected excess returns which
are zero. We now turn to the variance term, recalling that A, is independent from

the innovations at time ¢ + 1 :

[Vart (l/z%tﬂ)} (3)
= [(Mer71)2 Vary (53.1)] (3) + [Mer,l“er,?covart (5£r1= 5ﬁr1)} (3)

| (er2)" Vare (520) | 3) + | (1erp)” Vare (hes) | (3)

From the signal extraction we know that the variances only entail second-order

elements. Specifically:

4\*0
|:VCL7’t (e’fgrl)} (2) = m()’i
1 2

[Vary (e41)] (2) = 504

[Covary (e1,641)] (2) = 0

39



We thus write:

. ) ] 8A%0
_(uem) Var, (eﬂl)_ (3) = Her1 (0) pepy (1) mgz

:(Menz)Q Var, (5211): 3) = [Nem/ienzcovm’t (5£r17 5211)} (3)=0

(lu’er,3)2 Vart (ht+1) (3) = 2:“67’,3 (0) Her3 (1) [1 + 2)‘20} 202

N2
which gives the solution for [Et (lz’ntH) } (3):

14 2)\%0
+4H’er,3 (0) #er,S (1> [1 + 2)\29] 02

5 (1) ] ) = s Oy 7t (72

We now turn to the term [Et%tﬂmt +1] (3) in (71). It only includes cubic

products, so we can focus on the zero-order components of the coefficients p’s. The

relevant terms in lin,;; and quad, , are then:

—~

lint+1 = ling + Her,1 (0) Etl—)i—l + Her3 (0) ht+1
quad,, = quad; + fe, 6 (0) 5:{115211 + fherg (0) 524+1ht+1

We can then write:

[Et%t-i-l quadt-‘rl] (3)

(1) | 700 @) F e (0) [Erelei] <2>]
Fhters (0) [Eiciy] (1) [Bihet] (1)
() | 29 2 L] (1) s ) B [ (2810)* <t <3>]
" +hers (0) [Et5t+15t+1} (2) [Eihega] (1)
[ quad, (2) [Evhi] (1 > + e (0) [Becbzia] () [Een] (1)
Fhera O] s (0) [Eeeia] (1) [ (o)) (2) ]

Recall that for all investors [Eihiq] (1) = 0, [Eeih,] (1) =0, [Eel eih] (2) = 0.
We thus get, using the fact that lin, (1) = —p,,.; (0) (1 + 2)\29)_1 hy:

Eylinis1quady | (3) = ier, (0) rens (0) e [ (e61)" ] (3)
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Using the results from signal extraction in section 6, we write:
D \2_A
E; |:(5t+1) 5t+1] (3)

Ei [(ems1)’] 3) + Bt [(epes1)] (3) ]
— Lk [5H,t+1 (5F,t+1)2] (3) — By [(5H,t+1)25F,t+1] (3)

S N =

(71) then consists solely of (72):
2)%0

[Erer;,] (3) =4 |::uer,1 (0) faep1 (1) 112

+ :uer,?) (O) :uer,?) (1) [1 + 2)\2ej|:| 0-2
(73)
Using the fact that S;,1 (1) = Ny (0) S; (1) + N3 (0) hy (73) is re-written as:

[Ever, ] (3) = 4Q02 [N1 (0) S; (1) + N3 (0) Ry

where:
22%6
Q = Hep (0) 1122 [2(1 = 61)Agpyrow 1 (0) + d2(1 — a14p (0)) (I2 — wly)]
+a—5gmmpm)p+2VQ{a—ag@Dw)—%awDa»Tizug—wg)

— |9 2 0 o

As Ayprow1(0) and B,p, (0) have non-zero terms only in the second and fourth
elements, we get QN3 (0) = 93%0457(1[) (0) = 0, and thus:

[Erer ] (3) =402| 0 pQo+ 24 0 2, | S, (1)

1+ 1+¢€

From (63), the solution for zP(1) (69) gives the complete solution for z/(2) as
well, which depends on zP(1). To summarize, so far we have solved for the zero,
first and second-order components of ¢, ¢, k:Brl, kéu and z{* and for the zero
and first-order components of z”. These solutions are conditional on the noise to

signal ratio A, which we turn to solving now.

8.4 Third-order

The last element remaining to be solved, the noise to signal ratio A, follows from
equating asset supply to asset demand to the first-order. In others words, we
need to equate z/*(1) from the asset supply perspective to z;*(1) from the portfolio

demand perspective.
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8.4.1 Matching asset demand and supply

2(1) from the supply perspective follows from the first-order component of the
difference in asset market clearing equations. This expression is in (49), which we

repeat here for convenience:
11+
A0 = 1 [ O+ B O)(h+ (1 —w) B)| 5.0
1+
+4—§€Of5,qD (0) ht (74)
An expression for z{}(1) from the portfolio demand perspective follows from the
third-order component of the average portfolio Euler equation (27), using e” (1) =

0 and [E; (ert+1)3] (3) =0:

[Ef ere] (3) +0.57P

A (1) = (75)
t [E: (erii1)’] (2)
Note that [E; (ert+1)3] (3) =0 as it is written as:
[E: (ere41)”] (3)
= [(Biery1)® + 3 (Ererya) (var (ereq))] (3)
= ([Bieren] (1)) + 3 [Ererea] (1) [var (erei1)] (2)
and [Eeri4] (1) =0
Equating (74) to (75) gives:
171+
[ (eren)’] (2) Tfan (0)+ Is — 22 (0) (I + (1 — w) I5)| S, (1)
1+
+ |:Et (67"t+1)2j| (2)4—55@5qu (0) ht
= [Efieria] (3) + 0.5 (76)
ef., and 77 do not enter the first line. They enter the second line only through

hi. The only terms where £, and 7/ enter separately are the first two terms on

42



the right-hand side. Recall that (using i, 5 (0) = 0):

|:E_1£A€’rt+1i| (3)
= ling (3) + quad, (3)

2 2 2
JHH+UHF D 1 0 2
+ O [t et b _
:ueT‘,l( ) O_%IJ—IO_%LF |:6t+1 1+2>\20 t:| 1_|_2)\290-a
1
+ 2) ———h+(1—90 1)2(1 + 2\*0)0?
/’1/87‘,1( )1+2)\29 t ( 1)MqD( ) ( >0a
1 ) 420 1
gy (1) ————— (he)? + 1) — 2 s (1) =
:U’er,4( ) (1 +2)\20)2 ( t) |:Mer,4( ) 1 +2/\26 :U’er,5( )2 Oq

+EAcubice,(.)

The terms lin, (3) and quad, (3), and the coefficient p,,, (2) involve Sii. As
Si+1 only reflects terms known at time ¢, e/, and 77 do not enter there sepa-
rately. Similarly, they do not enter separately in ., 4 (1) = (1 — d1)A114p (1) and
frers (1) = (1—61)Asz gp (1). They enter Efcubic,,(.) only through h. 7 does not

enter separately in [E{‘ertﬂ] (3) at all. e, enters separately through the term:

2 2 2 2
Own+ 0ur O+ O0ur
Her1 (0) 2 2 &?Brl = [(1 - 51)0417(11) (0) + 51] 2 2 gzal
Onuou,r Onu%ur

It follows that 5,{11 and 77 enter separately in (76) through the following term
on the right-hand side:

2 2 2 D

Ouymgtour A0 9 D Ty

2 2 5,041 T
O uOur 1+2X70

(1= 01)asgp (0) + ] :

el and 7P can only enter in the same combination as in h; = €2, + AP /1 as
t+1 t t t+1 t

they only enter elsewhere in (76) through h,. It follows that

2 2 2
JHH+UHF )\ 9 2 17
1—-6 0)+4 ’ : = —-—
(1= d1)ongp (0) +31 %oy 1+20%0°° 2

so that ) ) )

14+2)\0 7 Own+0ur
— — ={(1-0)) 0) + 1] —=—5—A

2)\20 O_Z [( 1) 1,4D ( ) 1] O_%{’HO_%LF

which is the implicit solution for \.
While zero, first and second-order components are sufficient for most purposes,

after having solved for A we can also compute ¢ (3) from (76). From our conjecture
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for the relative asset price we have

@’ (3) = gp(0)Si(3) + agp(1)S:(2) + agp(2)Si(1) + a54p(2)hs +
25:(1)"Agp(0)S¢(2) + Si(1)' Agp(1)Si(1) + Byp(1)Se(1)hs +
B0 (0)Se(2)he + pyp(1)hi + cubic(Sy, hy) (77)

The parameters that remain to be solved are a,p(2), asp(2), Agp(1), B,p(1),
ttyp(1) and zero-order components of the 35 parameters associated with the cubic
terms. These coefficients enter the expression for [Efer,,](3), which enters (76).
Setting the coefficients on the cubic terms in h; and S; in (76) equal to zero allows

us to compute these coefficients.

9 Individual portfolio shares

The individual zero-order portfolio shares are computed by taking the second-order

component of (25)-(26) for individual investors:

1, [Eera] @4
2 (0) = 2 + [Et‘(ert+1)2] (2)
zri (0) = 1 [Et ’]ert“} @) -7

2 [E, (ert+1)2} (2)

where [E; (erHl)?] (2) is the same for all investors and is given by (54).

The second-order components of expected excess returns are given by taking the
individual investor’s expectation of (35). From the signal extraction, we know that
all agents worldwide have the same expectations for the second-order component
of the expectation of cross-product of innovation, as well as the first-order com-
ponent of expected innovation. Individual investors disagree on the second-order

component of expected innovations. We therefore write:

B erea| ) = [Blerva] (2) + tten (0) [ B Y280 ] 2) + prens (0) | EF7el] (2)

[EtRjertJrl] (2) = [Efxertﬂ} (2) + Her 1 (0) [EtF’jgtlzrl] (2) + Her2 (0) [EtF’jgﬁrl] (2)

Using 4,5 (0) = 0, [Ef*er,41] (2) = 0 and the results from the signal extraction,
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we write:

H.H H,F 7 2
; €; €; 2)\°0
Efidey } 92) — 0 ot ot o>
[ t t+1 ( ) /’Le’f‘,l ( ) U%—[’H a%—[,F 1 + 2)\26 a
r FH FF ] 2
A €, €, 2070
EF’]eT } 2) — 0 gt it J2
|: t t+1 ( ) ILLB’I‘,I ( ) O-%—[’F O-%—[’H 1 + 2)\26 a

The individual portfolio shares are then:

. (O) _ 1+ 2P (O) 4 Her,1 (0) 2/\28 o2 EfiH B Ef{F (78)
! 2 [Et (€Tt+1)2] (2) 1+ 23% _U%,H U%{,F_

ZF' (0) — 1 B ZD (O) _|_ Me’l”,]. (O) 2A29 0_2 EfiH _ ef;‘,F (79)
’ 2 |E: (ert+1)2] (2)1+22%0 " _J%J,F O-%J,H_

The cross-sectional variance of portfolio shares within a country is then:

[ ey (0) = 220 (0))*

r H.H H, 2
_ :U“er,l (O) 2/\29 0_2 / ejvt . ejatF dj
(B, (eren)?] @ 1+20207°| ) \ 0%y by

r 12
_ Iuer,l (O) 2/\29 0_2 O-%in + O%LH

[E; (er11)°] (2) 1+ 2X%0

(80)

2 2
Oqu%ur

10 Balance of payments accounting

10.1 National savings and investment

In period ¢ the old Home agents enter the period with the following quantities of

equities (we abstract from j indexes as we focus on first-order aggregates):

ZHt—1 (WH,t—l - Cgft_l) (1 - ZH7t—1> (WHﬂf—l B Ozft—l)

H _ H —
Gie1= Gri1=

Qmi1 ’ Qri1

The consumption of old agents is the total return on their portfolio. The income
of old agents is the dividend stream they receive, while capital gains and losses are
not counted as income streams in national accounts. We also consider that income

is net of depreciation. The savings of the old Home agents are then (we ignore the
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iceberg cost on holdings of Foreign equity as it represents a source of income for

intermediaries that is fully consumed, and thus does not affect savings):

Slo= [(1—w) Ay (Kpg) ™ = 0Q ] GHt )
+[(1—w) Ap (Kpy) ™ — 0Qry) G2 Fi-1
— (RuiQui1Gipyy + ReiQra1GE, o)
= _QHtGHt 1 QF,tGﬁt_l

= — |:th 1@?;1;751 —+ (1 — ZHt— 1) Qiitl] (WH,tfl - C;Itfl)

The dissavings by old agents reflects the liquidation value of their portfolio. Na-
tional savings in the Home country are:

Qry Qr: o
Qui-1 QEt—J (WHvt_l Cyﬂg,@gl)

Investment in the national accounts is also defined as net of depreciation:

= WH,t - C t — |RHt—-1 + (1 - ZH,t—1)
Y,
lﬁref = lHt 5KHt KHt+1 - KHt (82)

The corresponding relation for the Foreign country are:

S = Wpge— O;t - |:ZF,t—1 Qi + (1= 2p-1) QO ] (W1 — Cit_1083)
’ QHi—1 Qri—1

I?ﬂ’ett = IF,t - 5Kp’t,1 (84)

Using (5) and (6), the values of world savings and investment are equal: S+ SI" =
Qulffy + Qrels.
The first-order component of (81) is written as:
si (1) = Awpe (1) = 2 (0) Agrre (1) = (1 = 2 (0)) Agrye (1)
= Aag: (1) + (1 —w)Akgs (1) — 25 (0) Ague (1) — (1 — 25 (0)) Agre (1)
where s (1) = SH (1) /WF(0), WF(0) = B(1+8)" Wg(0) is the zero-order

component of financial wealth, wg (1) = Wy ,(1)/WF(0) and Ag; (1) = ¢, (1) —

gi—1 (1). This is re-written as:
1
sg (1) = [Aal () 4+ (1—w) AR (D] + =

5 1
27 (0)
2

= OgH (O) ASt (1) —

Aal (1) + (1 — w) AP (1)]

—Agi (1) - Agf (1)
27 (0)

2

Agf (1) (85)
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where:

1 1+¢—w 1
= 1 Iy+ -1 1—w)l.
asu (0) 1+£2+ 1+¢ 4+2[1+( w) I3]
Similarly, the first-order component of (83) is:
2P (0
S0 =ar 0450+ Dagr ) (56)
where: . 1 ie )
—w
= I Iy — - |I 1—w)l
ar (0) 1_|_€2+ T+¢ 2[1+( w) I3]
Taking the difference between (85) and (86) we get:
D1y — D D
sy (1) = [+ (1 —w) ] AS (1) — 27 (0) Ag;” (1) (87)
Using (13), the first-order component of (82) is:
*Ne 1
iy (1) = Akpre (1) = g (1) (83)

where i} (1) = I3 (1) / exp [k (0)]. Similarly, the first-order component of (84)
is: .
ipy (1) = EQF,t (1) (89)

10.2 Capital flows

A useful measure is the passive portfolio share that combines the steady-state
holdings of quantities of assets with the actual asset prices. For Home investors,

we write:
2 (0) exp [qrr 4]

2 (0) exp [qus] + (1 — 24 (0)) exp [gry]
The first-order passive portfolio share is the same for all investors:

P
RHt =

1— (2P (0) 2
2= EO) oy (90
Taking the first-order component of (21) we write:

g (1) + ki (1) = 27 (0) [11 + (1 — w) I3] S (1) + 42 (1)

Next, we take the difference between this relation and its lagged value and use (87)
and (90) to obtain (i (1) = AkE, (1)):

i (1) = 27 (0) s (1) = 4 [Az (1) — Az (1)
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Gross outflows and inflows are the change in the value of cross-border asset

holdings, evaluated at current asset prices:

OUTFLOWS, = Qg (GH, —GH, )

) - Or (1= zr41) (Whp1 = Ciya)

= (1 — ZH,t) (WH¢ CH
Qrt—1

y,t

INFLOWS; = zp (WFJ - Cgit) - (Wth_l B O;jt—l)

RFt—1
Qi1

The first-order components of gross outflows is:
outflows; (1) = —Azgs(1)+ (1 — 25 (0)) [Aap: (1) + (1 —w) Akgy (1)]
— (1= 24 (0)) Agry (1)
where: out flows; (1) = OUTFLOW S, (1) /W*(0). Using (85) and (90) we write:
out flows, (1)
= (L—2y(0) s (1) — [Az (1) — AP (1)] —

L 5;2:13%15?

AEer;1(3)F 1A [Efferya] (3) — A [Efery4] (3)

l\DI»—k

— - 91
B0 2 [Bnar] @) o
where we used (69) and we defined:
ABer(3y'® = LT ot 1y _ o gy p (1)
Similarly, the first-order component of gross inflows is:
inflows; (1)
= 2 (0)sF () + (A5 (1)~ A (1)] ~ AP (1)
A E Rt U LAGHD A (92

2 [E(erin)] (2)
AFEer,1(3)"  1A[Eferiq] (3) — A [Eferiiq] (3)
|E (ert+1)2} (2) 2 [E, (ert+1)2] (2)
Combining (91) and (92) we write:

out flows, (1) —inflows, (1) =
out flows, (1) + inflows, (1) = (1—2"(0)) s (1) — Az (1)
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