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1 Summary

Consider a linear model Y = Xo8+¢, with (Y,¢) € RN, X, of order (N x k),
and with # € R unknown. Partition Y = [Y;,Y,] and Xy = [X, 2]
conformably, with ¥; € R", Y3 € R", X of order (n x k) of rank k < n,
and Z of order (r x k), where N = n+r and r < k. Let £ be the least-
squares estimator for 8 from the full data (X,,Y), and B from the reduced
data (X,Y1). Cook’s Dy statistics take the form DI(LA‘?, M,rs?) = (BI -
B) M(Br — B)/(rs?) where M(k x k) is non-negative definite and s2 is the
residual mean square from the reduced data. Commonly used choices for
M are XéXo and X' X. Suppose that elements of U = [Uy,- --,Ur], are
independent {N;(0,1);1 <7 < r} random variables; let {a1, -, @, } be non-
increasing positive weights; and identify T = a U + -, U2. If L(V) =
x%(v) independently of U, then the cdf of W = (T/r)/(V/v) is denoted
by F.(t;a1,---,ap;v). The pdf of T/V = rW/v has the representation
>izolei/8)((n — k)/(r + 20)) fi(((n — k)/(r + 20))(t/6); v + 2i,n — k) with
fi as the pdf of F(vy,v3), and whose coefficients {c¢;} are defined recursively
such that 0 < § < a,. We have developed an algorithm for computing the
distribution and p-values of 7//V. See Jensen and Ramirez (1996a).

If L(Y) = Ny(XoB,0%Iy), then (1) the cdf of Dy(8, XyXo,rs?) is
F(t;v%,- -, v%v) where {y2 > ... > 2} are the ordered eigenvalues of
Z(XIX)‘IZI; (2) the cdf of DI([%,XIX, rs?) is Fr(t;A1,--+,Ar;v) where
{A1 > -+ > A;} are the ordered eigenvalues of Z(X{)XD)’IZI and A\; =
/(14 4?) = hit,1 <i < r; and (3) the cdf of Di(3, L7, 7s7) (a modified
Dy statistic) is F.(¢;1,---,1;v) where £~ is the Moore-Penrose generalized
inverse of cou(f; — ) (Jensen and Ramirez (1996b)). We prefer (2) to (1)
computationally, since the number of terms required in the series expansion
for the cdf of T/V is smaller. This number increases with the condition
numbers, which satisfy y2/v2 > A1 /A,.



When r = 1, the three Cook’s Dy statistics all have scaled F(1,N-1-k)
distributions, and thus all have the same p-values. These, in turn, are equal
to the p-value from the Studentized deleted residuals test
(i — 9))/ (54 1+ z;(X'X)~1z,"), or equivalently, from the R-Student test
(y; — 9:)/(siv/1 — hy;). That the three p-values for the Cook’s Dy statistics
are equal follows from the characterizations of their distributions as given in

Theorems 3, 4, and 5 of Jensen and Ramirez (1996b).

When » > 1, the cdf’s for the two Cook’s Dy statistics satisfy stochas-
tic bounds based on the largest eigenvalue (for the lower bound) and on
their geometric mean (for the upper bound). Generally, the bounds are
tighter using D[(B, XIX, rs%). To estimate the p-values we have found that
F.(t;a,---,a;v) is a good approximation for F.(t;a, -, a,;v). The p-
values using the modified Dy statistic (3) are the same as those from the
F-test for testing the mean shift model with additional parameters added
for each row in 1.

We use the Drill Data Set from Cook and Weisberg (1982, p. 149) with
N =31 and k = 10. With r = 1, we find the influential rows (with p < .025)
to be row 9 (p = .003), row 28 (p = .011), and row 31 (p = .019). The p-
values are (necessarily) the same using D;(B,X’X,rsﬁ), D](B,X(’)Xo,rs?),
D](ﬁ,E_,rs%), or RSTUDENT. With » = 2, we find 35 influential pairs
(with p < .01) using X from Z(X,Xo)"'Z , 39 pairs using 72 = avg(y?)
from Z(XIX)_IZ/, and 16 pairs using DI(Q,E_,TS%). All contain at least
one row from {9, 28, 31} except for the pair (5, 26). The p-values for this pair,
using Dr(8, X X, rs?), Dy(f, XoXo,7s%), and Dr(3,5~,rs?), are .000115,
000129, and .000161, respectively. The number of terms used in the partial
surns for the cdf’s of Dy(B3, X' X,rs?) and Dr(f, XoXo, rs}) are 20 and 50,
respectively. The mean ranges (upper bound - lower bound) are .075 and
103, respectively. The mean condition numbers A; /Ay and 7% /v2 are 2.733
and 4.336, respectively.
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