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0. ABSTRACT

Let D(X) consist of matrices congruent to and dominated by a given matrix Z, and
let 7(X) be the corresponding congruent transformations. These classes are characterized

and their properties studied when X is positive definite. Dispersion orderings are considered,

including dispersion-diminishing linear transformations, concentration properties of which
are shown. Arbitrary linear transformations are decomposed into contractions, isometries
and dilations on subspaces relative to Mahalanobis norms. Applications are noted in sta-

tistical process control and linear inference.

I. INTRODUCTION

Let (8¢, 3=) be the ordered cone of positive semidefinite real (k x k) matrices in which
A > B whenever A — B e §;, with A > B when A — B is positive definite. This or-
dering pervades much of statistics and applicd mathematics, beginning with the work of
Loewner (1934). The ordering is preserved under the general linear group GL(k) acting on
S by congruence, because A = B on (S}, ) if and only if G A G’ > G B G’ for any
G e GL(k). Interest often focuses on the ordering of congruent pairs (A, G A G’); see
Baksalary et al. (1983), for example. In this paper we consider the class D(£) < S; of ma-
trices dominated by a given matrix LeS}, together with the class 7(E) of L-diminishing
congruences such that 3= TET’ for any Ter(Z), with T in GL(k) so that T is
invertible. In particular, we characterize 7(Z) in terms of singular decompositions, and we

establish a basic connection between [)(E) and t(X). General linear transformations on R*
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are decomposed into operators effecting contractions, isometries and dilations on desig-
‘nated subspaces relative to Mahalanobis norms.  Developments include the concentration
properties of certain probability measures on R*, and applications are noted in lincar in-

ference and the control of multicharacteristic processes.

2. PRELIMINARIES

2.1 Notation. To fix notation B* and R* are Luclidean A-space and its positive
orthant; F,,, and S, consist of real matrices of order (1 x k) and their (k x k) symmetric
varietics; and O(k) is the real orthoponal group acting on ®* The lincar span of
(X4, ., X,} in B* is denoted by Sp(x,,..,x,). For V>0 in §;, the squared
Mahalanobis norm of y € R*is |ly|l, = y’'V-'y.

2.2 Invariant Monotone Functions. A function g:S; — R' is monotone on (S;, =) if
A = B implies g(A)>g(B) on R, and g(.) is invariant under unitary congruence if
g(P A P')-= g(A) for any A e §; and any real unitary P e O(k). et & compnse the
functions monotone on (S}, 2); let functions in @, =® be invarant under unitary
congruence; and let ®,<®, consist of unitarily invariant norms on S;. The class @ is
characterized in Marshall et al. (1967), and functions in ®, and &, arise through composi-
tion as follows. Let o(A) = («,..,a,) map A eS; into its ordered cigenvalues
{a, 2 = a, 20}, and let T, consist of functions on RB* that are symmetric under the 2*&!
reflections and permutations and that are increasing in each argument on B4, Then @ =
{¢:¢ = yoo,y e I}, where (yoa)(4) = y(ay, ..., «,). Sundlarly, &y = {$:p = yea,y € [y} are
von Neumann’s (1937) unitarily invariant norms restricted to Sy, where I'y=1, are the
symmetric gauge functions on R*. For further details sce Jensen (1984). Jensen and Mayer
(1977), Marshall and Olkin (1965) and Schatten (1970). Some examples follow.

Functions in I'y include {y,,(x;, ..., X)) = éx(,]; I <7<k}, where {x;; 2 2 x;,)} are
the ordered values of {Ix!,..,1x1}, and the ¢, norms {y,(x,..,x) = (‘}_‘;.\*f,l)”';
1 < p < oo}. Included are the £ norm y(x,, ..., X)) = max{lx |, .., Ix|} = x,;and the
Euclidean norm y,(x,, ..., x;) = (:}::'x)”2 = |Ix||; in carlier notation. Functions in I, but

not [y include {y(x;, .., % 2) = [x(4;0< A, <oo, A=A+~ +1,>0}.
=1
3. PROPERTIES OF #(£) AND D(X)

For fixed LeSy, a transformation T acting on S¢ by congruence is said to be
L-diminishing whenever £ 2= T(£) = TXT’, where TET' is the matrix representation
of T(X) with T e GL(k). The following theorem characterizes, in terms of singular de-

compositions, the class 1(X) consisting of all such transformations.



DISPERSION-DIMINISHING TRANSFORMATIONS 3261

THEOREM 1. The transformation 7: X — TZ T is T-diminishing if and only if T =
TUWE2 where W e F,, is some matrix whose singular values are bounded above by
unity. In particular, the class 7(X) is given by

(2 ={T:T =Wz hwi<y (3.1)

where |Al] = Slxlpll A x it

Proof. Clearly ¥ — TE T’ 2= 0 if and only if 1, ~W’'W 3= 0 with W’ =E-2TL!2,
Apply the singular decomposition W = UAY such that U and V are orthogonal and
A= Diag(é,, .., d,) consists of the ordered singular values {6, 2 > 6,20} of W. Itis
clear that 1, = W'W = 0 ifandonly if 1, —A'A =0, ie, I, = Diag (82, ..., 62). But

this is equivalent to the assertions of the theorem, completing our proof. m
Essential properties of 1(X) are summarized in the following.

COROLLARY 1. Let ¢(X) be the class of X-diminishing congruences. Then
(i) T(¥) 15 closed under composition;
(i) the n-fold composition 7*'(X) of Ter(X) has the matrix representation
LW )TN ;
(i) Y2 H(TET") forevery T e 7(X) and ¢ € D.
(iv) In particular, tr(X) 2 t(TEZT’) and |E] > fTET |
Proof. (i) With T;, Ty e 7(X), obscrve that the composition Ty 7} has the representation
LW W 'E-12 in (X)), Conclusion (ii) follows similarly. Conclusions (i11) and {(iv) fol-

low directly from the monotonicity of functions in ®, completing our proof. =

The following theorem establishes a basic connection between 7(£) and D(L), to-
gether with further propenties of the latter.
THEOREM 2. For each ZeS;, the class D(X) of matrices dominated by L on (Sy, ) has
the following propertics:

() QeNE)if and only if @ = TET’ for some Ter(E);

(i) QeD(X) if and only if @ = E12W'WE2 with W as in Theorem I

(i aXeDE)forl<a<g |;

(iv) D(X) is convex; and

(v) £ X X implies D(E)= D).
Proof. (i) Supposec QeD(X), so that £ = , and write Q = Q2L-12LX-12Q!72. Because

L = Q, it follows that I, = £-12Q%-1/2 a5 in the proof of Theorem I, and thus T
QY12 ¢ ¢(X). Conversely, if Tet(E), then T is E-diminishing and @ = TET'<X
from the definition of 7(X). Conclusion (i) follows from (i) and Theorem [. Conclusion
(iii) is immediate. Convexity follows on considering 2, Qin D(Z) and a = 1 -7 € [0, 1].
Then X — (aZ +5Q2) = oL — ) + (L = Q) > 0 and thus o= + 7Q e D(X), giving con-
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clusion (iv). Conclusion (v) may be scen on writing TX'T’ = Z, with T = Yw2\W'y 2
such that W'W = Y-L3ZX-12 und using transttivity of the ordering on (Sy, 2=), thus

Pl
7

completing our proof. m

4. DISPERSION-DIMINISHING MAPPINGS

Theorem 2 demonstrates that Q@ < X, and Q = T(E) lor Ter(L), are equivalent. In
this scction we consider these relations in a probabilistic setting.

Let Y (w) e R* be a random clement on a probability space (€2, B, ) having the mean
E(Y) = 0 and dispersion matrix V(Y) = £ > 0. Lincar transformations ¥ — L Y on
B* induce the transformation (0, Z) — (L8, LX L") on B* x S;, acting by congruence on
S;. Because variance-diminishing scalings on B! arc given by ¥ — ¢} with el <1, it is
tempting to conjecturc that reducing each marginal variance should diminish X, i.e., that
Y — D Y on B* should be I-diminishing whenever 1) = Diag(§,, .., 8,) with {15,] < 1;
| <i<k}. That this conjecture is false is scen for k=2 on letting X = [0, ] with
o, =2,6,=0,=0y=1,and D = Diag(0.1,0.9). Here £ ~ DXD" has the determinant
-0.4519, so that D is not L-duninishing despite a considerable reduction in the vanance
of the first component. Nonctheless, the class of all dispersion-diminishing linear transf-
ormations on R* is found from Theorem 1 to be {Y = TY:T e ¢(X)}. Morcover,
SIV(Y))= o[ V(T(Y))) forevery T e r(X) and ¢ € .

We seck connections between ordered scale parameters and the concentration of
probabilities. To these ends consider scale families on B* generated by a standard proba-
bility measure u(+) having unit scale, with dispersion matrix 1, when second moments are
defined. Let M(B%, B), with B, as the Borel sets in B*, be the class of all such symmetric
measures satisfying p(d) = up(—A) for each AeB, and pe V(B D) let Py =
{ua( »); AeS;} such that p,(4) = p(A-Y24) in terms of the symmetric root AY2 of A, with
ue M(BY B); and let Py(n) = {ug(+): QeD(X)} =P(u). Further let 5°(X) consist of scets
of the type 4;(c) = {x e R:x'X-1x < ¢} with ¢ > 0. Standard Chebyshev incqualities on
BE* guarantee a lower bound for ug(4) that is larger than for () for AesX" (L) whenever
L > Q, supporting the conjecture that pg( ) is more concentrated than py(« ) on such sets.
That this conjecture does hold is shown next, where the ordering pg(A) = py(A) is shown

precisely for every Ae# (L), and a converse is proved.

THEOREM 3. Let ©,ZeS; be given. The inequality ug(-1) 2 puy{A) holds for every
AeX (L), and for every u e M(R*, B)), if and only if ug e Py(n) with e I(E?, 13).

Proof. (1) Suppose ug e Py(p) for some fixed e M(BY, B). Then 2Q = TYLT! =
T(E) with Ter(X). If £(X) = pg(+) and L(Y) = pg(+), with Y = T X, then we have

y'Ely = xX’T'E'Tx < x'T(TETH'Tx = x'L-'x, so that Xedy{c) implies
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Y ed;(c) and thus pg(A) = py(4) for every Aes#(L). Because u e M(R*, B,) was chosen
arbitrarily, the result holds for every u e M(RY, B)).
(i1) To show that jg € Py(n) is necessary, it suffices to assume that k=2, £ = 1,

and Q = Diag(4,, 4,). By way of contradiction, suppose 4, >1. Then the set £ =

A(c) N Q-124(c) is not empty. For any measure v e M(R?, B,) with support in E, we have

ve(A(c)) = 1 while vg(A(c)) = 0, the required contradiction which completes our proof. =

To continue, the inclusion arguments of Theorem 3 may be interpreted in terms of
an operator T on the metric space (R, |« [I) as follows. Because 8 < E-' < (TET')! for-
T e (), we infer that |y [2 < Iy IPer = T 'y I3 ie, | T x| < ) xJji- It follows that every
Tet(X) is a contraction on (R Jj+lly). Similar arguments show that if T¢r(X) and
TET' =L, then T is a dilation on (R*, {l+ 1), ie, | T x |2 = |Ix|i. Generally T is neither
a contraction nor a dilation on (R, || « ), and its properties remain to be studied. We next
decompose R* into subspaces (Fy, F;, F3) in which T is a contraction, an isometry, and a
dilation, respectively.

To these ends consider a canonical form in which (£, TET') — (I,, W'W) with
W' =X-2TEZU; write the spectral equations {(W'W)'u, = yu; 1<i<k}; let
{x,=Y¥%u,; | <i<k}; and suppose that neither W’'W < I, nor W'W 2> I,. Then at
least one of two integers (r, ) exist such that ‘

{Yl 2...2y’>yr+l = ] ="'=‘yr+s>'yr+s+l Z'"Zyk>0}

Accordingly, decompose (R, ||« [I,,) into B* = Vi@ V,®V, such that V, = Sp(u,,..., u),
vV, = Sp(u,,,,..,u,,)and Vy = Sp(u,,,.,, .., u,). Further let E, =XV} E, =LV},
and £, = X2V, and finally let F, = T-Y(E), F, = T-Y(£) and F; = T-Y(E;). A principal

result 1s the following,

THEOREM 4. Let T be a nonsingular linear transformation on (R*, || {|;), and consider
subspaces (£, Fy, F;} of R* as defined. Then

(i) 7 is a contraction on (£, ||+ llg), i-e.. | Tzl < ||z for z € F;

(i) T is isometric on (Fy, |+ llp), i.e., | T z)} = |jz| for z € Fy; and

(iii) T is a dilation on (Fy, || Jlp), i.e, | T 2|} = ||} for z e F,.
Proof. We provide details for conclusion (i), the other conclusions following similarly. On
writing {((W'W) u, = yu,;y,> 1} and {x, = T2y 1 < i< r}, we infer that 12), =
Sp(x,,.., x,) = R* Moreover, we compute

Ixfi=x/Zx, = u/u, < yu’u, = u/ (W W)y,

= x/ES(W!'W) L2y, = x (TET)"'x, = Ix Jlzr = §IT'x J.

This inequality passcs to finite lincar combinations of {x,.., x,} since for i#},
x/Ltx, = u/u;=0and x/(TET")'x; = yu/u, = 0. This shows that T-! is a
dilation on L3V, and thus T is a contraction on (£, || + ll), as claimed. This completes our
proof. w
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5. APPLICATIONS

The foregoing developments bear heavily on statistical practice in significant ficlds
of application. Details pertaining to two such fields follow.

5.1 Statistical Process Control. Ongoing procedures are usually in place for tighten-
ing the process vanance in statistical process control. Such tightening results not only in
greater homogeneity of product, but also in greater power of Shewhart's (1931) X charts
to detect a given shift in the mean of a single quality characteristic.

Benefits of tightening a multicharacteristic process are less clear. Mean vectors <‘)f such
processes are routinely monitored using Hotelling’s (1947) 72 charts, where 7%(Z) identifies
the T? statistic from a process having dispersion matrix L. Consider two different processes
having a common mean vector but different dispersion matrices, £ and Q. In order that
T*(£2) should be uniformly more powerful than T3*X), it i1s necessary and sufficient that
X >= Q. If tightening a process serves merely to reduce each marginal variance, then such
tightening need not be L-diminishing, as noted in Section 3. Thus tightening each marginal
variance does not necessarily give greater power to 72 charts. On the other hand, Theorems
1 and 2 characterize the class D(X) of dispersion matrices resulting in uniformly greater
power than T*(E) to detect a given shift in the means when the process is not in control.
Thus, by Theorem 2, the matter of tightening a multicharacteristic process is tantamount
to- discovering mechanisms for adjusting the process so as to emulate one of the
X -diminishing transformations of Theorem 1.

5.2 Experimental Design. The choice of X € F,,, determines the dispersion matrix
V[ii(X)] = ¢(X'X)™ of the Gauss-Markov estimator ,&(X) = (X'X)"'X"'y in a linear
model y = Xf+ e. Here y e R", n> %, and e e R" is random having £(e¢) = 0 and
V(e) = o?1,. Various criteria have been advanced for choosing among designs, including
CuX) = t(X'X)", Cp(X) = I X'X |™ and C(X) = ¢, with {§, =~ 2> &, >0) as the
ordered eigenvalues of (X’X)™". These, in turn, support notions of 4-optimal, D-optimal
and F-optimal designs within a given class. It is well known that different criteria may entail
different optimal designs.

Suppose that X € F,,, may be redesigned as X — X G for some G e GL(k), re-
sulting in the model u = Zf+e with Z = XG.Then G = (X'X)'X’'Z, and X
and Z have the same column span. Conversely, if X and Z have the same column span,
then with G = (X'X)'X'Z, we have that X G = [X(X'X)"'X']Z = Z, since
X(X'X)™" X" is the projection matrix for X .

The Gauss-Markov estimators using designs X and Z are /}(X) = (X'X)"'X'"y
and [}(Z) = G-Y(X'X)"'X"u, respectively. We can assure that the design Z dominates
X by choosing G so that G- = T e 7((X'X)"") since Scction 4 shows that V[ﬁ(X)]
= (X'X)" = AT(X'X)'T' = 6¥2'2)" = V[ﬁ(Z)]. Morcover, because C,(X),
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Cp(X) and C(X) are all in @, it follows from Corollary 2 that modifying X — X G, with
G -'e ((X'X)™"), simultaneously diminishes all three criteria C,(X), C,(X) and Cy(X).
‘These facts arc helpful in comparing alternative designs and in improving existing designs.

5.3 Numcrical Example. We next consider a numerical example in which X and Z
have different column spans, there being no transformation G mapping X to Z. None-
theless, we are able to compare the performance characteristics of the two designs and to
demonstrate a E-diminishing congruence as in Theorem 1. The model we study is a

second-order response function having linear and pure quadratic effects, i.e.,
2 2 y
y="PBo+ B Xy + BaXy + Xy + BppXy +ee (5.1)

in the vanables X, and X;. Take X to be the matrix

L o1 =1 1 1]
1 -t 0 1 0
I =1 1 1 1
1 0 =1 0 1
X={1 0 0 0 0 (5.2)
1 0 1 0 1
11 =1 1 1
1 1 0 1 0
TS T TR

i

Next rotate points in the (X, X;)-space clockwise through 45 degrees to form in the

L

(Z,, Z,)-space the design matrix

i T
0 ~-J2 0 2
~Jyz =1z 12 12
-2 0 2 0
Juz  =J1y2 12 oap

0 0 0 0. (5.3)

12 J12 12 12
J2 0 2 0

12 JU2 o2 12
0 J2 0 2

o .

The covariance structures for designs X and Z are V[/}(X)} = o¥X'X)" = I,
and V[ﬁ(Z)] = ¢¥Z'Z)' = Q. To compare the two designs we compute the
cigenvalues of LV2Q-'E12 which are {4,1,1,1,1}. Thus £ > Q, and the Gauss-Markov
estimators iI(Z) are uniformly more efficient than [}(X). It follows from Theorem 1 that
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there is a E-diminishing congruence T taking (X'X)™' into (Z'7)" given by T =
LW 'E-12 with W’W = X-12Q¥ -2 We set W = (X-12Q% 1) and compute T
= EW'E-Yl10 be

[ 1

1 00 0 0
0 1 0 0

T=|0 0 1 0. (5.4)
0 0 0 34 14
0 0 0 14 34
BIBLIOGRAPHY

Baksalary, J. K., Kala, R. and Klaczynski, K. (1983). “The matnx inequality
M = B*MB.” Linear Algebra and l1s Applications 54: 77-86.

Hotelling, H. (1947). “Multivariate quality control, illustrated by the air testing of sample
bombsights.” In Techniques of Statistical Analpsis, C. Lisenhart et al, cds.
McGraw-Hill, New York.

Jensen, D. R. (1984). “Invariant ordering and order preservation.” In Inequalities in Sta-
tistics and Probability, Y. L. Tong, ed., pp. 26-34. IMS lecture Notes/Monograph
Series, Volume 5, Hayward, CA.

Jensen, D. R. and Mayer, L.. S. (1977). “Some vanational results and their applications in
multiple inference.” Ann. Statist. 5: 922-931.

Loewner, C. (1934). “Uber monotone Matrix Funktionen.” Math. Z. 38: 177-216.

Marshall, A. W. and Olkin, 1. (1965). *“Norms and inequalitics for condition numbers."
Pacific J. Math. 15: 241-247.

Marshall, A. \., Walkup, D. W. and Wets, R. J.-B. (1967). “Order-preserving functions;
applications to majorization and order statistics.” Pacific J. Math. 23: 569-584.

Schatten, R. (1970). Norm Ideals of Completely Continuous Operators. Springer-Verlag,
New York.

Shewhart, W. A. (1931). Economic Contro! of Quality of Manufactured Product. Van
Nostrand, New York.

von Neumann, J. (1937). “Some matrix inequalities and mectrization of matrix space.”
Tomsk Univ. Rev. |: 286-300.

Received July 1989; Revised July 1990.
Recommended by R. P. Gupta, Dalhousie University, CANADA.

Refeneed Anonymously.



