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0. ABSTRACT

1xi D(Y) consist of mah-ices congruent to and dominated by a given matrix Z, and

Ict T(1) be the corresponding congruent transformations. “Ilcse classes are characterized

and their properties stuJiui when X is positive definite. Dispersion orderings arc considcrcd,

including dispersion-diminishing Iincar transformations, concentration properties of which

arc showm. l\rtlitrary Iincar transformations arc decomposed into contractions, isometrics

and Jilalions on subspaccs rcla(ivc to hlahahmobis norms. Applications arc notcxl in sta-

tistical process control and linear inference.

1. IX’TROI)UCI’ION

Let (S:, >) be the ordered cone of positive scrnidcftite real (k x L) matrices in which

Ji > II w’hcncvcr A — B e S1, with A x II when A – B is positive definite. This or-

dering pcrvac!cs much of statistics and applied mathematics, beginning with the work of

Loewmcr (193-I). The ordering is preserved under the general linear group GL(k) acting on

.$; by congruence, because A > B on (S;, >) if and only if G A G‘ ~ G B G‘ for any

(; ~ G/.(k). ]ntcrcst often focuses on the ordering of congruent pairs (A, G A G ‘); see

Ilkdary e( uI. (1983), for example. In this paper we consider the class D(X) c S; of ma-

trices dominated by a given matrix XeSf, together with the class 7(2) of Z-diminishing

con~acnccs such that Z > 1 X T‘ for any T ~r(~), with 1 in Cf.(k) so that T is

invertible. In particular, we characterize T(Z) in terms of singular decompositions, and we

cst~biish a basic comcction between D(Z) and T(Z). Genera] linear transformations on R~
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arc decomposed in!o operators effecting contractions, isometrics m-d dilations on dcsig-

“r-ntcd subspaces relative to }Iahalanobis norms. lhdopmcrsts include the concentration

prc)pcrties of certain probability measures on R‘, and applications arc noted in Iincar in-

ference and the control of muhicharactcristic proccsscs.

2. PRtM\lISAR1tlS

7J s~t~ti~n. ‘rO fix notation W and R! arc Euclidean ,k-space and its positive

orthant; F.xh and S4 consist of reaf matrices of orcfcr (n x k) and their (k x k) symmetric

varieties; and O(k) is the real orthogonal group acting on R’. ‘l”hc Iincar span of

(x,,..., x, } in W is denoted by Sp( x !, ... . x,). l:or J’ > t) in .~;t the Wlrcd

\lahalanobis norm of y e W is IIy II; = y‘ V‘] y .

2.2 Invariant Nkmotone Functions. A function g:.$; ~ R’ is mmmtone on (.$;, >) if

A > B implies g(A) > g( B ) on Rl, and g( . ) is im”wimf wrdcr unifw~? conyw!nce if

g( P A P‘) -= g(A) for any A = S; and any real unitary P ● (“~(k).1 et @ comprise I!W

functions monotone on (S;, ~); let functions in (1)1~ @ bc invariant under unitzry

congrucncc; and let 00 ~ 01 consist of unitarily invariant norms on S(. “1’lwAss (IJ is

characterized in \larshalf et al. ( 1967), and functions in O, and @Oarise throug]l conlpr)si-

tion as follows. Let u(A) = (al, ... . UA) map A ● S; into its ordcrml cigcnvalues

{al 2.-> a, > O), and Ict r, consist of functions on R’ that arc symmetric unkr the 2’A!

reflections and permutations tand that are increasing in each argurncnt on II?!. “l”hcn 0, =

{4:4 = YOO1YE r]}) ~hcre (YOU)(A)= Y(alt “co>ak) s~nifarlyl ‘1)0= (4:+ = VW)Y~ ro} arc

von Xeumann’s (1937) unitarily invariant norms restricted to .S; , ~vhcrc rOc r, arc the

symmetric gauge functions on O?k.For futiher details sce Jensen ( 1984), Jcnwn and kl+xr

(1977), NlarshalI and Olkin (1965) and Schattcn (1970). Some cxmnplts follow.

Functions in rO include (Y(,j(Xi,....- kY) = ~X[,}; 1< r S k}, Jvhcrc {x[ll > -.> Xf,l) arc

the ordered values of {IXl!, ... . Ix, I), and fi~c ?P norms {Y,(.~,, ... . x,) = (~.Yf,l)’”;

1 sp c CO}. Included arc the f- norm y(l)(xl, ... . x,) = max{ Ixl 1, ... . Ix, I) = x[,~ k the

Euclidean norm y2(x1,... . x~) = ( x‘ x )l;l = 11xl!, in earlier not~tion. Functions ill r, but

nOt rO include {y(Xl, ... . xk; ~.) = ~~x~/l; O<%, <-, ~.= J,+”+ j.k>O}.

3. PROPER-I”IES (-)~ T(z) A~I] ~(~)

For fixed XeS~, a transformation T acting on S; by congruence is said to bc

Z-dindnidting whenever Z > T(E) = 1 Z T‘, where T L‘1’ is the

of T(Z) with T E GL(k). The foflowing theorem charactcrizcs} in

compositions, the class t(~) consisting of all such tr,ansforrmstions.

matrix rcprcscntation

Iurns of singular dc-
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“1”111WR1;31 1. ‘l-he transformation 7’:X ~ “1S r‘ is X-diminishing if and only if T =

X1/~\\f ~X-l!l, J\h~r~ \\r e I“
k.k is some matrix whose singular values are bounded above by

unity, ln particular, the class r(~) is given by

I

T(X)= {“1’:’1 =z’’2\J’’1- 2;]l\l\11<l< 1] (3.1)

I tvhcrcll,ill = s~pllAxlj,/llxll,.

\ Proof. Clc:wty X– “l”X”r’ >0 if and only if 1, – \V’\V >0 with JV’ = Z-lIZTXI(Z.

flpp!y the singulor decomposition 1?’ = U,1 V such that U and V arc orthogonal and

,i = lliag(( ~),... . ( ~\ ) consists of the ordered singular values {51>”-2 ‘h > ()] of JV. It is

clear th:it 1~— \\” \\’ > (} if and Onl)’ if 1~– A’li > 0, i.e. ! i k > ‘Iiag (Ji) .-. ! ‘i). ‘]ut

i tl~is is cqllivalcllt to the assertions of the theorem, completing our proof. =
,

I%scnliai properties of 7(X) arc summarized in the following.

COR[lLI.AI{Y 1. 1A T(X)be the class of X-diminishing congruences. “[’hen

(i) 7(Y) is u]oscd unclcr composition;

(ii) the n-fold composition ~<’’)(~) of 7’E T(z) has the matrix rcprescntalion

~1/2( \\’f)”g .1/2;

(iii),~(~) > ,~(’i’~”1”) fOr CVCfy ‘r E T(x) and f$ S@.

(iv) In particular, tr(~) 2 tr(’I’X’1”) and IZ I 2ZI ‘r~rl’ I.

I’roof. (i) With V;, ‘l; e T(X), ohservc thtit the composition TZ07”IIlas the rcprcscntation

~l/2\y2~\\”,’~- ‘/2 ill T(S). Conclusion (ii) follows similarly. Conclusions (iii) and (iv) fol-

low ciircctly from the monotonicity of functions in O, completing our proof. 9
[

‘I”l]c follo~ving thcomm establishes a basic connection bctwccn T(Z) and D(X), to-

gct lwr \vit h further properties oft hc latter.

! ‘1”1ll:olllE\l 2. I:or each Es.S~, the class II(Z) of matrices dominated by Z on (S;, >) has

the folloiving properties:

\ (i) Q=/)(L) if and only if Q = ‘1”X T‘ for some “1’GT(X);

(ii) ~t~l)(~) if and only if Q = S1/2\V’ IV ~’~’ with JY’ as in Theorem 1;
I!
I (iii) UX e D(L) for 0< a < 1;

I (iv) 0(2) is convex; and

(v) ~ < X implies D(S) ~ U(X).

Proof. (i) Suppose QED(X), so that X > Q, and write S2 = Q]/2X-]/2XX-]/2f21/2. Because

X > Q it follows that 1~> X-112-QS-1/2as in the proof of Theorem 1, and thus T =

f~l/2E-Jj2~ *(X). conv~rscly, if 1 ~7(L), then ~ is Z-diminishing and ~ = “i”Z’r’ % E

from the definition of 7(E). Conclusion (ii) follows from (i) and ‘1’hcorcm 1. Conclusion

(iii) is immediate. Convexity follows on considering=, Q in D(X) and a = 1 – ~ e [0, 1].

‘1’hen ~ – (c& + &i2) = a(~ – E)+ E(Z ~ 42) > [1 and thus a=+ ZQ s I..(E), giving con-

...’.-!.,., , . .
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elusion (iv). Conclusion (v) may be seen on lvriling ‘1”Y ‘I”’ = =, ~vith “1- = L112IV ‘X I/~

such that \\”\v = x“ll~~x-l!z , illld using transi[ivi{y of Illc or{lcring on (.S1, >), Ili[is

comple~ing ouf proof. n

4.1>ISPERSl(lS-l) 1311XISIIlXG N[.API’lX(;S

“Iheorcm 2 demonstrates that Q~X, andf2 = T(Z) for T=?(X), arccquivalcnt. In

[his section ~vcconsidcr tI~eserelalions i1laprol>ul~i1istic sctling.

L@ Y(~) eR*bcarand()m clcn~ellt {>ilapro\l:~bility sp:~cc(fl, 11,/')l~ak'illg t1lcl1lc:ln

L-(Y) = OallddispcrsioIl nlatrix 1’(Y) = X > 0. I .irwar trwrsforrnalions Y - 1. Y on

F?’ induce the transformation (O, X) ~ ( LO, LX L’) on 0?’x ST*, acting l~y congruclhx on

.S; . 13ccause variance-diminishing scalings on R’ arc given by Y- c Y w’ith Ic I < 1, it is

tempting 10 conjecture that reducing each marginul Vari:mcc shouki diminish >, i.e., ll~:lt

Y ~ 1] Y on W shou]d be Z-diminishing whcnmxr 1) = IJiag(($,, ... . d,) lvilll {I($,! < I;

1 ~ i < ,4). That this conjecture is fakx is seen for k = 2 on !clling X = [0,,] Ivilh

~ u,~ = U*,= oj~u,, = -, = 1, and t) = Diag (0.1, 0.9). I[cre 2- 1)X D‘ has tile Jctcrmin:mt

-0.4S19, so that 1) is not X-diminishing cicspitc a considcrablu reduction in the vwidncc

of the first component. Xoncthclcss, the class of all dispcrsi(}l]-dilllit~isilil~g Iincar tr:lllJ-

orrnations on W is found from Theorem I 10 be {Y ~ ‘1’Y: ‘1”~ T(I)}. Xlorcortr,

~[ 1’(Y )] a +[ 1’(7”(Y ))] for eve~ T e T(X) and + 6@.

\Ve seek connections betwucn ordered scale parumctcrs and the concentration of

probabilities. “1’0these ends consider scale families on U?’gcncr:i{cd by. u sfand:mi proba-

bility measure P(•) having unit scale, with dispersion malrix 1~ \YIIcn second moments arc

defined. Let .\f(R’, llA),with B, as the Borcl sets in P!’, hc the class of all such symnwtric

nwasurcs Satisf~hlg P(A) = P( –A) for each AEII, and p c .II(U?*,)1,): Ict P’(u) =

{PA(.); .i=.$;} such that P*(A) = p(,\-1/2A) in terms of the symmcwic root .\” Z of ,f, ivith

p e ,11(5?, Ok); and let IPz(lf) = {pn(. ); .Qe D(X)} ~ P’(p). I:unhcr Ict .X’(E) consist of sets

of the type AZ(C)= {x E W: x ‘X-*x < c) with c >0. Standard Chcbyshcv incquali(ics on

R’ guarantee a lower bound for pn(A) that is Iargcr than for //t(./) for Ae#(X) Ivhcncvcr

x > Q, suppofling the conj~cture that ;In( . ) is Inorc Conccntratcd than /IL( . ) ();I SUCII sets.

‘l-hat this conjecture does hold is shown next, wlwrc the ordering Nt](..l) z V~(.4) is dIoJvn

prcciscly for every A=*(Z), and a converse is prowd.
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Ye,d~(c) and thus pn(A) > PZ(A) for every AEYf’(E). 13ecause ~ei14(R~,fl,) was chosen

arbitrarily, the result holds forcvcry p~Ll(R~, ilk).

(ii) “1’(>show that ILn e P,(p) is ncccssary, it suflices to assume that k =2, X = 1z,

and !2 = Diag(ll, 12). By way of contradiction, suppose II > 1. Then the set E =

A(c) fl Q-112A(c) is not empty. For any measure v e M(R2, i32)with support in E, we have

VZ(,4(C))= 1 while vQ(.4(c)) = 0, the required contradiction which completes our proof. ■

To continue, the inclusion arguments of Theorem 3 may be interpreted in terms of

an opcr~tor “~on the metric space (Rk, II● Ilz)as foilows. Because O < Z-l < (TX 1 ‘)-* for’

T = T(x), wc infer that ( y II;s IIy II;=7 = IIT”Y 111,i.e., IIT x II; < IIx Ii. It fo~ows that evew

T e @) is a contraction on (53’,II● jlz). Similar arguments show that if T#7(Z) and

T 2 T‘ >22, then T is a dilation on (Rk, II. I!z), i.e., IIT x It > IIx Ii. Generally T is neither

a contraction nor a dilation on (W, II. IIz),and its properties remain to be studied. We next

dccomposc R’ into subspaces (Fl, Fl, FJ in which T is a contraction, an isometry, and a

dilation, respectively.

To these ends consider a canonical form in which (X, TZ T‘) + ( I ~, W‘ W) with

\V’ = X-I/I TZI/2; write the spectral equations {(W’W)-’ u, = y,u,; 1 S i < k); let

{x, =x’@u,; 1 g i < k); and suppose that neither \V’W < 1Anor W’W > IA. Then at

least onc of two integers (r,s) exist such that

{y, >... ~Yr>Yr+l =1=’””= Y~+$> Yr+~+l~ ““”~ Yk> O}.

Accordingly, decompose (lllk,II. Ill&)into W = Vi@ V@ VJ such that V] = Sp( u,, ... . u,),

VI = Sp(ur+l, ... . u,+,) and J/3 = SP(U,+,+l, ... . u ‘). Further let El = E112V1,E2= E1/2Vz

‘l/z VJ, and fimally let F, = T-l(EI), F2 = T-1(E2) and FJ = T-l(EJ. A principaland E,= -

result is the following.

‘1’11110RE31 4. Let T be a non singular linear transformation on (O?’,II. 111),and consider

subspaccs {F,, J’2,F3}of W as defined. Then

(i) 7-is a contraction on (Fl, II. Iiz), i.e., IIT z 1~s IlzII;for z e F,;

(ii) T is isometric on (F,, II. Ilz), i.e., IITzll~ = llzll~ for z = F2; and

(iii) T is a dilation on (Fj, II. IIt), i.e., IITzll~ > llzl~ for z GF,.

l’roof. \Ve provide details for conclusion (i), the other conclusions following similarly. On

writing {(JV’ \V)-* ui = Y,u,; Y,> 1) and {x, = Z1/2u,; l<i< r}, wcinfcr that 2112P’, =

Sp(x,, ..., x,) ~ W. Moreover, we compute

llx,l~= X;z-’x, = U;ui < y,u:u, = U:(w’w)-lui

= x,’~-J/2( w’w)-1~-1/2x, = xi’(TET’)-} X, = llX~12mr = IIT-lX,I[;.

‘l-his incqualit y passes to finite linear combinations of {x,,,.. , x,] since for i #j,

x,’~-lx, = u,’u, =O and x/( TX’r’)-lx, = Yju:u, = O. This shows that T-l is a

dilation on 21/2V,, and thus T is a contraction on (Fl, II. IIz),as claimed. This completes our

proof. 9 .
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The foregoing developments bear heavily on statistical pmcticc in significant Iiclds

of application. Details pertaining to two such ticlds follow.

5.1 Statistical Process Control. Ongoing proceciurcs arc usually in place for tighten-

ing the process variance in statistical process control. Such tightening results not only in

greater homogeneity of product, but also in greater power of Shewhart’s ( 1931) .7 charts

to detect a given shift in the mean of a single quality characteristic.

Benefits of tightening a multicharactenstic process are less clc,ar. Nlcan vectors of such

processes are routinely monitored using Hotelling’s ( 1947) 72 charts, where 72(X) idcnt ifies

the T statistic from a process having dispersion matrix Z. Consider two difkcnt processes

having a common mean vector but different dispersion matrices, Z and S2. In order that

P(Q) should be uniformly more powerful than V(X), it is ncccssary and suficicnt that

x > Q. lf tightening a process serves merely to reduce each marginal variance, then such

tightening need not be Z-diminishing, as noted in Section 3. Thus tightening each marginal

variance does not necessarily give greater power to 72 charts. On the other hand, ‘l-heorcms

1 and 2 characterize the class D(Z) of dispersion matrices resulting in uniformly greater

power than ~(z) to detect a given shift in the means when the process is not in control.

Thus, by Theorem 2, the matter of tightening a multicharacteristic process is tantamount

to- discovering mechanisms for adjusting the process so as to emulate one of the

X-diminishing transformations of Theorem 1.

5.2 Experimental Design. The choice of X E FmxAdetermines the dispersion matrix

@(X)] = u’(X ‘X)-’ of the Gauss-h4arkov estimator ~(X) = (X’ X )-’ X‘ y in a linear

model y = X~+ e. 14ere y EIR”, n>k, and e IERfi is random having ~(e) = O and

V(e) = O11.. Various criteria have been advanced for choosing among designs, including

c“(x) = tr(X’X)-l, CO(X) = lX’Xl-land C,(X) = /,, with {~, ~”- >{, > 0] as the

ordered eigenvalues of (X’ X )-i. These, in turn, support notions of A-optimal, D-optimal

and E-optimal designs within a given class. It is weU known that different criteria may entail

different optimal designs.

Suppose that X c Fnx, may be redesigned as X ~ X G for some G E CL(A), re-

sulting in the model u = Zfl+e with Z = XG. Then G = (X’ X)-l X’Z, anc! X

and Z have the same column span. Conversely, if X and Z have the same column span,

then with G = (X’ X)-’ X’Z, we have that XG = [X( X’X)-’X’]Z = Z, since

X ( X‘ X )-* X‘ is the projection matrix for X.

The Gauss-Markov estimators using designs X and Z are ~(X) = ( X‘ X )-’ X‘ y

rmd ~(Z) = G -l(X’ X )-1 X‘ u, respectively. We can assure that the design Z dominates

X by choosing G so that G -1 = T e 7(( X‘ X )-*) since Section 4 shows that ~~( X )]

= UZ(X’X)-l ~ UZT(X’X)-l T’ = CTZ(Z’Z)-l = qj( Z )]. hlorcover, because C“( X ),
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CO(X) and Cl(X) are all in 0, it follows from Corollary

3265

2thatmodifying X -+ XG, with

G-'~~(( X' X)-'), simult:lne{Jusly dijninishes alltllree criteria CA(X), CO(X) and CE(X).

“l-hcse facts arc helpful in comparing alternative designs and in improving existing designs.

5.3 Xllnlcrical Example. \Ve next consider a numerical example in which X and Z

have cliffcrent column spans, there being no transformation G mapping X to Z. None-

theless, \vc are able to compare the performance characteristics of the two designs and to

demonstrate a X-diminishing congruence as in Theorem 1. The model we study is a

second-order response function having linear and pure quadratic effects, i.e.,

Y= flo+O1~l +flzXz+ pllX~+Oz2’Y~+e is.1)

in the vw-iablcs Xl and X2. Take X to be the matrix

–1

o
1

–1

o
1

–1

o
1

1
I
1

0
0
0
1
1
1

Next rotate points in the (Xl, Xl)-space clockwise tkough

(Z,, Zl)-space the design matrix

z=

L

o

45

2

1/2 1/2

20

1/2 1/2

00

1/2 1/2

20

1/2 1/2

02

J

(5.2)

degrees to form in the

(5.3)

The cova.riance structures for designs X and Z are Vf~( X )] = o’( X‘ X )-’ = X,

and ~~(Z)] = a2(Z’Z)-1 = Q. To compare the two designs we compute the

cigcnvalues of X112Q-]Z112which are {4, 1, 1, 1, 1}. Thus Z ~ S2, and the Gauss- h4arkov

estimators ~(Z) are uniformly more eflicient than 1(X). It follows from Theorem 1 that

.



Ihksakirv. J. K.. Kala.

i
JENSEN AND RAMIREZ :

congruence T taking (X’ X )-1 into (Z’ Z.)-1 given by “r =
= ~-112~~-I/2. \Ve set \\r = ( E-I12S~Z 11~ )1/z ad compulc T

T=

1 00 0 0

01000
00100

10 0 0 3/4 1/4

o 0 0 1/4 3/4
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