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We present an algorithm which will incorporate an adjusted
likelihood and a scaled likelihood procedure for the
Behrens-Fisher problem. Nonunigqueness of the maximum
likelihood estimates for the common mean are demonstrated on
a simple example showing how ill-conditioned the maximum
likelihood equations can be. Our results, however, show that
the significance levels are stable even when the means are
sensitive to perturbations.

1. INTRODUCTION AND THE BEHRENS-FISHER PROBLEM

In many practical situations it is necessary to test the
equality of the means when neither is known, and we cannot

reasonably assume that the unknown variances af and oi are

equal. This is the case in many experimental situations
where the researcher wishes to compare the means, but he is
unwilling to assume that oi = og, or it is inappropriate to
make such an assumption.

The comparison of two normal means, when the variances are

unknown and unequal, is called the Behrens-Fisher problenm.
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Mo}e formally, suppose we have a random sample of size n,.

say xll,xlz,---,xlnl, from N(yl,of) and a second independent
sémple of size n,, say X21,X22,--~,X2n2, from N(pz,oz). We
are interested in testing

Ho: py =k, (= 4) (1.1)
against

Ha: Hy # P (1.2)

when oi and og are unknown and not assumed to be egual.

In an earlier paper, Bozdogan and Ramirez (1986) studied the
Behrens-Fisher problem via an adjusted likelihood-ratio test
using the maximum likelihood estimates (MLEs) of the
parameters under both the null and the alternative models.
This procedure allows the significance levels to be adjusted
in accordance with the degrees of freedom to balance the risk
due to the bias in using the maximum likelihood estimates and
the risk due to the increase of variance.

In a recent paper, Sugiura and Gupta (1985) showed that the
maximum likelihood estimate of the common mean u may not be
unigue. In this paper, we present an algorithm which will
incorporate our adjusted likelihood procedure, as well as a
scaled likelihood procedure. This algorithm checks for the
rare event of nonunigque MLE for the common mean. In this
paper, we further demonstrate these procedures on data sets
which will show the nonunigueness of the MLE for the common
mean. The examples show that the maximum likelihood
eguations can be guite ill-conditioned. Fortunately in this
case, the significance levels are not sensitive to the
perturbations in the means.



2. NOTATION

In this paper we assume that
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are independent random samples of sizes n. and n

1 2’
respectively. We let Xl and Rz denote the sample means, Sil
and 552 denote the unbiased sample variances, and Sf and S§

denote the biased sample variances.

3. THE WELCH PROCEDURE

When the population variances are not equal (of # og) and are

unknown, then the most common procedure for testiny the
equality of means is the Welch procedure [see, for example,
Welch (1937)]. For the Welch procedure, one computes
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The Welch procedure assumes that Sul/n1 + Suz/n2 is

approximately distributed as (oz/u)xs, for some v > 0 and

o2 > 0. By matching first and second moments, Welch showed

tw - t, (approximately) (3.2)
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with tu a t-distribution with degrees of freedom
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4. THE BEHRENS-FISHER MLE

Under the null hypothesis Hy: #y = ¥ {=p)., the MLEs are the

roots of the set of three following equations:

n, (X,-#) . n,(X,-#) - W
02 02
1 2
nl 4
62 =1 5 (x,.-m? =5+ (X -2 - (4.1)
1 n, ._ 1i 1 1
1 i=1
)
2 1 2 2 - 2
0l =2+ T (X, .-p)" =S, + (X,-M)
2 N, 421 21 2 2

From the first equation in (4.1), we obtain very readily the

equation for ﬂ. Thus, under Ho, the maximum likelihood

equations are given by

A¥X. + BX
~ 5N 2 _ 22, =1 o _ 52, -1
B = T 5 A= (°1/“1) . B (oz/nz) ,
(4.2)

a2 _ 2 a2
and o] = 51 + (il pYe,
A2 _ 2 a2
o, = 52 + (Rz p)..

We note that sf and Sg

they need to be distinguished from the unbiased sample

and Siz. Also from (4.1), we see'that ﬂ solves

are the biased sample variances and

2
v;riances Su1
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the cubic polynomial in p:
2 Y] 2
ny(sy + Xy = 2% p + p7) (X -p)
2

+ny(s? + X2 - 2y o+ pz)(iz—p) =0 (4.3)

- N

Sugiura and Gupta {1985) have shown that the cubic polynomial
in (4.3) has either a unique solution with large probability,
or three solutions with small positive probability.

Expanding the cubic polynomial in (4.3) as

Aya + sz + Cu + D = 0 yields:

1 1
A= = 4+ —
S S
2 1
B=~ (5% +_2) X, # (——+2-)X
[ n1 n2 1 n1 2 2
(4.4)
s12 s22 Rlz ?22 1 1
C=g+tatitt2igra) X\ X
1 2 1 2 1 2
%2%, % %,° s? s,”
D = - o + + —— 22 + -ﬁ-— xl
1 n, 1 2

The usual procedure for analytically solving a cubic is as
follows. We rewrite the cubic first as:

p2 e pp? 4 qu + =0, (4.5)

and, then as
3
(p + %) + a (p + %) + b =0 (4.6)

with
2
a=3(3a-p") : (4.7)
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The roots of the cubic are unique provided +hat either

pISC > 0 or DISC = a = b = 0. If the roots are not unique,

then trigonometric solutions can be found [(e.g.: Hodgman
(1957)1].

5. NUMERICAL EXAMPLES.

We now examine the following three examples.

Example 1 Example 2 Example 3
Xy X, X, X, X, X,
5 |76 o1 |” 6 5 |75.99
0 6 0 6 0 6
2 8 2 8 2 8
-2 4 -2 4 -2 4
%, =0 X, = .0025 X, =0
X2 =6 7{2 =6 }'(2 = 5,9975
2 _ 2 _ 2 2
s =2 s} = 2.00002 s] =2
2 _ 2 _ 2 _
s, = 2 s, = 2 S5 2.00002
i = 0.35425 or jB = 5.6456 B = 0.35442
p = 5.6458

The first example is contrived to produce a nonunigue MLE for
the common mean ﬂ. The second and third examples show how
il1-conditioned the data set is. A slight perturbation in
the data shifts ﬁ from 5.6456 in Example 2 to 0.35442 in
Example 3. Example 1 provides a concrete example to the

phenomenon observed by Sugiura and Gupta (1985).
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~h¢ Behrens-Fisher maximum likelihood eguations will have

wije solutions when the sample means are close to each
-wer. The numerical problems occur when the means are very
:ur apart.” In this case the MLE for the common mean is close
Lo one of the sample means. The third root is between the
sample means and is not a local maximum but rather a local
minimum for the likelihood equation. A heuristic argument is
a5 follows. The distribution with mean near the middle of

-1« sample means can have n = n, + n, data points as outliers

..ile the distribution centered at one of the sample means

will have only n, or n, data points as outliers.

In the next section, we will see for testing the null

hypothesis Ho PHy =M, (= p) of equal means that the

significance levels are stable on these data sets.
G. THE ADJUSTED LIKELIHOOD PROCEDURE
in a previous paper, Bozdogan and Ramirez (1986) showed that

the likelihood ratio test can be improved by replacing the
approximation

- 2 ¢fna ~ xf (6.1)

by

- 2¢8&n A ~ x (6.2)

where A denotes the likelihood ratio test statistic for Ho

and Ho and Ha given by (1.1) and (1.2), and where Y is given

by (3.3).
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7. THE SCALED LIKELIHOOD PROCEDURE
Our earlier work yields the approximation

o W
E (- 26n A) = 57 (7.1)

Consequently, the likelihood ratio test can also be improved
by replacing the approximation (6.1) by

v -2
w

v
W

-2 )CnA~xf. (7.2)

Table 7.1 shows our results on the three examples we
constructed.

Looking at Table 7.1, we see that although the solutions of
the maximum likelihood egquations are quite ill-conditioned,
the two-sided significance levels a are indeed stable across
the the three examples. In each case, one would reject the

null hypothesis HO of common means with confldence greater

than 99%. We note further that since the two groups have
nearly equal variances, the significance levels for the

pooled t-test and the Welch procedure will be about the same
value.
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Table 7.1 Results of the Three Numerical Examples
Example 1 Example 2 Example 3
B = 0.35425
~2 _
6y = 2.1255
82 = 33.874 A = 5.6458 i = 0.35442
or 8? = 33.844 8? = 2.1256
a2 ~2
6, = 2.1256 6, = 33.844
g = 5.6458
A2 _
6] = 33.874
~2 _
6, = 2.1255
t = -5.196 t = -5.194 t. = -5.194
w W w
v = 6.000 v = 6.000 v = 6,000
W w w
-2 &n A = 11.56 -2 &n A = 11.56 -2 €n A = 11.56
Aeich 00202 ag ) 00203 a0 .00203
G pajusted = 90550 Cpggusted T t00%%1  Fpgyustea T 100°°1
Agcaled 00157 &g 1.4 00157 ag 1.4 = -00157
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8. THE ALGORITHM BFSOLVE

The subroutine BFSOLVE reguires as input the sample sizes N1,
N2 for the two groups and the vectors of data X1, X2. For
output, the subroutine returns the global means MEAN1, MEAN2
and the global biased sample variances VAR1l, VAR2. Under the
hypothesis Ho. the subroutine returns the common mean as

BFMEAN(1). 1In case of nonunigueness, the other mean is
returned as BFMEAN(2). All computations are with BFMEAN(1).
The MLE for the variances are BFVAR1 and BFVAR2. The
two-sided significance levels for the Welch, adjusted-
likelihood, and scaled-likelihood procedures are returned as
ALPHAW, ALADJ, and ALSCAL. 1In the case of nonuniqueness, all
significance levels should be guite small. Two logical
variables UNIQUE, ILLCND are used to flag whether the roots

of the maximum likelihood eguations are unique and whether
DISC from (4.8) satisfies

pIsCc ¢ 0. (8.1)

If {8.1) is satisfied, ILLCND i1s set equal to .TRUE. and the

user is warned of a potential ill-conditioned problem with
the common mean M.

The subroutine BFSOLV is written in FORTRAN 77 and has been

used successfully by the authors on a PRIME 550/750/9955 and
a CDC cyber 180/855.
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SUBROUTINE BFSOLV(N1,6N2,X1,X2,MEAN1,MEAN2,VAR],YAR2,BFUEAN,
. BFYAR) ,BFVAR2,M2LNLK ,BIAS ,ALSCAL,TVALY,DF¥, ALPBAY,
. ALADJ,UNIQUE,ILLCAD)

DEVELOPED BY HAMPARSUN BOZDOCAN AND DONALD E. RANIREZ
MATUEMATICS DEPARTMENT, MATH-ASTRO BUILDING

UNIVERSITY OF VIRCINIA, CEBARLOTTESYILLE, VA. 22603, U.S.a,
COPYRIGUT © 02/03/87

DFSOLY COMPUTES THE SYCNIFYCANCE LEVELS FOR TEHE ¥ELCE PROCEDURE
FOR THE SCALED LIXKELIHOOD PEOCEDURE AND

FOR THE ADJUSTED LIKELIBOOD PROCEDURE

N1 INPUT: TUE SAWPLE SIZE POR TBE FIRST CROUP

N2 INPUT: TUE SANPLE SIZE FOR THE SECOND CROUP

X1 INPUT: THE VECTOR OF DATA FPOR THE FIRST CROUP

X2 INPUT: THE VECTOR OF DATA FOR THE SECOND GROUP

MEAN] OUTPUT: TUE SAMPLE NEAN FOR THE FIRST CROUP

MEAN2 OUTPUT: TUE SANPLE MEAN FOR THE SECOND CROUP

VAR} OUTPUT: TUE BIASED YARIANCE FOR TDE FIRST CROUP

VAK2 QUTPUT: TUE BIASED VARIANCE FOR THE SECOND CRQUP

UFWEAN QUTIPUT: YECTOR OF LENCTH 2 FOR THE MLE FOR TEE CONNON MEAN
BFVAR] OUTFUT: TRE MLE FOR THE VARIANCE FOR THE FIRST CROUP
LFVARZ OUTPUT: TUE MLE FOR THE YARIANCE FOR TUE SECOND GROVUP
K2LNLK OUTPUT: MINUS TYICE TUE LOC-LIKELILOOD RATIO

BIAS OUTPUT: EXPECTED VALUE OF M2LNLX

ALSCAL DUTPUT: TUE SICNIFICANCE LEYEL FOR THE SCALED LIKELIEOOD

PROCEDURE

TYAL¥ OUTPUT: THE WELCU T-STATISTIC

DFW OUTPUT: TUE DFP'S FOR THE YELCU PROCEDURE

ALPUAY DUTPUT: TUE SICNIFICANCE LEVEL FOR TUE YELCHE PEKOCEDURE
ALADJ OUTIUT: THE SICNIFICANCE LEVEL FOR TUE ADJUSTED LIKELINOOCD

PROCEDURE
UNIQUE OUTPUT: LOCICAL VARIADLE FOR WHETHER BFUEAN IS UNIQUE
ILLCKD OUTPUT: LOCICAL VARIABLE FUR WUETUER TUE B-F EQUATION
MAY BE ILL-CUNDITIUNED

INTEGER N1,N2,IER,

. LEVOLD,LEVNEY

REAL X1,XY2,MEANI,NEANZ,VAR1,VAR2,

. BFUEAN(2) ,BFVAR],BPYAR2,ALSCAL,
. TWELCN, TVALY,ALPUAY,DFY,

. W2LNLK,ALADJ,BIAS, UNE

DIMENSION X1(+),X2(e)

UERSET,MDTD,uDCH AKE IMSL RDUTINES

UERSET: SETS WESSACE LEVEL FOR IMSL ROUTINES

MDTD: COMPUTES TYO-SIDED TAIL RECIONS FOR TUE T-DISTRIBUTION
MDCU: COMPUTES LEFT-HANDED TAIL KEGIONS FOK THE CUI-SQUARE

DISTHIBUTION

EXTERNAL STATS,UERSET,BFVAR,NDTD,
. UDCH,MLUNIQ, T¥ELCH

LOCICAL UNIQUE,ILLCND

INTRINSIC LUC

STATS: COMPUTES WEAN AND BIASED VARIANCE

CALL STATS{X1,N1,NEANI,VAR1)

CALL STATS(X2,N2,KEANZ,VAR2)

LEVNEW = 1

CALL UERSET(LEVNEY,LEVOLD)

MLUNIQ: COMPUTES NLE POR THE COMMON MEAN

CALL MLUKNIQ(UNIQUE,N1,N2,WEAN1,MEAN2,VAR1,VAR2,BFUEAN, ILLCND)
BFVAR: COMPUTES KLE'S FOR SEPARATE VAKIANCES

CALL DFVAK(X1,N1,X2, N2 UFMEAN(1),LUFVAR],DFVAR2)
N2LNLK=NK1+10C(1.00 (BFMEAN(3)-MEANI)¢+2/VARL)

. +N2eLOC(1.0+ [BFNEAN (1) -NEAN2) ¢ +2/VAR2)
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TVALW=TWELCH (MEAN1 ,MEAN2,VAK1,YAR2,N1,N2,DFY)
¥DTD: COMPUTES TWO-SIDED TAIL RECIONS FOR TEE T-DISTRIBUTION
CALL MDTD(TVALW,DF¥,ALPEAY,IER)
DIAS=DF¥/(DFW~2.0)
KDCH: COMPUTES LEFT-BANDED TAIL RECIONS FOR THE CEI-SQUARE
PISTRIBUTION
CALL uUDCE(M2LNLK,BIAS,ALADJ,IER)
ALADJ=1.0-ALADJ
ONE=1.0
uDCH: COVPUTES LEPT-EANDED TAIL RECIONS FOR TEE CEI-SQUARR
DISTRIBUTION
CALL NDCH (M2LNLX/BIAS,ONE,ALSCAL,IER)
ALSCAL=1.0-ALSCAL
RETURN
END
l..‘.......l'.‘.Q'.00'...'...l...“'l.l..'.l.........'.‘...‘I.‘...
SUBROUTINE STATS(A,N,MEAN,VAR)
HEAL A,MEAN,VAR,SUN,SUNSQ
INTEGER N, KOV
DINMEKSION A(e)
INTRINSIC KEAL
5U¥=0.0
SUNSQ=0.0
DO 10, RO¥=1,N
SUW=SUM <A (RO¥)
SUNSQ=SUNS+4 (ROW) oA (RO¥)
10 CONTINUE
NEAN=SUM/REAL (N)
VAR=(SUNSQ-SUMeSUN/REAL (X)) /BEAL{N)
KETURN
END
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SUBROUTINE HLUNIQ(URIQUE N1,N2,MEANY ,MEAN2,YAR]1 ,VAR2,BFPMEAN,
. ILL ND)
INTECER N1 ,N2
REAL MEAN) MEAN2,VAR1,YAR2,A,B,C,D,DISC
REAL P,Q,k,AA,BB, SHALL BFHEAN(2) ¥,2,PHI,PL
REAL LNLIXE ROOTI 10072 ROOT3, LTRDDT ITROUT LTLNLK, lTLNLK
KEAL AADIV3, BDDIV2
INTRINSIC ABS,SQRT,SICN,ACDS,CDS,NIN,NAI
EXTERNAL LNLIKE
LOCICAL UNIQUE,ILLCKD
DATA SMALL /1E-7/
PI=ACOS (~1.0)
c CUBIC IS AeXee3 + BeXee2 ¢« CeX « D
A=1,0/N1 « 1.0/K2
Ba-((2.0/N1 « 1.0/N2)«NEANL + (1.0/N1 + 2.0/N2)eMEAN2)
CaVAR1/N1 « VAR2/K2 « NEAN1eMEAN1/N1 « NEAN2.MEAN2/N2
N e 2.00(1.0/N} + 1.0/N2)+NEAN1<MEAN2
Du- (MEAN1<MEAN1<MEAN2/N1 « MEAN1+NEAN2+MEANZ/N2
e o VARISMEAN2/N1 « VAR24MEAN1/N2)

[+ TESTINC FOR DISCRININANT=0

4 CUBIC REWKRITTEN AS Xeo3 ¢ PeXeo2 ¢ QeX ¢ R
P=B/A
§=C/A
R=D/A

AA=(3.0Q-PeF) /3.0

AADIV3=AA/3.0

BDx(2.0ePePeP-0.0ePeQe27.0+R)/27.0

uubIv2=BB/2.0

DISC=BB+BB/4.0 +AAeAAeAr/27.0

KEAL XOOTS OP A CUBIC AKE UNIQUE IP AND ONLY IF DISC > O
UR IF¥ DISC = AA = 8B = O
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