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For G an infinite compact group, let E C ¢ (the dual of G) be a central Stdon set of bounded
representation type, Then E is a uniformly approximable ceqtral Sidon set. (A8 one would expect, this resuit is
modelled after 1ts abelian analogue due to 8§, Drury (C. R. Acad, Scl. Paris 8ér. A 271 (1970), 162-163).) This
result together with those of C. Cecchini {"Lacunary Fourier series on noncommutative groups," to nppenrl‘

: ylelds that the unton of two Sidon sets tn a compact Lie group is a Stdon set. (Received September 7, 1971.)
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Printer's note:

Greek red
Script blue

Central Sidon sets of bounded representation type

Charles F. Dunkl and Donald E. Ramirez

University of Virginia

In a compact Lie group, the union of two Sidon sets
is a Sidon set. The proof uses the method of Drury [2] and

a result of Cecchini [1].
Let G be a compact group and G its dual (we will

use our notation from [3, Chapters 7 and 8]). For

a & G, let Tu & oo . Then Ta is a continuous homomorphism

-

-

of G into U(na), the group of n, % n unitary matrices. We

—— = —

use T (x)ij to denote the matrix entries of Ta(x),
o

2 n
l 1 3 - 3 = g—- T .
<1, 3 < n_ Let }a(x) Tr(Ta(x)) 2‘_ 0L(x)il
hod = i=1 <
(Tr = trace). We call X the character of ¢ .
A g
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n ~
= - a
Let ¢ = {(?g)ae' fgé@(C ), (o & G),
and sup II?allw < o}, where || lw
denotes the operator norm. The set of all such ¢ is

denoted by Ef oo(G). It is a Banach algebra under the

norm ll£|lw = sup {Ilfallmﬁfé é} and coordinatewise
operations. For u & Q(G), the Fourier-Stieltjes transform
of o é. , 1s a matrix-valued function defined for
gééby

o b py = [T (D duG.

Note that p € éf w(G). For an algebra A we let 3 A denote

the center of A. TFor n & M(G), n € 3 M(G) if and only if for all
hd ot [#

N n
T caIa , Where Ia denotes the identity operator on C g,
and so !]B2J1m= ‘Cg|'

Let EC G. We say that E is a Sidon set if and only

if given any ¢e;;?w(G), there exists py & M(G) such that

Hy = ¢a for o € E. We say that E is a central Sidon set

if and only if given any ¢ e;ia)fm(G), there exists

L& ‘3 M(G) such that By = ¢ for o € E.

[R=S X

Let EC G. We define ¢, < ¥ (6) by (95) = T

for o € E and (QE)a = 0 for o ¢ E. If ¢E = Oﬂ(é), the

o)

closure of M(G) in R?W(G), then E is called a uniformly

approximable set.

to



Let E C-é. Suppose sup {pa:g € E} < = , then E
is called a set of bounded repr;sentation type. We show
here that a central Sidon set of bounded representation
type is a uniformly approximable set. As one would expect,
our proof follows closely the proof of Drury [2] given for
the abelian case.

For o € é, we let E denote the conjugate
of o (see [3, p. 78]). For E C?é, T denotes the set
{g}g € E}. The trivial representation x +>1 from G to T
(T the circle group) is denoted by the symbol l*. For

A

notational convenience we will sometimes write u(a) for

~

uu (lléM(G),OL&,G).

-

Theorem 1. Let E C,é. Suppose E = E and E is a
central Sidon set of bounded representation type. Then E
is a uniformly approximable central Sidon set.
Proof. We may assume that the representation l*.¢ E.
By the weak- % compactness of the norm bounded sets in M(G), it
suffices to show for each finite subset F of E with F = F
that there exists a function u € L!(G) with ;a = I for
|

lull, < <

A *
o€ F, [Ju ], < 1/2 for o € FU{1 }, and
(c a constant depending only on E).

By the closed graph theorem, there exists a constant

B < o such that given ¢ E’Zk’m(c) there exists ué‘jM(G)



I A

with [Jul] < Bllell, and j, =

M = sup {na:g € E}, and d = 4

Let £ be the finite group T E=l{_l’l}k written

It

multiplicatively where F {gl,gz,---,gK} (gi # gj for i # j).

For w é,ﬂ , there exists 1y & ébMG),||Ewl| < B, and

(EQ> (gk) = Pkla’ 1 <k <K, where w = (91,92,--°,EK). For

each w € # and o € G, define the complex function ga(g) by

~

g%(g)lg = (E@)q,’ and let fa= ga*ga(convolutlon on © ). Thus

for £ € Q

-

-1
3 g B (BN e (Mdm (1),

where o € G and mQ denotes the normalized Haar measure on {, mQ(Q)=l.

Define YQ & 3-M(G) by

1 ,
Yo T x e )
Then ||v ll < B2, (v) = f (w)I , and in particular
sw — Lwa o - a
(Vw) (a,) = le, 1 <k <K, (where I denotes the appropriate

identity operator). Also

2

e = B

2 ~ 2 2
81y < He s = e 17 < 118

Now define u a central continuous function on G by
)



K
uw(x) = 2d szl (1 + oy R(gk,x)/d),

X € G, where for BE&F = {91,92,°°',9K},
nﬁqﬁ(x) + _X§(X))/2 ,if B #
R(?,X) =
_)_( (X)/2 . ,1f B =

"8

B °

Further uw is a positive function since for x € G and

nz < M2 <d (since B > 1).

B € F, [RBx]| <
Let u & 3L1(G) be defined by

1
ST K bueg®urn) T I freing

Now

A

Hally = Sg 1v,ll a1l an )

-— - -—

3% Jollu, 1 dn (o)

| A

= B2 foQuQ(x)de(w)de(x) = 2dBZ.

Also for o F, we have

0

o

I ot



o]
|

IGTg(x_l)u(x)de(x)

2
- -1, 1
= JoTy(x ) Cx Lyeg(Vyruy) (x)) dmg ()
= 1 "
T lyeaWyruy)
N ) )
Tk twea™y) o () g
= (o, = [ X (x"Hu (x)dm.(x)dm ())T  (wh _
2%k n ‘cra w G ot g where g—ak,likiK)
- (L X
= (na IGX_(x)Zdngxg(x)/Zd dm (x))T_
=1 .
Iy
Let a € é, then
gl = gt e am )1,

[Hgf @ (0" amo @) 1,

| A

£ 11y sup (lfgC), & amy(w)]ie € 8)

(by the inversion formula)

o

iBz sup {HJ’Q(uw)A E(f)de(Q)Hw’E € EAZ}.

; %
Let o é FU{1 1} and ¢ &€ @ . It now suffices to

show that

1/0 B2,

| A

[Hgte) y & wangw ],



Theorem 2, Let E € G be a central Sidon set of
bounded representation type. -Then E is a uniformly

approximable central Sidon set.

Proof. Let H =T & G (T the circle group) and
thus H = 2 ® G (Z the group of integers), [3, p.27]. Let
E0 = {(O,q) € H:a ¢ E} and E1 = {(1l,a) ¢ H:a ¢ E}. We

identify T with the normal subgroup T & {e} (e the identity
of G) € H. We define MT(H) to be the subspace {u & M(H):

mT*u = qu} where mT denotes the normalized Haar measure

of T. The subspace MT(H) of M(H) is identified naturally

with M(H/T) = M(G) (see [3,p.101]). Also m, is an idempotent
in M(H), (mT) = IB for g € Tl = 0 & G, the annihilator

8
° _ "
of T, and (mT)B = 0 for 8 é T~ . It follows that

EO = 0 & E is a central Sidon set of bounded representation

type (in H). Thus E1 = 1 ®# E is a central Sidon set of

~

bounded representation type (in H).

By repeating the proof of Theorem 1, one shows that there

exists p & M(H) with ¥, T Ia for a € El’ and
N - *
[lu Il, = 1/2 for o € E; UE U{1}. Lety & M(H)
with v =1 for a € G, = 1@® G and v = 0 for a ¢ G, .
-9 o - 1 s = 1
Now u*y & M(H) is such that (u*y) 0« Ia for a G_El,
(Egy) . = 0 for o $ Gl and, II(P*Y) ||m < 1/2 for Gl \ El.

Now let o & M(H) be such that o(n® a) = u((ntl)®a),
n € Z, a € G. Thus g & M(H), gg = Ig for o ¢ EO,

§ =0 for o & G, = 0@ G, and |§a;|m < 1/2 for a € éo \ Eq-

—



~ ~

Finally, since § is supported on G the annihilator of

0!
T C H, there exists p € M(G) =z M(H/T) with |[o]] = |[o]]

and Py = g(0 & o), o € G (see [3, pp. 99-1011). (7

.-

Remark. In a recent paper [1] C. Cecchini has shown
that if G is a compact Lie group and E is a A(4) set
(for example, if E is a Sidon set {4, p. 423]), then E

is a set of bounded repFPesentation type.

Theorem 3. Let G be a compact Lie group, then

the union of two Sidon sets is a Sidon set.

Proof. One needs only recall that if M(G) |E is
uniformly dense in :fm(G)|E, then E is a Sidon set,

[4, p. 416]. O
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