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ABSTRACT. Let G be an infinite compact group and 6 its dual. For

1< p < oo, 22(G) is a module over Y6 = A(G), the Fourier algebra of G.
For 1 < p, g <o, let ?llp q= HomA(G)(S".p(G), £9E)). If G is abelian, then

mp,p is the space of LP((:')-multipliers. For 1 < p<2 and p' the conjugate
index of p,

cn

~ — ~ L
AG) == ml,l b= mp:,p:g mz‘z = L(G).

Further, the space mp is the dual of a space called (Ip, a subspace of
GO(G ). Using a metholipof J. F. Price we observe that

{
Uin, 1<g9<pls n, ,sfWm, ip<g<al

(where 1 <p<2). Finally, "ﬂq p={0§ for 1 < p<g<on,

1. Modules, over the Fourier algebra. Throughout this paper G will denote

an infinite compact group and G its dual (we use the notation from [1]).
Throughout, 1 < p, 4, r < e. Given p, the conjugate index will be denoted by

p' W/p+1/p" =1).

Definition. Let ¢ € GF(G) and so ¢ = [ for [ a trigonometric polynomial

~

on G. We define ¢ by the rule ¢ = (/V)Awhere [)=/(x"1), x €G.

Proposition 1. The map ¢+ ¢ from GF (G) to GF(@) extends to an
isometry of £2(G) (1 < p < ) and of @O(G).

Proof. For [ a trigonometric polynomial on G, we have that (7)A= ((7)*);»
(DY = (GID* (see 11, p. 87D, Thus for ¢ € CL(G), B, = I¢ll,. ©
Definition. Let ¢, ¢ € @F(@), we define ¢ xy € GF(G) by the rule
(¢ x )" = ¢ (@ denotes the inverse Fourier transform of ¢ [1, p. 97]). We
note that | x ¢l < &l gl ¢, ¢ € GF(G) (see [1, p. 93]). We define the
paiting (s ) = Trldh) = (b * @) )e) = [ B dm (), b, ¢ € Cpl@),
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e the identity in G. Equivalently, (¢, ¢) = (¢ x ), (where ¢ denotes the trivial

representation % +» 1: G — C).
The map (¢, ¢) > (P, ) extends to a pairing between £2(G) and e ()

(L < p <o), thatis, Kb, )< Nl Ml and 18]l = suptl(e, ¥ ligll, < 11,
b, ¢ € CL(G) (see [1, p. 144]).

Theorem 2. For 1/p+1/g9 > 1, the map (¢, ) > ¢ x ¢ G G)x C (6)
— C (G) extends to a map of S)p(G) x £9G) — O'(G) 1/r= l/p +1/q —1 (we
replace L£2G) by Cy(G)), such that | x Pl < gl Iy, ¢ e £2(6),
Y € £9G).

Proof. For ¢, ¢, 0 ¢ GF(f;) we define the form F on @F(é) x GF(G) X
CL(G) by the rule F(p, 1, 0) = (b x ¥, 0) = [l W(x)i(x)dm () = (f, ¢ x O);
and thus F is symmeteic. Now |F(, , 0 < b x 161 < 61,101, 10] .
b, ¢, 0 GGF(G). Let

M(al’ Ay a3) = SUPHF({ZSI, ¢’2’ ¢3)|: ¢]~ € GF(6)7 ”¢'j”1/a’. <1, 1<5¢€ 3,

a
l’

algebras [1, p. 143], it follows that log M is a convex function on {0, 11 x

fo,11x [0, 1]. Since M(1, 0, 1), M(1, 1, 0), M0, 1, 1) < I, it follows by inter-

polating that M1/p,1/9,1/r')Y< 1 where 1/r=1/p+1/9-1. 1O

a, da, € fo,1]. By the Riesz-Thorin convexity theorem for integration

Corollary 3. For 1 < p< o, LUG) x £2(G) = £2(G) and so £2(6) zL,< an
LUE)-module. Also £HE) x @0(6) = @'0(6)' Forl < p< oo, LLE)x L2 (G) C
Cy(6). For 1/p+1/q>1, £P(6) x LUG) LG, 1/r=1/p+1/g9 -1,

Theorem 4. £2(G) x £2(6) = L1(G)".
Proof. Let ¢,y € £2(G) and choose TR i {gn}:'ﬂ sequences of

trigonometric polynomials on G such that /A 2 &, gﬂ 7 4 in £2(G). Then
/.8, € LY(G), and we wish to show that ¢ x ¢ = lim £, xg = limngw(/ g,

n—00

~

€ L1(G)". But this follows since {/ &, } _, is a Cauchy sequence in L G).

Conversely, for b € L YG), write b fg. /. g € L2(G). Choose lq’> ln L
llﬁn}n . sequences from C (G) such that ¢, fy v, & g in gZ(G) Now
¢> (ﬁ 2 fg in LY(G) and so A =(fg)” = (im__ mq& l/l ) =lim oo(qS x/l =
lim _ ¢ xy, =lim ¢ xlim ¢ € £UG) x 532(6) a

2. Multipliers on modules over the Fourier algebra.

Definition. Let 1/p+1/9 > 1, ¢ € £2(6), ¢ € R9EG). We define (P, /)=
(¢ x ¢),. This is an extension of (-, ) from C (G) x C (C)

Deflinition. Let 1 < p, 4 < 0. We define ?ﬂp 4 _Homi (8)(£p(6) gq(G))
except that we replace £2(6) by € (G) Note that £2(G) is an £1(G)-module

(Corollary 3). (See Rieffel [7] for a more general setting.)
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Proposition 5. Let T: e G)— C (G) be a linear map, Define ||TH
supl] (T 901 16, < 1, 11,7 <1, o € @ Then 1oglTl, . 1o,

is a convex function for (a, a,) €[0,11x [0, 1],

Proof. Apply the Riesz-Thorin convexity theorem for integration algebras

{1, p. 143]. o
Proposition 6. fm , = L=(G).

Proof. By taking the inverse Fourier transform we see that f)llz , is
isomorphic to the space of bounded maps T from L2(G) to L2(G) which commute
with multiplication by elements of A(G), that is, T: L%(G) — L*(G), T(fg) =
{(Tg), [ € A(G), g € LAG). Thus T is multiplication by an element of L™(G),
that is, there exists b € L(G) such that Tg = hg, g € L%(G) (let h=T1). ©

Theorem 7. Let 1 < p, ¢ < co. Then M q:’ﬂ ’

Prool. We first suppose 1 < p, ¢ <. Let T €3T( g Thus T: C (G)
GO(G) and ||T]|p’q <o, Now T{(d x ¢) = ¢p x (T)), qS l/l eC (G) Defme the
adjoint of T, S by S: CL(G) — C(G) and (T, ¢) = (&, s¢), b, ¥ € CLG).

For ¢,y € @F(a), (T, ¥) = (Tp) x ), = (Tl x ), = (TG} x $)), = (T) x ),
= (¢ x (T¢))L ={¢, Tyy). Thus § and T agree on GF(G)

Now for ¢, € GF((:)’ (Th, ) =(, S¢r) = (¢, TYr), and so ”T"p,q =
I, p'+ It follows that T| e (C) extends uniquely to an element of M ¢ ¢

-y 4
and so m Cm ! p'+ By symmetry m ‘b =7ﬂp
We consxder now the exceptional cases. Since £Y&) has an identity, we
obtain M, , = £2(6) for 1 < p< = and M o=C (G) Further, applying the
previous argument we see that T em - 1mp11es T eMm 1o = £ (6). But by
Corollary 3, .S‘Zp (@ Cmp 0o’ SO m =)ﬂ . The other spaces ?ﬂ , (0>1)
and M a (g < ) will be shown to be tnvxal in Theorem 10. O
Theorem 8. Let 1 < p<g<2. Then
~ 1 — o~ R 7
AG) =2UG) =My, MW, = LG
Proof. That £1(G) = m, | follows since A(G) has an identity.
Since £°(G) is an £1G)-module, 3111 ) Cm (recall Theorem 2).
Let T qu,q' Then ||T||q’ =Tl 7 4t <o Smce log ”T”l/a1 l/az is a
convex function of (a,, a,) €[0, 1]x [0, 1] ITh, , <7l g+ Thus ?R 5 5
Now for T €mp'p, ||T||p'p <eo. Also |T|, 2 < [|T||p o < ~. Now since
1/2 <1/q9 <1/p, we can interpolate to get }\Tﬂq S HT“ p <. Thus
m,,ch, . o

Theorem 9. Let 1 < p<2. Then mm ;émm.
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Proof. By way of contradiction, suppose m m = L™(G)". Then
L™(G)" C £2(G) (since T € £2(6)), and so H/Hp < C”/”oo’ / € L=(G), C < .
In particular, { s f maps C(G) into £2(G), and its adjoint T maps [ (6)
into M{(G). Further T gp (6)— LYG) (since T(G (G))C LYG) and L (G)
is closed). Let ¢ e pr’ (G) and w € £2(G). Then ¢w €£p (6) and (o)
LY(G), that is, the map o  (pw)” takes £2(G) into LNG). It follows now
from a theorem of S. Helgason [5, p. 785] that ¢ € £%(G). Thus e’ (G) C £2(G),

a contradiction. O
Theorem 10. Let 1 < p<q< e, then M ={0}.

Proof. First, let 1 < p' <2 < p. We show that M pp' = {0}. For if
T Emp b T £ 0, then there exists b € L*(G), b £0, such that [ h/ is a
bounded linear operator from L? (G) — LP(G) (consider the maps: L? ) —
erG) L 53" (6) —*LP(G) see [1, p. 144}). Thus there exists C < o such that
|\ bf ”p <Clfll,r, fe e (G). Let €>0 be such that {x: |h(x)] > ¢} contains a
measurable set E with m(E)>0, and let x denote the characteristic function
of E. Then

Em(E) < Ihxglh < CPlxglhe = Colmg(ENP/P',

and so 0 < ¢?/CP < (m (ENP/?" =1 But let m (E) tend to O for the required

contradiction. Thus we have established m =0}, 1 <p'<2<p.

Now let T el apr T £0, 1 <p<qg<oo, exceptmg the case M 1+ Thus,
]|T|| o'q' = ||T|] < . The Riesz-Thorin convexity theorem implies for 1/r=
1/2 - 1/2[7 + 1/2‘1 that m,_r' # {0}, a contradiction. Finally, gR sz 1 ={0}. o

Remark. The proof of the above theorem was suggested to us by our

colleague John Fournier.

3. Muliipliers as dual spaces. For G abelian, ?ﬂ is the space of L”(&)
multipliers, and A. Figa-Talamanca [4] (also M. Rxeffel [7]) has shown it to be
a dual space. We now will exhibit this result for the case of G nonabelian
(compact). For p=1, ml .1 is clearly a dual space; indeed, )Ii =216) =
e (G) (see 1, p. 88])

Definition. Let 1 < p<2. For ¢ 660(6), we define

I||¢I||,, =inf { 3 ”‘i’n”p”lﬁn“pl: ¢ =2 b,xy, (convergence in C(G)),
n=1

n=1
{p, 17 CRPG), ty, 1 | c82(E)

We use the convention that inf @ = . The subspace of @0(6) consisting of all
¢ with ||I¢||Ip < oo is denoted by (fp.
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Remark. By Theorem 4, @2 = LYG) .
Proposition 11. For 1 <p <2, @p is a Banach space.

Proof. It is easy to show |- ||| is a norm. We wish now to show that @.p is
complete with respect to |- ”'p Let i¢,1> ; be a Cauchy sequence in (f We
may assume that H]qb ¢n+1mp <1/2™*, Let Y, = ¢>"+1 @, 6@[,, and so

write ¢y as 2 xo__,0 €8£(G), w, 653" (G), and

'm = 1 nm nm’> “nm
2 0, e, e <1727, Let ¢ = ¢, +2°° 1V, Now [lgll, <oy,
3% _1/2" < =, and so ¢ e@ Also o ~<z>|n == Y, H\,, < 2°°_m+11/2",

Wthh is small for large enough m O

Theorem 12. Let & € (’f: (1 < p<2). Then there exists T eme such
that |1, , < VN and (T, ) = £ x ), b, ¢ € Co(@).

Proof. For ¢, ¢ € C(G), 1€ x )| < ligp x Wil I€11 < I, Il o €T
Thus, for each ¢ € e (G) the map ¢ f(qS x ) extends to a bounded linear
functional on er' (G). Let we£2(G)= (£ (@)* be such that (m ) = &b x ).
Define T¢ = w(p € C (G)) Thus (T, )= &P x ). Now T: (G) £2(6)
and ”T”p p < < €, so we may extend T to all of £2(G). Fmally, to see that
T 6711 we note that (T(¢, x ¢,), ) = El(B, x b,) x ) = &P, x (b, x ) =
(Te, )>< (b, x¥N, =Th ) x b, ¥), &y, qu, o EG #(G). Thus T(¢, x $,) =
(T )xqbz, ¢, P, € Cp(G). Thus T eM, o

Proposition 13. Let ¢ e £P(G) (1 < p < oo) or ¢ €C (6) (p = =) and €¢> 0,
Then there exists a sequence {¢ ln L C ¢ (G) such that E°° 1”¢n”p < ”qbllp + €
and E:=1¢n ¢ (convergence in norm).

Proof. For n=1,2,..., let ¢_ € GF(é) be such that [ - qSIlp <e/27.
Let ¢, =4, and, for n=2,3, .-, let b, = ¥, ~ ¥, Then qunf:o:l C
C(@), 27 1, < B, + Z2 /27 = |pll, + € and Z¥_ ¢ —¢ Mg
in £p(G) a

Proposition 14. Let ¢ € £°(G), ¢ egp'(a), and €¢>0 (1 <p<2). Then
there cxist sequences ¢ : Pl e C ¢ (6) such that 2% IHqB n |78 Il
ol rll,r + €, and 22 1P, XY, qS X l/r (conuergence in € (G))

Proof. Let ¢, ¢ >0 be chosen in a way to be specified later. By
Proposmon 13, there exist sequences {¢ 17 ., W/ L cC (6) such that
e1®p = b T =0, I7 e N, <Nl + €, aﬂd =% 1”‘/’ e <Hll,r +
e". Let &) = EZ=1¢I¢ and ¢, = 2"=1¢k Now b, x v Db xin 80(6)
(by joint continuity). Now qS:' x 5[/"1 = 22,1=1¢k x ¢, also EZ,I:1”¢k”p"‘/'l”p'
=3 N, Zh e < U, - X ,e o) < Il Ilor + c for the
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n
=2 PV O

Proposition 15. Let w ECf (1 <p<2)and ¢>0. Then there exist
sequences ¢ 17 Ay 17 C G (G) such that o = 27° b x i (convergence
in (@) and 52 16,1 1.1

Proof. There exist sequences {qS' > c £2(6) and {l/l' b c £2 (6) such
that w = £>°_ x ¢! and T 1|]<;f> || ||x/1 || 1< |ch||| +¢/2, For each n=1,2,
. there exist sequences {gb . m -9 {y m I . C @ (G) such that ¢ x ¢ =

m 1
2 1 Pom X W pm and 2 NS N,

TG00, + /27, Now
S S b oWyt < S NS00 + /2 <l + € and

2:: 2'tx,:ld)nm x l/,nm = . o
Proposnllon 16. Let 6 >0 and let X

b 0, €CLG), o, + 8> 27 18,1, H‘/f,,ll,, , some N-1,2
each X g is dense in @p 1 <p§2).
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appropriate choice of €', ¢'. Finally, note that ¢:1 X lﬁ':

s <ol + <.

={w €C (G) wz‘. 1¢ xy,
4. Then

Proof. Fix §>0, £ ¢ (‘E , and 0 < €< 8/2. By Proposition 15, there exist
sequences {¢ 1> . g 1 C@ (G) such that £ = 2% & x i
A o £ R WP
and let o = Eg 1, X ¥, Then [jo - €l < ME. N+1¢n x || <eand
B 16,1y < S 0b 0 < HEN, +e< Noll, + 26 Thus o € X
and |lw ~ flll,, <e. O

Theorem 17. Let 1 < p<2 and T Em Then T extends to a bounded
linear map from (fp - (‘fp and the linear /unctzonal T (‘fp — C given by

THw) = (Tw)t is in @: with "T“H < HT" Thus G:_—. ?KM.

Proof. Let 8>0 and o € X5 C CL(G) C £7(G). Write w=2"_¢ x¢_,
by < Cl0) shee ol 55 1,1l Now To = TN 8, ;)
=30 T, x¢,) = (T¢ ) x s and |||Tw|||p < EN al7e 0, lll/f,,ll,,' <
]]T”p’p (]mep + 5). But X 5 is dense in @p and so T extends to @p with

norm less than or equal to ||T (1 +8). But 8> 0 is arbitrary and so
b ¥

Iroll, <171, Joll,. o

Corollary 18. For 1 <7<2, mr_’gﬂ{)ﬂsls
U, :1<s< e, .

Proof. J. F. Price [6, pp. 326—330] has given a general argument based on
the Riesz-Thorin convexity theorem which yields the corollary using only the
facts that mq £ mm (g < 2) (see Theotem 9), that DRM is the dual space of
Q - and that @q contains £1(G) as a dense subspace (see Proposition 16). O

:7<s5<2}, and for 1 <r<2,

Definition. Let 1 < p,g< oo, 1/p+1/g>1, and 1/r=1/p+1/g9-1. We
define for ¢ € £7(G),

1972] MU
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HIQS”]p,q = inf Z ”anHpH(,bn”q: b= Z an x t/ln (convergence in £7(G)),
n=1

n=1
[p, 17 C22@), y 1T C Q&)

The subspace of £7(G) consisting of all ¢ with quﬁmpq < = is denoted by
@

b.q"
Remark. For 1 < p < =, observe that (fp p' = @p; and indeed, for 1 < p <

g < =, one can show that (‘f;ql =~ JRM, by appropriately modifying the preceding
proofs. (Note for p > ¢ that mp =1{0}, and for 1 <p<g <ethat 1/p+1/g9'>1.)
Definition. Let WO denote the weak operator topology on mp p» and let

w* denote the weak- topology on m (1 < p < 2) from the pairing of (f with
?Ilp pr Thus T, —’T drJ, {T*Cm ) in WO if and only if (T, ¢, ) “(Tq,’) ),

o) E‘EP(G) U egp (G); and T, -'T in w* if and only if T'o» & THw, for each
w €@,

Theorem 19. In ?ﬂ (1 <p<2), WO Cw*,

Proof. Let T, T em p With T, 5T in w*. Thus Tjw %T¥» for all

) 6@ Extend T, T to operators from @, to (‘fp (as in Theorem 17) such
that T“w =(T m)(, T” = (Tw) (we@ ) Let ¢ € £2(G), ¢ e gr' (G). We
wish to show that (T, ¢, ) = (T(}S ). It suffices to show that $(¢ x ¢/) =
Sd) x s, Sem : for then (T 9, 'ab)—((TqS)xz/I) = (T (¢ x ',b))

THS x ) & T”(¢> x ) = (T(p x ), = (TP) x ), = (Th, ). Now let
Y, B¢ in o' (6), >, cC (G) Then for § Emp p» We have that
dxy D dxyin @ and so S((;Sxt/l)—hmn SO x P ) =lim oS x Y
= (S¢) x¥. 0

Corollary 20. On bounded subsets of mp b 1 <p<2), w*=Wwo.
Proof. Bounded closed subsets of (?: =1 mp p are w*-compact. O

Theorem 21. Let & denote the w*-closure of GF(é) or PUGY in M

b, p?
1 <p<oo. Then (I):?ll

Proof. Suppose @ ;é ?H p» then there exists w € (fp such that @ £ 0 and

T*(w) =0 forall T €C (G) C ?ﬂ . Butif T €C (6) considered as a sub-
space of ?ﬂp p» then there ex1sts a qS eC (G) such that Ty = ¢ x ¢ for all
¢ € 82(G). Thus THw) = (Tw), = (¢ x (o)[’ ={p,w) =0, forall ¢ € @F(G).

Butwé@pC@(G),sow—O. o] )

Corollary 22, For 1 < p < oo, GF(G) is WO-dense in DIIM.

Remark. An invariant mean on £°(G) is a bounded linear functional p on
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£°(6) such that (1) p() > 0 whenever ¢ >0, (2) p(I) =1 (I is the identity in
£2(8)), and 3) p(x b) = [()p(p), [ € AG), ¢ € L£2(G). In [2] we showed that
invariant means exist on £%(G).

Let p be an invariant mean on £2(G). Define T: £7(G) — £7(G) by
(i, Tp) = plyg x @), ¢ € £1G), ¢ € £2(G); and so T = p(¢p). Thus T €
Homfl(a)(gm(a), £=(G)). Also Tf =0 for [/ € LYG)", and it follows that T
annihilates GO(G) = cl(LYG)") (closure in GO(G)): since for p € M(G),
p(p) = p(fel) (see B
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