Proc. Camb. Phil. Soc. (1972), 71, 329 329
PCPS 71-37

Printed in Great Britain

Subalgebras of the dual of the Fourier algebra
of a compact group

By CHARLES F. DUNKI axnp DONALD E. RAMIREZ
University of Virginia, Charlottesville, Virginia, U.S. 4.

(Received 6 April 1971)

We let G denote an infinite compact group and G its dual. We use the notation of
our book ((1), Chapters 7 and 8). Recall 4(®) denotes the Fourier algebra of ¢ (an
algebra of continuous functions on G), and #*(@) denotes its dual space under the
pairing {f, ¢) (fe A(Q),  e#>(B)). Further, note #=(@) is identified with the C*-
algebra of bounded operators on L*G) commuting with left translation. The module
action of 4(@) of #=(G) is defined by the following: for fe A(G), ¢ € £=(G),f. ¢ £>(G)
by (0.f- 8 = (f3, % 9€ A(@). Ao | .80 < |l 4[]

Let ¢ e£=(G). We call ¢ an almost periodic (weakly almost periodic) functional
on A(G) if and only if the map f—f. ¢ from 4(G) to £=(@) is a compact (respectively,
Weaékly compact) operator. The space of all such is denoted by AP(G) (respectively,
w(@).

The object of this paper is to show that 4 P(G) and W(G) are algebras for a restricted
class of compact groups called groups of bounded representation type.

Let G be a compact non-Abelian group; we let G denote the set of equivalence
classes of continuous unitary irreducible representations of @. We call G the dual of
G. For a.€@, let T, be an element of c.. Then 7', is a homomorphism of G into U(n,),
the group of #, x n, unitary matrices, where 7, is the dimension of . We use 7 (z);;
to denote the matrix entries of 7,(x), x€ @, 1 < 1,j < n,, and T,;; to denote the func-
tion z - T, (x),;. Now

Ta(xy)ij =k21Ta(x)ikTa(y)kj (%?/EG)’ and Ta(y—l)ij' = Ta(y)ji'

Furthermore, 7,,;€ C(@G), the space of continuous functions on G.
Let X be an n-dimensional complex inner product space with norm |- |. Let Z(X)
be the space of linear maps from X - X. We define the operator norm of 4 € Z(X) by

|4]lc = sup{|4&|: £€ X, |§| < 1}. The trace of 4, Tr 4, is f} (AE;, £;) where {£}7, is
i=1

any orthonormal basis for X and (-, -) denotes the inner product in X. Let | 4| denote
(4 * A)%. The value ||4|, is the spectral radius of [4]; that is, max{}A;:1 <4 < n},
where A; are the eigenvalues of |4].

Let ¢ be a set {¢,: « € @ where ¢, € B(C"+)} such that the supremum of {||@,.: «€G}
is finite. The set of all such ¢ is denoted by #=(G). It is a Banach algebra under
the norm | @], = sup {||@.]|: @€ G} and coordinate-wise operations.
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Let M(G) denote the measure algebra of G; that is, the space of finite regular Borel
measures on & with convolution as multiplication. For x € M(G), the Fourier-Stieltjes
transform of x, £, is a matrix-valued function defined for €@ by

a i, = [T (=) du(x).

Note Ze2>(@?). Indeed, || ). < ||

Let Ae%(X) where X is a finite-dimensional complex inner product space. We
define the dual norm to |||, by || 4|, = sup{|Tr(4B)|: | B||» < 1}. This norm can be
also characterized by || 4], = Tr (|4]). For ¢ €. 2*(G), we put | @], = Zacd 0l Pall1- Let
PYEG) = {peF=(B):|¢|, < }. The space LY(G) is a Banach space under the norm
|- . For ¢ €24@), let Tr (§) = Zocsn. Tr(d,).

We will now define 4(@), the Fourier algebra of G. Let A(G) be the set of fe C(Q)
for which fe #1(@). We norm A(G) by

1l = 17l = Bactmal fulla < oo

Note that 4(Q) is isomorphic to £Y(G) by f — f because for any ¢ e#Y(@) the function
J@) = Zyen, Tr (¢, I()) is in A(G); further,

1/l = sup{|Z,c07, Tr ($, (%)) : 2 € G} < Zpeg mal fall1 = [ ¢ll1-

We now recall the following facts (see (1), Chapter 8): 4(G) is an algebra under
pointwise multiplication; the dual of LYG) is £=(@) and the correspondence is given
by (¥, ¢) = Tr (¢¥), ¥ eLYBD), ¢ €.#=(G). Thus the dual of 4(G) can be identified
with #°(@) and the pairing is given by (f, ¢) = Tr(¢f), fe A(G), e #=(@). The
module action of Z=(G) over A(Q) is defined by the following: fe A(G), ¢ c£>(G),

f-¢€£=(@) by (g.f-$) = {fg, $) g€ A(®). Note [|f-$]lw < | f]Ls ]l -
Let L(z) be the left translation operator given by L(x)f(y) = fx~'y), feC(G),
z,y €G. Then for fe L1(@F),

(L(=)f)e = [ Tufa™)  (ze@, 2e@).
For feA(@) and ¢cF>@), ¢feLYR).
We thus define ¢f e A(G) by
¢f(@) = Zpeome Tr ($uf Tol() (@B
Further, L(z) (¢f) = ¢(L{z)f) (x€F). Thus for fe A(¢) and ¢e$°°(@), we have that
¢f(x) = L(z™) ¢f(e) = pLx) fle) = (L") f,$) (z€@).

Also (¢f)e = $.f. (2€0).
Letace @, then

L(z) T, (y)i;; = T.(x'y)y; =k§1ﬂ(x_l)ik Ty (x,ye@).
Ng
Thus L) Toij = BT (g Ty (1 < 8,) < 7).
k=1

Now let fe A(Q) and ¢, ¥ €.#*(G), then
<f! ¢‘F> = zae@na Tr (¢a1Faja) = zaeanaTr(lPafagba) = <\Ff’ ¢>
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Now let z be fixed in @, fe 4(Q), ¥ e#=(G), and a.€G. Then

W(Toiif) () = (L(x™) (Toi5f), F)
= {(L{z™) To5) (Ldz) f), )

- (LT LY )
= ?T x)1k<L(x l)f akj* )

%T(x),k« s (@)

Thus 1F(]Zzijf) = 'Lk(( akj* 11J.)f)
THEOREM 1. Let ¢, ¥ e #=(G). Then T;. (d¥) = 3 (Toir- ) (Tors- F), for €@ and
1<4,j<n

Proof. Let fe A(@), then
i i ($F)) = (i, 9
= ¥ ) = { 3 Tl g DI $)

= §<( akj* ‘F)f’ 2tk ¢>

= T, Lo ) Tty 1)

~ (13 Tt Ty ). D

In a series of papers, we have been studying the non-Abelian extension (to @) of the
space of almost periodic (weakly almost periodic) functions. We say for ¢e$°°(@)
that ¢ is almost periodic (weakly almost periodic) if and only if the map f— f. ¢ from
A(G) to #=(G) is a compact (weakly compact) operator. The space of all such ¢ is
denoted by AP(Q) (respectively, W(@)). We showed in (2) that both AP(@) and W(G)
are closed #-subspaces of #=((G) (+ denotes the adjoint operation). Each is a module
over A((), and each possesses a system of almost invariant integrals which defines
an (unique) invariant mean.

We study in this paper a restricted class of compact groups for which we can show
that AP(G) and W(G) are algebras. One says that the compact group G is of bounded
representation type if sup {n,: a € G} is finite. These compact groups can be charac-
terized as extensions of abelian compact groups by finite groups. This characteriza-
tion is due to Calvin Moore.

THEOREM 2. Let G be an infinite compact group of bounded representation type. Then
the space AP(G) is an algebra.

Proof. Let B denote the unit ball in 4(@). Under the hypothesis that Gis of bounded
representation type, the closed balanced convex hull of {T,;: €@, 1 <4, j < n,}in
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A(G) contains a nonzero multiple of B. Let ¢, ¥ e AP(G); we.wish to show {f.(¢¥),
fe B}isrelatively compact in #(@). Thus it suffices to show {T,.;. (97, ac@, 1<,
Jj < m,}is relatively compact in Z=(G).
Now 8, = {Taij.qS:oce@, 1<4,j<n} and §,={T,;
relatively compact in #*(G), and thus by Theorem 1,
T (9F) 8,8, + 8,8+ ... +8,8,... (< supn, times);

and thus {T,;;. (¢'V)} is relatively compact. Hence ¢¥ e AP(@). [

We wish now to show the analogous result for W(&). An inspection of the proof of '
Theorem 2 shows that we have used two facts about the topology of Zo(G): (1) the
closed balanced convex hull of a compact set is compact and (2) the product of two
compact sets is compact. The first result is the Mazur theorem ((3), p. 416) and the
second result follows from the joint continuity of multiplication in #(G). When one
considers #=(G) with the weak topology, the first result still holds; and, in fact, it is
the Krein—-Smulian theorem ((3), p. 434).

We now study whether the multiplication of two compact sets is a compact set with
the weak topology on #*(@). We first recall the Eberlein theorem ((3), p- 430), which
says that weak compactness is equivalent to weak sequential compactness. The
sequences in #°(@) which converge weakly have been characterized in (2).

W:ae@,1<i,§<n,} are

A
Let {¢,} be a net in #2(G). One says that ¢, > ¢ e #>(G), quasi-uniformly on &,

A
if and only if (¢,), — (¢), for each a €@ and for each ¢ > 0 and A,, there exists a finite
number of indices A, ..., A, > A, such that for each e @,

min {{|(¢,)e—Pullo: 1 <1< 7} <€
One of our results from (2) is the following fact: let {¢,} be a sequence in (),

then ¢,, 5 ¢ (¢ €£>(G)) weakly if and only if sup @l < co and every subsequence
of {¢,} converges quasi-uniformly on G to ¢.

THEOREM 3. The product of two wealkly compact subsets of £*(G) is a weakly compact
subset of =(G).

Proof. Let A, B be weakly compact subsets of #=(G). Let {vm}o_, < AB. Write
v = gt dme 4, e B. Now there are ¢, ¥ in 4, B respectively such that (by

n
passing to a subsequence) ¢™ —> ¢, Y™ — o weakly in #2(G). We may assume that
¢ = 0 = . (Here we are using the fact that multiplication in #2(G) with the weak

topology is separately continuous.) We wish to show that v® 50 weakly. Since A
and B are bounded subsets of #°(G), the sequence {v™}2_, is bounded. Let {vd}p_,
be a subsequence of {v™}®_,. Let ¢ > 0 and k, a positive integer. There exists a finite
set of positive integers k;, ks, ..., k,, > k, such that for each ae@,

min {|@%o: 1 <t <m} <6t and min{|yP¥),: 1 <7< m} < et
» k
Thus for each a € @, min {||(¢¥)%»: 1 < i < m} < . Finally, since (¢®»), - (), and

k k
(Yw), >, for each ael, (($P)™), > ($y), for each ae@. Thus {2, has a
weak cluster point, and so AB is weakly compact in#=(@).
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We now have the analogue of Theorem 2 for w(G).

THEOREM 4. Let G be an infinite compact group of bounded representation type. Then
the space W(G) is an algebra.
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