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LOCALLY COMPACT SUBGROUPS OF
THE SPECTRUM OF THE MEASURE ALGEBRA II
Charles F. Dunkl and Donald E. Ramirez
Communicated by K. H. Hofmann

The maximal ideal space A of the measure
algebra M(G) of a locally compact abelian group G
is a compact commutative semitopological semigroup.
In this paper we show that cf G the closure of @,
the dual of G, in A can contain maximal subgroups
which are not locally compact. We have previously
characterized the locally compact maximal subgroups
of ¢ G as arising from locally compact topologies
on G which are finer than the original topology.

We use the notation from our paper [1]. The
following lemma is standard.
LEMMA 1. Let A be a compact commutative semi-

topological semigroup and {Ea} a net of idempotents

from A with o < B8 implying €, X eB =€, Then
o
there exists an idempotent e, such that € > g

(o]

and € xg =¢ for all a.
anc &, o o =2t gt

THEOREM 2. Let G be a locally compact abelian

group. Suppose in c& G, there exists a net of idem-

potents {Ea} converging to an idempotent ¢_  and

This research was supported in part by NSF
contract number GP-19852.

267

R 5 A e



2 DUNKL et al. v

e, X €, =€, for all a. Suppose further e, # e

<]

~

for all o. Then the maximal subgroup H(e ) of c2 G

containing €  is not locally compact.
foncalning €, 18

Proof. Suppose H(e ) is locally compact, then
H(em) is the dual of G_, G with a finer locally
compact topology (see [1, Corollary 11]). Then
e, x ct é is isomorphic to cf @w, the closure of ém
in the maximal ideal space of M(Gm). The Gelfand
transforms of elements of Ll(Gw) are zero off éw
in c2 ém. Thus the Gelfand transforms of elements of
Ll(Gm), as a subalgebra of M(G), are zero off H(e )
in e_xck G. In particular, ﬁ(ea xY) =0 for
v €11(G), YE€G, all o (where ¥ is the M(G)-
Gelfand transform of ), since €, e (e % ct é?\ﬁ(ew%
et Y €& G and uE€ Ll(Gm), then ﬁ(Y x e)
= lima K(Y x Ea) = 0. But e X é is dense in H(em),
and so ﬁ =0 on H(e), a contradiction. O

We remark that for H(e) locally compact, H(e)
is the maximal group containing € both in c& é
and AG, (see [1, Corollary 11]).

EXAMPLE, Let G = T® = H§=1 Tj (the complete
direct product of a countable number of copies of the
circle group T with the product topology ¥ ). Let
G = % x LIS
crete topology and

d

Hj=n+1
topology). Let ffn denote the (locally compact)

(Td)j (T denotes T with the dis-
(Td)j has the discrete

topology on Gn’ and let ‘?(n denote the collection of
compact subsets of tYn. Each “T; is a locally com-
pact topology for G finer than J , and so each

7(n generates a Raikov projection Pn such that
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PnM(G) = M(Gn) and Pn = Es for %15 ct G, (see

n
[1, Theorem 4]). Since T’ID TZD..., thus
a}(lC ‘?{ZC”' , and so M(Gl) C M(Gz) C ... which

implies € X e, = € for n <m. By Lemma 1, there
. X n
exists an idempotent e, such that e > e and

e X e, = € Now Eeoo M(G)D LJn=l M(Gn) and so

e, 7 € n=1,2,... . Theorem 2 now yields the follow-

ing theorem,

THEOREM 3. Let G = T'. Then c% G contains a

maximal subgroup which is not locally compact.

For G a nondiscrete LCA group, a result of
B. Johnson [2, Chapter 2] shows that c& G 1is not
the union of its maximal subgroups. In particular,
Johnson showed the existence of a probability measure
U € M(G), and an element T & cf é with the associated
generalized character Ile =c, 0 < c <1; and thus

7 1s not in any subgroup of «ci G.
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