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C*-ALGEBRAS GENERATED BY MEASURES!

BY CHARLES F. DUNKL AND DONALD E, RAMIREZ
Communicated by M. H. Protter, October 5, 1970

We announce here some results dealing with nonabelian extensions
of the theory of almost periodic functions to the duals of compact
groups. For G a locally compact group, let G be the dual of G (the set
of equivalence classes of continuous, irreducible, unitary representa-
tions of G). For &G and pEM(G), the measure algebra of G, let
w(u) be the Fourier-Stieltjes transform of u at . Let ||, be
sup { l]vr(p)n :rEG}, and let M(G) be the C*-completion of M(G) rela-
tive to the norm H|,,, Let 9.(G), 9Ma(G) be the closures in m(G)
of LY(G) (the space of measures absolutely continuous with respect
to left Haar measure), M4(G) (the space of discrete measures) respec-
tively. The algebra 914(G) is a nonabelian analogue of the classical
algebra of almost periodic functions. A standard reference for C*-
algebras is [1].

We denote the spectrum of 9M(G) by «G. In the abelian case this is
the closure of the dual group of G in the spectrum of M(G). In general
G is identified with a dense open subset of kG and kG\G is the anni-
hilator of 9M,(G). We investigate the C*-extension of the canonical
projection which maps a measure to its discrete part. This makes
possible a proof that xG\G contains a homeomorphic copy of the re-
duced dual of Gg4, the group G made discrete. We further show that if
G is nondiscrete and G4 is amenable then the sup and lim sup norms
are identical on Ma(G), and if EM(G) then pEMH(EG) WEM(G)).

For SCkG let 9U(S) = {$EM(G):7(¢) =0 for all 7ES}. Then
(S) is a closed ideal in M(G). Let 9M(S) =M (G)/9N(S) be the quo-
tient C*-algebra.

Denote the locally compact group G made discrete by G4. Then
Ga is the dual of G; and is also the spectrum of M(Ga) = M (Ga)
=9M4(G4). Each #EG gives an irreducible unitary representation of
Ga; thus G is identified with a subset of Gs. We denote the closure of
Gin G, by Ge.. Further denote the reduced dual of Ga by Gar, the set
of #& G, which are weakly contained in the left regular representa-
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tion of G4 on lz(G.i). Observe that M4(G) can be identified with M(Gq),
and M(G)=M(Ga.).

THEOREM 1. There is a unique C*-homomorphism of I(G) onto

M(Gar) such that for uw € M(G), Pu is the discrete part of u, and
kernel PO R(G,).

CoROLLARY 2. For pEMuG), |lu||e=|pll-s|plle; and thus
échédr-

CoROLLARY 3. If G is nondiscrete and 7 E Gy, then o P is an irre--
ducible representation of M(G) and w o PEKG\G. Further the map
w—7 o P is a homeomorphism of G, into kG\G.

Let G be nondiscrete and SCG. Then define a seminorm on sm(é),
called S-lim sup, to be the quotient norm of IN(S)/M.(S). Recall
IM(S) = M(G)/N(S) and Mo(S) = Mo (G) /(N(S)NML(G)). If G is com-
pact or abelian then the G-lim sup is identical to lim sup n,,lvr(¢)l
=infx{sup|7r(¢)l , TGEK}, K a compact subset of G, for p=M(G).

A locally compact group G is said to be amenable if there exists a
left invariant mean on the space of bounded continuous functions.
Equivalent characterizations are that G=G@,, or that the representa-
tion G—{1} isin G..

Under the assumption that G; is amenable, we can prove direct
extensions of certain abelian-case theorems.

THEOREM 4. If Gi is amenable, $CMu(G), then G-limsup(g)
=||¢|le. Further if pEM(@G), then ||p|o=GC-limsup(u)z| Pyl
=G-lim sup(Ppu).

THEOREM 5. If Ga is amenable, then M(G) = M(G) ®Mu(G), where
M(G) is the closure in M(G) of the set of continuous measures in M(G).

COROLLARY 6. If G, is amenable and uEM(G) and pEM(G) then
rEM(G).

If G4 is amenable, then Corollary 2 reduces to: for u&EMy(G),
Ilﬂlidr'_—llﬂur:”}l-”o. This fact has been shown by Zeller-Meier in [2].
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