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Let G be a locally compact Abelian group; I’ the dual group of G; CO(l_’)the algebra

of continuous functions on r which vanish at infinity; CB(17)the continuous, bounded
functions on r; M(G) the algebra of bounded Borel measures on G; Ll(G) the algebra of
absolutely continuous measures; and M(G)A the algebra of l?ourier-Stielt jes transforms.

Let E denote a compact subset of I’, and let A(E) be the set of all functions on E

which are restrictions to E of functions belonging to L1(G)A. The norm in A(E) is the
quotient norm; i.e.

llfll~(~)= ‘nf{llg\l~l(GigGL’(G) and @)E ‘f}
For f e C(E), let

(IJllfIIB(E)= SUP ~ }
f d~ :2=M(E) and 11~’11~G 1 .

Let B(E) consist of those functions f ~C(E) for which IIf II~(~)is finite. Now

A(E) c B(E) c C(E) and IlfllCms llill~m)s 11.fllAE))for f ~A(E).

THEOREM 1. B(E) i8 a commutative, semi-simple, self-adjoint Banach algebra with
unit under point-wise operations.

Proof. Katznelson and McGehee have noted that B(E) is a Banach space(3). Let

{f.} be a Cauchy sequence in B(E) and f its limit point in C(E). Let O + h =M(E), then

IJ~(f –f.) d~ ~I IJ(f ‘f~)d~ + [lf~-f~llB(~)llhAll~.
E

Let e >0, and N be such that if n, m > N, then Ilfn–f~ll ~(E) < #e. Pick m > IN such

that Ilf–f~ll c(E) < c/(211 all). Thus Ilf–f~)l ~t~)< e for all n > N. Hence f is the limit point
of {f;} in B(E).

B(E) is an algebra since for A + O,

sup II(y d~)’11@

s \lflli9@)l\gIl~(~) ‘~a

= llfllB(E)I1911B(E)-

l]AA]I*
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Thus for .f, 9 ~ B(E), l\.f91\B(E) < Ilf\lB(E)l\gllB(E). similarly, ~(~) is self-adjoint since for
A*O,

lJ~dAl F’ ‘Ydq
]lA’]lm = \]A’llml= km” ‘

It is natural to ask when is A(E) = B(E) and when is B(z) = C(E). If B(E) = C(.E),
then the closed graph theorem implies that E is a Helson set; i.e. A(E) = C(E). Thus
B(E) = C(E) if and only if E is a Helson set. (This was pointed out to the author by

C. DunkI.) If E is a compact subset of r which is of uniform positive measure, then
A(E) = B(E) (see (7) for a stronger result). Katznelson and McGehee(s) have given

examples of compact sets such that A(E) + B(E) (see also (s)). In all examples known
to the author, A(E) is, however, a closed subspace of B(E) from which it follows that
the A(E) and B(E) norms are equivalent on A(E). For such E we characterize

A(E) in C(E). Our proof yields a characterization of the B(E) -closure of A(E) in
C(E).

We pair (A(E), M(E)) by (f, p) = ~ fdp. If (j, p} = O,for allp e M(E), in particular

for point measures, then j = O. If (j~p) = O for all j =A(E), then p = O since A(E)
is sup-norm dense in C(E). Let w denote the weak topology on M(E) from this

pairing; i.e. A=$ 0 in w if and only if
J

fd& G O for all j ~ A (E). Finally, let
E

B; denote the set of p ~ M(E) such that Ilp’11~ G n.

THEOREM 2. Let A(E) be a closed subspace of B(E). For f ~ C(E), the following are

equivalent:

(A) feA(E).

J(B) p ~ fdp is w-continuous on B;.
E

Proof. We use a technique introduced in (5).
Now B; is a convex circled set in M(E). It is w-bounded since

I(fllJ)l ~ IIKAIIOMA(EP
It is w-closed since the restrictions of the continuous characters to E are in A(E).

Let T denote the topology on A(E) of uniform convergence on the sets B;. Our

hypothesis asserts that T is the B(E) -norm topology.
The Grothendeick completeness theorem ((4), p. 149) yields the result since A (E) is

B(E) -norm closed. i
If A (E) is not a closed subspace of B(E), then the above proof yields a characteriza-

tion of the B(E) -closure of A(E) in C(E).
Let E be such that the set MO(E), consisting of p =M(E) such that peCO(G), has the

J
property that for f c C(E) if f dp = Ofor allp SMO(E), then f = O.We call E a Tauber-

E
ian set. For example, if E is of uniform positive measure, then E is Tauberian.
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MAIN THEOREM 3. Let E be a compact, Tauberian set. Then A(E) = B(E), and for

f GC(E), the following are equivalent:

(A) f= A(E).

f
(C) If p.= M(E), I[p’11~ G 1, and p; & Opointwise on G, then fdp. $0.

E

J

Proof. Letf eB(E). Consider the linear functional on MO(E)’ defined by p’ ~ f dp.

Since f e B(E), the linear functional is sup-norm continuous and has an extens~n to
CO(G). Thus there is ~ ~ M(G) such that

JEfdp=J&iA=JEAk@.,

for all p ~BIO(E). Since E is Tauberian, f = 1’IE and hence f ~A (E).
Assume (A). Thus there is g = L1(G) such that @\ll = f. Thus for {pn} as in (C), we have

that

by the Lebesgue dominated convergence theorem.
Assume (C). If A (E) is separable, then the w topology on B: is metrizable and it

follows easily that p.+
J

fdp is w-continuous on B;.
E

Since we are following our proof from ((.5),p. 329), we just outline this proof.
Represent the continuous bounded functions on G, C’B(G), as operators on CO(G)

by TT(g) = fg, f GCB(G), g c CJG). Let WO denote the weak operator topology on
CB(G) via this representation and SO the strong operator topology, (2). TheA’O topology

is Buck’s ‘strict’ topology, and it agrees with the compact-open topology on sup-

norm bounded sets, ((1), p. 98). Viewing M(E) as a subspace of C~(G) via the Fourier–

Stieltjes transformation induces the WO and AS’Otopologies on M(E). It suffices by
“

Theorem 2, to show that p -+
J

fdp is w-continuous on B;.
E

J
Now p.% O in w if and only if fdp~ & O for all f ~A (E) if and only if

J

E

hAdp. > 0 for all A GM(G) since E is compact. If follows that the weak topology
E

is equivalent to the WO-topology on B~. Thus we show that p +
J

fdp is WO-con-
E

tinuous on B:. This is equivalent to showing that p -+
J

f dh is SO-continuous on B:.
E

P

From (C) it follows that p -+
J

fdp is SO-continuous on the sets
E

C; = {A CMO(E): l\lAl\~< n}

and hence WO-continuous on C: and hence w-continuous on C:. We extend p ~
J

fdp

from MO(E) to M(E), ((4), p. 49). The extended linear functional has the ~orm

J
p G gdp, g GA (E), and is w-continuous on B~. Since E was chosen to be a Tauberian

set, fE= g. 1
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The technique used to characterize A (E) in C(E) can be used to characterize other
linear spaces. Let M~(G) denote the discrete measures on G. We may pair bI~(G)A and

J
-M(I’) by Q-d, 2) = PAdh. Let T denote the weak topology on M(17) from this pairing.

Let B. = {A c M(I’)~lAll s n}. Let AP(r) denote the algebra of continuous aImost
periodic functions on r.

THEOREM 4. Let G be a locally compact Abelian group. For f ~ CB(17) the following

are equivalent:

(A) f is almost periodic.

J
(B) A ~ f d~ is T-continuous on Bm.

r

J(C) If {2=} c B. and A; L Opointwise on G, then - fd~, 20.
r

Proof. Now B% is a convex circled set in M(I’). It is r-bounded since

l@A>~)l< llPA\lmllA1.
It is r-closed since

sup
{IJ I )

p’d~]: pcM~(G), llp’ll~ <1 = IIAII.
r

Let T’ denote the topology on M~(G)’ of uniform convergence on the sets B.. Since

sup
{1.1 1

p’d~ :AcM(I’), I//n/s 1 = llp’11~,T’ is the sup-norm topologY.
F.,-.

The Grothendieck completeness theorem yields that (A) is equivalent to (B) since
the sup-norm completion of Md(G)’ in CB(I’) is AP(r).

That (B) is equivalent to (C) is immediate. 1

The previous result is due to R. Edwards ((9), p. 254). His method is based on the
bipolar theorem. Finally, we give a simple proof of a known result on almost periodic
functions ((10), p. 449).

THEOREM 5. Let f be a continuous almost periodic function on the locally compact,
non-compact, Abelian group r. Let K be a compact subset of 17.Then

Proof. Since 17 is non-compact, we let 17’ denote the Bohr compactification of 17

((6), p. 30). Let /?: I’ --+ 17’ denote the natural continuous isomorphism of r into 17’.

Since K is compact and ~ is continuous, B(K) is also compact in IV.

Suppose by way of contradiction that

a = sup{lf(@l:z~K] > y = sup{jf(z)\:z @K}.

Extend f to a continuous function, f’, on l?’. Since P(K) is closed in I“, If ‘(y) I g y

for ye I’t\~(K). Thus K contains an open subset U of 17.It follows that ~ is a homom-
orphism on ‘U. Since/? is a homomorphism, /3 is a homeomorphism on all of J7.Thus

I’ is compact. This contradiction completes the proof. 1
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