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Let G be a locally compact Abelian group; I' the dual group of G; Cy(T') the algebra
of continuous functions on I" which vanish at infinity; CB(I") the continuous, bounded
functions on I'; M(G) the algebra of bounded Borel measures on ¢/; L}(@) the algebra of
absolutely continuous measures; and M (G)* the algebra of Fourier-Stieltjes transforms.

Let E denote a compact subset of I', and let A(E) be the set of all functions on ¥

which are restrictions to E of functions belonging to L}(G)*. The norm in A(E) is the
quotient norm; i.e.

Il s = inf{lg] o2 g€ LHG) and J|E = f}.
For fe C(E), let

1o = sup{ [ sansacnm) and . <1

Let B(E) consist of those functions fe C(E) for which ||f|| g, is finite. Now

A(E)= B(E) = C(B) and |flcw < |flem < Iflaw, for fed(E

TaEOREM 1. B(E) is a commutative, semi-simple, self-adjoint Banach algebm with
unit under point-wise operations.

Proof. Katznelson and McGehee have noted that B(E)is a Banach space(3). Let
{f.} be a Cauchy sequence in B(E) and f its limit point in C(E). Let 0 &= Ac M(E), then

f <f—fn>am$< f (F= L) G+ | fu—Foll 5] A% o

Let € > 0, and N be such that if n,m > N, then ||f,—fl| & < i€. Pick m > N such

that |f—fulom < €/(2]A]). Thus | f—f,| s < eforalln > N. Hence fis the limit point
of {£,} in B(E).

B(E) is an algebra since for A % 0,

J oy _ |[ foin loahe _ o Lgddr].
e Tgde A% = VEE2 I,

fyg d/\i

< flam & ||/\"]|
sup | (v dA)"
< Ifz@lgl o ™

= |fl awllg] 5w
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Thus for f, ge B(E), |Ifg] 5w < |fl 5®|9] sa- Similarly, B(E) is self-adjoint since for

ENENEE

1AM 1A%

It is natural to ask when is 4(£) = B(E) and when is B(E) = C(E). If B(E) = C(E),
then the closed graph theorem implies that £ is a Helson set; i.e. 4(¥) = C(E). Thus
B(E) = C(E) if and only if £ is a Helson set. (This was pointed out to the author by
C.Dunkl.) If E is a compact subset of I" which is of uniform positive measure, then
A(E) = B(E) (see (7) for a stronger result). Katznelson and McGehee(3) have given
examples of compact sets such that 4(E) + B(E) (see also (8)). In all examples known
to the author, A(E) is, however, a closed subspace of B(¥) from which it follows that
the A(E) and B(E) norms are equivalent on A(K). For such E we characterize
A(E) in C(E). Our proof yields a characterization of the B(E)-closure of A(E) in
C(E).

We pair (A(E), M(E)> by {f, u) =f fdp. If {f,uy = 0,forall pe M(E),in particular
E

for point measures, then f = 0. If {f, u) = 0 for all f € A(E), then x = 0 since A(E)
is sup-norm dense in C(E). Let w denote the weak topology on M(E) from this

pairing; i.e. A, — 0 in w if and only ifj fdA,—=> 0 for all f € A(E). Finally, let
E
B} denote the set of ue€ M(E) such that |#*|, < n

THEOREM 2. Let A(E) be a closed subspace of B(E). For feC(E), the following are
equivalent:

A) feA(E)
(B) p —>f fdu is w-continuous on B,
E

Proof. We use a technique introduced in(5).
Now B is a convex circled set in M (E). It is w-bounded since

[<Fml < M olif Lo

It is w-closed since the restrictions of the continuous characters to £ are in A(E).

Let T denote the topology on A(F) of uniform convergence on the sets Bj,. Our
hypothesis asserts that 7T is the B(E)-norm topology.

The Grothendeick completeness theorem ((4), p. 149) yields the result since A(F) is
B(E)normclosed. 1

If A(E)isnot a closed subspace of B(E), then the above proof yields a characteriza-
tion of the B(E)-closure of A(E) in C(E).

Let E be such that the set My(E), consisting of € M(E) such that ueCy(G), has the

property that for fe C(E) ifj fdp = Oforall ye My(E), then f = 0. We call £ a Tauber-
E

ian set. For example, if £ is of uniform positive measure, then E is Tauberian.
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Ma1N THEOREM 3. Let E be a compact, Tauberian set. Then A(E) = B(E), and for
feC(E), the following are equivalent:

(A) fe d(R).
(C) If p,e M(E), |1 < 1, and ph — 0 pointwise on G, thenf fdu, —— 0.
E
Proof. Let fe B(E). Consider the linear functional on M,(¥)* defined by u* - f fdu.
: E

Since fe B(E), the linear functional is sup-norm continuous and has an extension to
Cy(G). Thus there is AeM(G)such that

)

for all u e My(E). Since E is Tauberian, f = A*|E and hence fe A(E).
Assume (A). Thus there is g € L}(G) such that §|E = f. Thus for {,} asin (C'), we have

that A n
[ st = vdpa=[ gdp.=| ssdg—>0
E E T G

by the Lebesgue dominated convergence theorem.
Assume (C). If A(E) is separable, then the w topology on B is metrizable and it

follows easily that —>f fdu is w-continuous on Bj,.
E

Since we are following our proof from ((5), p. 329), we just outline this proof.

Represent the continuous bounded functions on G, CB(®), as operators on Cy(G)
by Ty{g) = fg, feCB(G), geCy(G). Let WO denote the weak operator topology on
CB(@) viathis representation and SO the strong operator topology, (2). The SO topology
is Buck’s ‘strict’ topology, and it agrees with the compact-open topology on sup-
norm bounded sets, ((1), p. 98). Viewing M(E) as a subspace of CB(G) via the Fourier-—
Stieltjes transformation induces the WO and SO topologies on M(E). It suffices by

Theorem 2, to show that x — JE fdu is w-continuous on BA.

Now p,—> 0 in w if and only iffEfd,ua—a> 0 for all fe A(E) if and only if
fE M dp, —— 0 for all Ae M(G) since E is compact. If follows that the weak topology
is equivalent to the WO-topology on Bj,. Thus we show that x — fE fduis WO-con-
tinuous on Bj. This is equivalent to showing that x ——>fE fdAis 8O-continuous on B,

From (C) it follows that u — f fdu i3 8O-continuous on the sets
E
Ch = {AeMy(E): | Y| < n}
and hence WO-continuous on ('}, and hence w-continuous on C},. We extend u —>f fdu
E
from My(E) to M(E), ((4), p. 49). The extended linear functional has the form
L=\ gdu, g A(E), and is w-continuous on BA. Since ¥ was chosen to be a Tauberian
E

set, f=g. 1
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The technique used to characterize A(£) in C(E) can be used to characterize other

linear spaces. Let M,(G) denote the discrete measures on ¢. We may pair M,(G)" and

MDY by (p*, A = f wdA. Let T denote the weak topology on M(I') from this pairing.
r

Let B, = {Ae M(I'):{A|| < n}. Let AP(I') denote the algebra of continuous almost
periodic functions on I'.

THEOREM 4. Let G be a locally compact Abelian group. For fe CB(I') the following
are equivalent:

(A) fis almost periodic.

(B) A—> f : fdA is T-continuous on B,,.

(C) If {1} < B, and X, — 0 pointwise on G, then f fda, == o.
Proof. Now B,, is a convex circled set in M(I"). It is :bounded since

, . K, | < [t [ AL
It is 7-closed since

sup || sha: nedy ) 1o < 1} = 1)

Let T denote the topology on M,(G)* of uniform convergence on the sets B,. Since

sup { f phaA
r
The Grothendieck completeness theorem yields that (A) is equivalent to (B) since

the sup-norm completion of M,(G)* in CB(T") is AP(T).
That (B)is equivalent to (C)isimmediate. i
The previous result is due to R. Edwards ((9), p. 254). His method is based on the
bipolar theorem. Finally, we give a simple proof of a known result on almost periodic
functions ((10), p. 449).

A€ M), 2] < 1} = | M|, T is the sup-norm topology.

THEOREM 5. Let f be a continuous almost periodic function on the locally compact,
non-compact, Abelian group I'. Let K be a compact subset of I'. Then

sup{|f(z)]:z€ K} < sup{|f(z)|: 2 ¢ K}.

Proof. Since T' is non-compact, we let I'” denote the Bohr compactification of I’
((6), p- 30). Let f: I' - I denote the natural continuous isomorphism of I' into I'.
Since K is compact and £ is continuous, #(K) is also compact in I'".

Suppose by way of contradiction that

a = sup{|f(z)|:ze K} > y = sup{|f(z)|: 2 ¢ K}.

Extend f to a continuous function, f’, on I'V. Since (K) is closed in IV, |f'(y)| <y
for ye "\ f(K). Thus K contains an open subset U of I'. It follows that 8 is a homeo-
morphism on U. Since f is a homomorphism, £ is a homeomorphism on all of I". Thus
I' is compact. This contradiction completes the proof. 1
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