Proc. Camb. Phil. Soc. (1968), 64, 323 323
PCPS 64-40

Printed in Great Britain

Uniform approximation by Fourier-Stieltjes transformst

By DONALD E. RAMIREZ
University of Washington, University of Virginia

(Received 17 October 1966)

Introduction. Let G be alocally compact Abelian group; I' the dual group of G; CB(T")
the algebra of continuous, bounded functions on I'; Cy(I') the algebra of continuous
functions on I" which vanish at infinity; M(G) the algebra of bounded Borel measures
on G; M(G)" the algebra of Fourier-Stieltjes transforms; and M(G)*~ the completion
of M(@)"in the sup-norm topology on I'. The object of this paper is to study the natural
pairing between M(G)* and M(T").

The basic result of this research is a characterization of M(G)*~. The following
theorem, which is a generalization of a reported result of A. Beurling and E. Hewitt,
is proved:

For f a continuous, bounded function on I, fe M(G)*~ if and only if {A,} < M(I"),
[Aa]l < M, and Xj(x) —> 0 for all x€ @ implies

f fdr, —> .
r

[In the sequel ‘»’ will denote a natural number.]
In Chapter 1, we prove the above theorem.
In Chapter II, we characterize M(G)* in a manner similar to the above theorem:
For f a continuous, bounded function on T', fe M(G)* if and only if {A,} = M(T),
2] < M, and A4(x) — 0 for all e G implies

L fdx, — 0.

In Chapter III, we characterize Sidon sets: £ is a Sidon set if and only if for each
bounded function, f, on E;{A,} < M(E), |Ai]le <1 (or |A,] < 1) and A4(x) — 0
implies that
f fdA, — 0.

E

Chapter I. Characterization of M(G)*~

We prove in this chapter:
TrEEOREM. For fe CB(T'), the following are equivalent:
(A) fe M(G)*.

+ This paper is based on a portion of the author’s doctoral dissertation submitted to Tulane
University in May 1966. Part of Chapter I was presented to the American Mathematical Society,
24 January 1966. The author is a Research Associate of the Office of Naval Research.
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324 DoxaLp E. RaAMIREZ
(B) If {A,} = M(T), |A,]| € M, and Ay(x) —> O for all z€ G, then
f Fdr, —> 0.
r

Beurling and Hewitt ((6), p. 138) have reported this result in the case that G and T’
are g-compact. The author is indebted to Dr Frank T. Birtel for communicating to him
the suggestion of Dr George Reid that we apply Grothendieck’s completion theorem
to the natural pairing between the transform algebra, M(G)", and the measure
algebra, M(I").

For u*e M(G)* and Ae M(I"), define

WA = Lﬂ‘ dA.

1-1. Lemma. {.,.) s a pairing.

Proof. If {u*,A) = 0 for all Ae M(I')—in particular for A a point measure—then
u* = 0. The Fourier—Stieltjes uniqueness theorem ((9), p. 17) implies that x = 0.

If (u*,A) =0 for all p*e M(G)*—in particular for u"eCy(I')}—then A =0 since
M(G)* A Cy(T) is sup-norm dense in Cy(T") ((9), p. 9). 1

Let w denote the weak topology on M(T) from this pairing with M(G)*. For
A} < M(I"), A, — 0 in w if and only if (4", A,y —> 0 for all u*e M(G)". Let B,
denote the n-ball of M(T'). Let C,, = {A e B,,: A* has compact support}.

1-2. LEmMaA. B, ts w-closed.
Proof. Let {A,} = B, be such that A, —> A in w, Ae M(I'). We wish to show that

Al < n. Now (u*,A,) —Zs (ut, ) for ure M(GY n Cy(T). If | 4" < 1, then
<" A < Mo 1Aa]l <

80 {(u*, A)| < n. Since M(G)* A Cy(T') is sup-norm dense in Cy(T), |A]| < =. i
1-3. LeMMA. B, is w-bounded.
Proof. Let

V={RQeMI): |[{"A)| <1}, preM(G)

¥ is a typical sub-basic w-neighbourhood of 0. We wish to find p > Osuch that B, < pV.
Since (4%, )] < 4% 4], we let p = nu*] . !

1-4. Lemma. On M(G), the topology, T, of uniform convergence on the norm balls,
B,, is equivalent to the sup-norm topology on T'.

Proof. Let {ut} = M(G)"

Suppose x4 —> 0 in I , then

sup (|, A, Ae B,y — 0.

Hence |43 = sup {| {4, A)|, A a unit point measure} ——> 0.

Suppose |#4] o —> 0. Then

sup {|(u2 )], Ae By} < el 0 —> 0. !

1-5. ProrosITioN. For fe CB(T'), the following are equivalent:
(A) fe M(G)*-.
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Uniform approximation by Fourier—Stieltjes transforms 325

(C) The linear functional on M(T') determined by f, i.e. A - f faA, is w-continuous
when, restricted to the norm balls, B, of M(T). il

Proof. The norm balls, B,,, are convex, circled, w-closed, w-bounded, and
v{B,n=12..}=M(T).

Hence Grothendieck’s completion theorem ((7), p. 271) asserts that for fe OB(T"), fisin
the closure of M (G)* with respect to the topology of uniform convergence on the norm

balls, B,, if and only if (C) is satisfied. The proposition now follows immediately from
Lemma 1-4.

Represent the functions, f, in OF(G) as operators, T}, on Cy(G) by TH{g) = .9, 9 € Co(B).
Let WO be the weak operator topology on CB(@) via this representation; and SO be the
strong operator topology. Let {f,} = CB(G):

(i) f, — 0in WO if and only if for ge (&) and pe M(Q),

f f2gdp — 0.
[

(ii) f, — 01in SO if and only if for g€ Cy(&), | f, 9]l — O.

Note that the SO topology is Buck’s ‘sm}é’ topology ((2), p- 97). Hence on sup-norm
bounded sets, the SO topology is equivalent to the compact-open topology ((2), p. 98).
Recall that convex sets have the same closures in WO and SO (4), p. 477).

Viewing M(I") as a subalgebra of CB(@) via the Fourier-Stieltjes transformation
induces the WO and SO topologies on M(T).

1-6. LemMMa. On the norm balls, B,, the weak topology, w, is equivalent to the weak
operator topology, WO. In general, WO < w.
Proof. Let {A,}e M(T).

Suppose A, —> 0in w, i.e.
WA = [ prar, = [REZE
r ¢
for each g e M (). For ge Cy(G) and /L@ gdue M(G). So

f Ngdpu —=> 0.
@

Hence A, —— 0 in WO.

Suppose A, —> 0in WOin B,, i.e.

I <n and [ Agdu—Sx0 for ge0E) and pel@),
G

Let u€ M(G). There exists a compact subset, K, of & such that |u|K — x| < ¢/3n.
Let geCy(@) be such that g = 1 on K and ||g|, < 1. Let a be such that if « > «,, then

U g
G

< ¢f3.
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We wish to find «, such that if « > «;, then

f /\;d,u! <e
¢

Let a; = a,. Then for a > «,,

f Asdp
@

+UG/K/\di,u‘+n.e/3n <ef3+|Ahg]w [u|GIK]+€/3 <e/3+n.¢/3n+e/3=¢ |

<|[ acaul+| [ asaul <[ rtodu|+intlo-luoixl < |[ Mgan

1-7. Lemma. Let {A,} © By, If A4(x) — O for all x € G, then A, ——> 0 in w; and
conversely.
Proof. Let {A,} < M(I') be such that |A,]| < M and X4(x) — 0 for all zeG. We

wish to show that A, —> 0 in w, i.e. let u*e M(G)* and show (u*, A, —5 0. Let K be
a compact subset of @ such that |x—u|K| < ¢/2M. Since Ayl < M, {A}|K} are
sup-norm bounded and pointwise convergent to 0. Therefore,

J A du| K~ 0
K

by the Lebesgue dominated convergence theorem ((3), p. 109); hence there exists n,
such that if n > n,, then

f Mdu|K|<ef2.
K

Hence for n > n,,

o] =| [ wan,

{fl
K

+ o |#|G/K| < €/2+ M .€/2M = .

= U AL dp /\gd,u{ < €2
G lEhie l

We remark that the converse is clear by considering unit point measures. |

1.8. LumMa. Let fe CB(T'). The following are equivalent:

(D) The linear functional on M(T") determined by f,i.e. X — f SfdA, is SO-continuous
when restricted to the norm balls, B, of M(T"). i

(E) The linear functional on M(T') determined by f,1i.e. A —>f fdA, is WO-continuous
when restricted to the norm balls, B, of M(T). i

Proof. Since WO < SO, (E) implies (D).

Let A —> fp fdA be 8O-continuous on B,,. Let K be its kernel. Let {A,} = B, n K be

suchthat A, > Ain 8O, A e M(T'). Since WO < 80, A, — Ain WO. Since {A,} < B, A, > A
in w by Lemma 1-6. But B, is w-closed by Lemma 1-2, so A € B,,. By the SO-continuity
of the linear functional, A€ K. Hence Ae B, n K, and so B, n K is SO-closed. Since B,
is convex, B, n K is also WO-closed. This clearly implies (E) ((1), p. 84, ex. 18a). |
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1-9 TareoreM. Let fe CB(T"). The following are equivalent:
(A) feM(G)y-. |
(B) If (A} = M(TY, A, < M and Nsw) —> 0 for all <G, then f fia, 0,

©) A ~>J‘ fdA is w-continuous on B,.
r

D) A~ f fdA s SO-continuous on B,,.
v

(E) A~ ( fdA is WO-continuous on B,,.
r

Proof.

(A) is equivalent to (C) by Proposition 1-5.
(C) is equivalent to (E) by Lemma 1-6.

(C) implies (B) by Lemma 1-7.

(D) is equivalent to (E) by Lemma, 1-8,

It suffices to show that (B) implies (D). First, we show that /\—>f fdA is 8O-
r

continuous on C,. For suppose not. Hence there exists ¢ > 0 such that for compact
subsets, K, of G and & > 0 we have a Ag ;in Vg ; = {AeCy: |A%|«, x < 8} such that

f fidg,|> e
r
Let A, be any measure in Cy such that
f fdA ]l > e
T
Let A2 = Auppat, 1 A3 = Asuppa? Csupp A, b
n
and An+1 = Asupp A} o wsupp YA, (Un) A%(x) —0

for all ze ¢ and {A,} < Cy < B). Hence (B) implies that

j Fr, _m, 0.
r
This is a contradiction since U fdA, ] > e
T
That A J FA
r

is 8O-continuous on C, relative to U C, implies (by the proof of 1-8) that
n=1

A»frfd/\

is WO-continuous on C, and hence w-continuous on C,,. Let K be the kernel of the linear
functional. Thus K n C, is w-closed. Let 7 be the finest locally convex topology on
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M(T') which coincides with the w-topology on the sets B,,. Thus K n C, is J¥-closed

in G C, and
n=1

/\—>Lfdx\

is J¥-continuous on U C,. Extend this linear functional by the Hahn-Banach

n=1
Theorem to a.7 ¥-continuous linear functional on M (I"). By the proof of Grothendieck’s
completion theorem, the extended linear functional has the form

A»J‘ gdA where ge M(G)*-.
r

It remains to show that f = g. This follows since the group algebra, L}(I}), is Tauberian
((8), p. 92). i

1-10. Prorosition. Let Z denote the integers and f a {continuous) bounded function on
Z be such that f(10% +-n) = e (k=1,2,3,...,1 < n < k). Then f¢ M(T)*~ where T is the
wnit circle, the dual group of the integers.

Proof. Let &

1 .
Ay = %ngl e_”ﬁalo’%n’
where 8y4t,, is the unit point measure at 10*+n (k=1,2,3,...,1 < n < k). Then
Al = 1. Itis known ((11), vol. 1, p. 200) that for each z €T, there is a C, > 0 such that

| &
Zl ein% einz < O:c . k%

n=

Hence |Aj(x)| =

1 k
E > e—-ini‘ e—i(10F +n)z
n=1

k
% 3 ein*em’i g%.Cx.ki—k—> 0.
n=1
By Theorem 1-9, fe M (T')"~ implies that
f Fdr,—E> 0.
z

1k k
But le/\k == 1=1—0,
T kn=1
Hence f¢ M(T)*. i

1-11. Remark. In Theorem 1-9, one may not replace pointwise convergence with
almost everywhere convergence. Let A, = (1/n)(6;+...+0,)e M(Z).|A,| =1 and

Xy (@) — 0 for z + 0, ((11), vol. 1, p. 142). Now

f 1.dA, =1 —> 0.
z

1-12. Remark. Since for pe M(Q), | #*| = sup {|{¢*, 2)|,Ae L{T) ~ B,}, Theorem 1-9
is valid with ZY(T") replacing M(I"). The proof is essentially the same.

1-13. Remark. Another proof of Proposition 1-5 has recently been published by
R.E. Edwards, ((5), p. 254).
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Chagpter 11. Characterization of M(G)*

2-1. ProposrTioN. Let fe CB(T') and B), = {Ae M(T'): | A%, < n}. The following are
equivalent.

(A7) FeM(G

(C') The linear functional on M(I') determined by f,i.e. A — f fAA, is w-continuous on

r

the sup-norm balls By, of M(T).

Proof. As in Lemma 11, {.,.) is a pairing. B} is w-closed since if

AJo) € MT), W] < .
and f d = f A = Gy S ) = f = fG/Vdﬂ

for all 4" € M(G)"—in particular for 4 a unit point measure; hence [|A*||,, < nand Ae B,
B;, is w-bounded as in Lemma, 1-3 since |(u*, AY| < ||z - | AY]-
Let g be the topology on M(G)* of uniform convergence on the sup-norm balls

By, with respect to this pairing. 7 is equivalent to the measure-norm topology on
M(G) since for ye M(G)",

lall = ) sup{|<u", )l: Ae B} and  [Kut, A < [lal] A% oo
By Grothendieck’s completion theorem ((7), p. 271) we may assert for fe CB(T") that
fe M(GY if and only if A - f fdA is w-continuous when restricted to the sets B4, 1
r

2-2. TarorEM. Let fe CB(T"). The following are equivalent:
(A fe M(H™.
(B If {A} = M(D), | A0 < M, and Xi(z) —=> O for all x€ G, then

f fdx, —=> 0.
r

€Yy A~ f fdA is w-continuous on BA.
r

(D) A ->f SdA is SO-continuous on B,
r

EY A~ f fdX is WO-continuous on BA.
r

Proof. (A’) is equivalent to (C') by Proposition 2-1. (C’) is equivalent to (E') by the
proof of Lemma 1-6. (C) implies (B") by the proof of Lemma 1-7. (D’) implies (E’) by
the proof of Lemma 1-8. (B’) implies (D’) by the proof of Theorem 1-9. 1

2-3. ProrosrtioN. WO < w < 80 on M(I).
Proof. That WO < w is part of Lemma 1-6.

Let A, —> 01in 80, {1} « M(T). To show A, — 0 in w.
Suppose not. Then there exists e M (@) such that

f Addp —> 0.
@

21 Camb. Philos. 64, 2

e A ¢ g i
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Let g e Cy(G) be such that J‘ Gidl’ul =M < 0.
@

Such a function exists as noted in ((2), p. 99). Let A, be such that

4%, -9l S% and UG/\Qnd,u > €.

1 1 n
No f/\&d SJ AL Md < |A2 mf —td £-.M—0.
Now [ ndul< [ pe) Hlall < sl [, g4 <
This is a contradiction and hence w < SO. 1

2-4. COROLLARY. Let My(T) be the subalgebra of M(T') consisting of all discrete
measures. Let fe OB(T'). The following are equivalent:

(A")fe M(G)".
(I A> f FdA is SO-continuous on M(T').
r

J) A~ f FaX is WO-continuous on M(T).
r

(K') A—> f [ dA is SO-continuous on My(I).
r

(LY A—> f fdA is WO-continuous on My(T").
r

Proof. That (1') is equivalent to (J') is immediate since convex sets, in particular,
the kernel of a linear functional, have the same closures in WO or 8O. Similarly, (K’) is
equivalent to (L").

Let (A') be satisfied. Then /1—>f fdA is w-continuous on M(T'), and hence by
T

Proposition 2-3 it is §O-continuous on M(I'). Thus (A’) implies (I").
That (I') implies (K') is clear since M (I') = M(T").
Let (L) be satisfied. Extend the WO-continuous linear functional

A f FAA on MyT)
T

to a WO-continuous linear functional on all of M(T"). By Proposition 2-3, this linear
functional will be w-continuous and hence has the form

A—»J‘ gdA, forsome geM(G).
r

By considering A a unit point measure, it follows that f = g. Hence (A’) is satisfied. 1

2:5. Remark. Theorems 22 and 2-4 hold with L(I") replacing M (I").

Chapter 111. Characterization of Sidon sets

Let G be compact and E < I' (discrete) be such that to every bounded (and con-
tinuous) function ¢ on F there corresponds a measure 4 € M(G) such that 4* = ¢ on K.
Then E is called a Sidon set ((9), p. 121).
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3:1. ProrosiTiON. Let E < I', T discrete. Then E is a Sidon set if and only if
M(Qy~|E = CB(B).

Proof. If B is a Sidon set, then M(G)"|E = C5(E) and hence M(G)*-|E = CB(E).

Suppose M (G)*~|E = CB(E). To show that K is a Sidon set. If £ were not a Sidon set,
then there would exist ¢ e CB(E), ¢(y) = + 1, such that for pe M(Q), |p* — Pllo, x = 1
((9), p. 123). Hence ¢ € OB(E) but ¢ ¢ M(G)*—|E, and therefore £ is a Sidon set. I

3-2. TurorEM. Let I be discrete. The following are equivalent for E < T
(S,) E is a Sidon set.

(Sp) For all fe CB(E), if {A,} © M(E), | 4]l < 1, and Aiy(x) —— 0, for all xe G, then
f fdr, "> 0,
E
(S;5) For all fe CB(E), if {A,} = M(E), |A,] < 1, and Xi(x) —> 0, for all x € G, then
f FdA, —> 0.
E

Proof. Let E be a Sidon set and f e CB(E). There is pe M(G) such that p*|E = f.

Hence
ffd/\=f,u"d/\=f,u/‘d/\=f Mdu for AeM(E).
E E T G

Let {A,} = M(E) be such that |A4], < 1 and A4(x) —— 0 for all ze . Then the
Lebesgue dominated convergence theorem implies that

f fd)(n=f A dy— 0,
E ¢

Clearly, (S,) implies (S;).

Let (S;) be satisfied. If £ is not a Sidon set, we may find A,e M(E), |2,] = 1 and
[A2]~ < % ((9), p. 121). We may assume that F, = support of A, is finite. Since F, is
finite and E is not a Sidon set, then E\ F, is not a Sidon set. Similarly there exists
Aye M(E\Fy), | A4 = 1, Fy = supp A, finite, and |A}] < }. Likewise, there exists

An+1€M(E\F2uF3u...u )
[Ansal =1, Fopy=suppd,,; finite and|A} ). < o
Let feCB(E), ||f]lo, & < 1 be defined such that

f fIE,dn, = 1.
Fa
Now {A,}e M(E),| A, = 1, A4(x) —2> Oforallze @, but

fEfd/\n =1

This is contradiction and so £ must be a Sidon set. |

3-3. ProrosrrioN. Let I' be discrete. The following are equivalent for E < T.
(8,) E is a Sidon set.

(8y) Forall feCE(E), A > f faA is SO-continuous on M(E).
E

21-2

SRT———
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Proof. Let E be a Sidon set. Since G is compact, the SO-topology is equivalent

to the sup-norm topology on G. Let A,eM(E) be such that {A} um———-—> 0 and
feCB(E). There exists pe M(G) such that u*|E = f. Hence

[ gan) - = | [ Aadn] < 128l sl = o

Hence A - f fdA is SO-continuous on M (E).
E

urda,,

Let (S,) be satisfied. If £ is not a Sidon set, then there exists {A,} = M(E) such that
[A.] = 1 and |A4] - < (1/n). We may assume that supp A,, is finite. It follows as in the

proof of Proposition 3-2 that A »J fdA is not SO-continuous. This contradicts (S,).
E

Hence Z is a Sidon set. i

Let Z denote the group of integers and let P = Z contain arbitrarily long arithmetic
progressions. P is repeating in the sense that there is an infinite set § < Z+ such that
for each se.§ there is a pe P and g€ Z such that ¢ > 1 and

{p+q,p+2q,...,p+s¢} =P, < P.
We call such a repeating set an R-set.
It is known that a Helson set (i.e. a compact Sidon set) P on the line E cannot contain

arbitrarily long arithmetic progressions ((9), p. 117). The following proposition is the
corresponding result for Sidon sets.

3-4. PRrOPOSITION. Let P < Z be an R-set. Then P is not a Stdon set.

Proof. Let P be the given R-set. Let § < Z+ be the associated infinite set such that
for each se 8 there is a pe P and ge Z such that ¢ > 1 and

P={p+qp+2q,....,p+sq} < P.
We may assume that for s,, s,€8, F, n P, = ¢. For se§, let

/\s _1 Z e—mlogna

S n=1

where &, ,, is the unit point measure at p+ng. Then |A,| = 1 and there exists // > 0
such that

ptng

3
[l = sup|} § eintorme-iormas: 0 < 6 < 2n)
n=1
8
= sup{l 3 eintoenginddl: 0 < 0 < 27r} Sywat oy
S p=1 S 8%
((11), vol. 1, p. 199). Let fe C(P) be such that f(p +ng) = einlogn,
That P is not a Sidon set is now immediate from Theorem 3-2. i

3-5. Remark. Theorem 3-2 could be derived by pairing M(G)*|E and M(E) as in
Chapter I.

3-6. CoroLLARY. A Sidon set does not contain arbitrarily long arithmetic progressions.
Proof. This is a rewording of Proposition 3-4. 1

3-7. Remark. Corollary 3:6 is a result due to Rudin ((10), p. 216).

e —— o AR
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