
Theorem. Let R be a commutative ring with identity having no nonzero nilpotent elements.

Then R[x]∗ = R∗.

Proof. The inclusion R∗ ⊆ R[x]∗ is trivial. Let p(x) ∈ R[x]∗, and write p(x) =
∑n

k=0 akx
k.

Suppose deg(p) > 0. We have a0 ∈ R∗, because a0 is the homomorphic image of p under

the evaluation homomorphism p(x) 7→ p(0), and the homomorphic image of a unit is a unit.

Let q(x) = p(x)−1, and write q(x) =
∑m

j=0 bjx
j. If deg(q) = 0, then b0an = b0an−1 = · · · =

b0a1 = 0, which implies that b0 ∈ R is a zero divisor because an 6= 0. This is a contradiction,

because q(x) was assumed to be a unit. So deg(q) > 0. Now we must have anbm = 0.

Consider the coefficient of xn+m−1 in p(x)q(x). We have

0 = an−1bm + anbm−1 ⇒

0 = an(an−1bm) + an(anbm−1)

= an−1(anbm) + a2
nbm−1

= 0 + a2
nbm−1 = a2

nbm−1

Now suppose aj+1
n bm−i = 0 for all 0 ≤ i ≤ j. If j + 1 < m + n, the coefficient of xm+n−(j+1)

must be zero. Then

0 = anbm−(j+1) + an−1bm−j + · · ·+ an−(j+1)bm ⇒

0 = aj+1
n

(
anbm−(j+1) + an−1bm−j + · · ·+ an−(j+1)bm

)
= aj+2

n bm−(j+1) + an−1(a
j+1
n bm−j) + · · ·+ an−(j+1)(a

j+1
n bm)

= aj+2
n bm−(j+1) + 0 = aj+2

n bm−(j+1)

Conclude that aj+1
n bm−i = 0 for 0 ≤ i ≤ j and j + 1 < n + m. (As usual, we have adopted

the convention that ak, bk = 0 for k < 0, ak = 0 for k > n, and bk = 0 for k > m.) Now

consider the coefficient of xn in the product p(x)q(x). We have

0 = anb0 + an−1b1 + · · ·+ a0bn ⇒

0 = a(m−1)+1
n (anb0 + an−1b1 + · · ·+ a0bn)

= am+1
n b0 + an−1(a

m
n b1) + · · ·+ a0(a

m
n bn)

= am+1
n b0 + 0 = am+1

n b0

Then am+1
n = 0 and an is nilpotent (because b0 ∈ R∗ and hence is not a zero divisor).
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