Algebra Problems

Christopher Drupieski

Summer 2005



Contents

Introduction ii

1 Groups 1
1.1 General Group Theory . . . . . . . . .. ... .

1.2 Applications of the Sylow Theorems . . . . . . . . . ... ... .. .. .... 8

1.3 Finite Abelian Groups . . . . . . . . . . .. 15

1.4 Additional Results . . . . . . . ... 18

2 Rings 19

2.1 Basic Commutative Ring Theory . . . .. .. ... ... ... ... ..... 19

Rings of Fractions . . . . . . . . . . ... 24

2.2 PIDs, UFDs and Polynomial Rings . . . . .. .. .. ... ... ....... 26

2.3 Non-commutative Rings . . . . . . . . . .. ... o o 34

2.4 Additional Results . . . .. . ... 37

3 Modules and Canonical Forms 40

3.1 Modules . . . . .. 40

3.2 Rational and Jordan canonical form . . . . . .. ... ... 44

4 Fields 45

4.1 General Field Theory . . . . . . . . . .. . 45

4.2 Galois Theory . . . . . . . . 51

4.3 Finding Galois Groups . . . . . . . . . ... 57

5 Multilinear Algebra 63

5.1 Dual spaces and bilinear forms . . . . . . . .. ... L. 63

5.2 Tensor Products . . . . . . . . . . ... 65



Introduction

The problems appearing in this packet were those provided by Mr. Abramenko to the
students preparing for the University of Virgina Mathematics Department Algebra General
Exam, Summer 2005. The dates appearing before most of the problems refer to the month
and year that problem appeared in a prior General Exam. A few of the results presented in
each Additional Results section come from work done in Mr. Abramenko’s Algebra 751-752
sequence in Fall 2004-Spring 2005. Each solution is either my own, or else was presented
by another participant in the General Exam preparation course. Chapters 3 through 5 were
typed by Nicholas Hamblet.
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Chapter 1

Groups

1.1 General Group Theory

1. [May 78 #1] Name a nonabelian simple group.
Proof. For n > 5, A, is nonabelian simple. O
2. [Jan 79 #8] Do the elements of finite order in a group always form a subgroup?

Proof. No. If G = (a,bla® = b* = €), then ab is an element of G of infinite order. So the set

of elements of G of finite order is not closed under multiplication. O
3. [May 89 #5] If H, K are subgroups of G show G is a disjoint union of double cosets HgK.

Proof. Define a relation ~ on elements of G by g1 ~ ¢, if 3h € H, k € K such that g, = hgi k.
Since ~ is an equivalence relation, G splits as a disjoint union of ~ equivalence classes, i.e.,

as a disjoint union of double cosets HgK. O]

4. [Feb 84 #7] If H, K are subgroups of G with Ha = Kb for some a,b € G, prove H = K.
What can you say if aH = Kb?

Proof. We have Ha = Kb = Hab™' = K. Then 3h € H such that hab-! = e. Then
ab™! € H (in fact, ab™' = h™! so K = Hab™! = H. If aH = Kb, then aHb™' = K,
which implies that 3h € H such that ahb™! = e. Then b™' = h™'a™!, so K = aHb™! =
aHh™'a™ = aHa™!. O

5. [Aug 04 #1] Assume that the group G is a direct product of two finite subgroups A and
B, and that |A|, | B| are relatively prime. Show that H = (HNA) x (HNB) for any subgroup
H<G.



Proof. Clearly (HNA) x (HNB) C H. Let h € H, and let n = |A|,m = |B|. Since
G = Ax B, 3a € Ajb € B such that h = ab. Since (n,m) = 1, 3s,t € 7Z such that
ns +mt = 1. Now h™ = pl=m = (ab)!™" = o178 = qa ™0™ = a. So a € H N A.
Then alsobe HN B, and H C (HN A) x (HN B). O

6. [Jan 89 #2| (a) If G has a normal subgroup N with G/N = Z, show for all n # 0 there
is a normal subgroup N,, with G/N,, = Z,. (b) If all proper factor groups of G/N are finite,
must G be finite?

Proof. For each n # 0, let N, be the inverse image of the subgroup Z, under the map
G/N — Z, and let N, be the inverse image of N, under the map G — G/N. Then
N < N,, <G by the Correspondence Theorem, and (G/N)/(N,/N) = (G/N). O

7. [Aug 89 #1] State the class equation for a finite group. Let G be a non-trivial p-group.
Prove Z(G) > 1, and prove that G is nilpotent.

Proof. Have |G| = |Z(G)| + Y. |G : Gy,], where {z;]1 < i < n} are representatives of the
distinct non-central conjugacy classes of G (possibly n = 0, in which case G is abelian). If
G is a non-trivial p-group, then p | |G|. Since p | [G : G| for each 1 < i < n, conclude
p | |Z(G)|, hence Z(G) # {e}. Assume by induction that any group of order p* for k < n
is nilpotent. Let G be a group of order p". Since Z(G) # {e}, G/Z(G) is a p-group of
order strictly less than p™, hence is nilpotent by the induction hypothesis. The center of G
is trivially nilpotent because it is abelian. If H < Z(G), then G is nilpotent iff H and G/H

are nilpotent. Conclude that G is nilpotent. Hence all finite p-groups are nilpotent. O

8. [Jan 05 #1] Write down the class equation of the dihedral group D50. No proof is required

by you should identify the terms in your equation.

Proof. Write Dyy = (0, 7|0 =12 = ¢, 707 = 071). Then

| Daol 1Z(G)] +1Co| + |Cr + |Cor| + |Co2| + [Cos| + | Cos

= 242+2+2+2+5+5

]

9. [May 78 #2] If a finite p-group G acts linearly on a finite-dimensional F,-vector space V,

show G has a nonzero fixed point.

Proof. Let n = dimg, (V). Then [V| = p". Let {x1,22,...,2,} be representatives of the
distinct G orbits of V. Then |V| = >, |G - zx|. Since G acts linearly, g - 0 = 0 for all



g € G. Without loss of generality, take z; = 0. Observe that p | |[V| but p 1 |G - 0], so
31 <4 <r such that p{|G - z;|. Then |G - x;| = 1, which implies that x; is a non-zero fixed
point of G. n

10. [Aug 95 #1] Let G be a finite group of permutations on a finite set X. For x € X let
G, ={g9 € Glgzr =x}. If | X| =[G : G,] for some x € X, show the same holds for all x € X.

Proof. Let x € X and suppose |X| =[G : G,|. Consider the action of G on X by g-y = g(y).
Let y € X. Now |G- z| = [G : G;] = |X| implies that y € G - z, so Ih € G such that
y=nh-z. Then [G:G, =|G-yl,and G-y =G-(9-2) = Gg-x = G-z. Conclude
GGy =Gyl =[X]. O

11. [Aug 99 #2| Show that any finite group G has a faithful action on some set S of
cardinality |S| = |G|.

Proof. The group G acts on itself by left multiplication, and this action is faithful because
gh=hVheG=g=e. m

12. [Aug 99 #2] Let G be a finite p-group for a prime p having a unique subgroup G,
for order p. (a) Show that G, is invariant under all endomorphisms of G. (b) Show that
whenever G acts on a finite set S of order |S| < |G|, the subgroup G, acts trivially. Conclude
that G' can only act faithfully on sets of size > |G].

Proof. (a) If f is an endormorphism of G, then f(G,) is a p-subgroup of G, hence equal
to G, by the uniquess of G,. (b) We have S| = "7 | |G : G|, where {si,...,s,} are
representatives of the distinct G-orbits of S. Since |S| < |G|, we must have |Gg,| > p for
each 1 <4 < n. Then each G, contains a subgroup of order p, ie., G, C Gj, for each
1 <7 < n. Conclude that G, acts trivially on S. If G acts faithfully on a set X, then the
only element which can act trivially on X is the identitiy = |X| > |G]. O

13. [Sep 86 #6] For what n is S,, — Aut(S,) (via ¢ — K, conjugation by g) a monomor-
phism?

Proof. The above map has kernel Z(S,,), which is trivial for n = 1,n > 3. For n = 2, the
above map is the trivial map, because Sy = Zo, Aut (Zy) = {id}. O

14. [March 83 #3] Show that Ss contains a subgroup H of order 15, but S, for n < 8 does

not.



Proof. By an application of the Sylow Theorems, any group of order 15 is cyclic. If g € S,
has order 15, then g must have both a 5-cycle and a 3-cycle in its disjoint cycle decomposition
= n > 8. Nowin Sg, ((6 78)) < Ng,(((123405))),s0H:=(678)((12345))isa
subgroup of Sg of order 15. O]

15. [Apr 77 #5] (a) Show the alternating group A,, is normal in S,,. (b) Show A,, is generated
by all 3-cycles (1 2 k) for k = 2,3,...,n. (¢) Show any normal subgroup of A,, which contains
a 3-cycle must be all of A,.

Proof. (a) Have that A,, is the kernel of the homomorphism o — sgn o, hence is normal. (b)

and (c) See notes from Algebra I. O

16. [May 92 #3] Prove V = {1,(12)(34),(13)(24),(14)(23)} is a normal subgroup of Sy,
and that S,/V = S;.

Proof. Have V' = [Ay, A4] char Ay = [S4, Sy char Sy, hence V' < S;. Now S;/V is a group
of order 6 having three subroups of order 2 (namely, the subgroups generated by (1 2)V,
(13)V, and (1 4)V), hence is not cyclic. Conclude that Sy/V = Ss. O

17. [Jan 94 #6] (a) Explain why the automorphism group of A, is isomorphic to A, for
n > 4. (b) Prove that for n > 3, A, has outer automorphisms.

Proof. (a) The map g — &, induces the isomorphism A, /Z(A,) = Inn(A4,). But Z(4,) =
{e} for n > 4, and the desired isomorphism follows. (b) Consider map f : S, — Aut (4,)
given by g — k,. Now ker f is a normal subgroup of S,, having trivial intersection with A,, for
n > 4 (by part (a) above). Conclude that f is injective for n > 4. It is an easy matter to check
that x(; 2) is not an inner automorphism of S3. We conclude that s 9y € Aut (S,,) \ Inn(S,,)
for n > 3. ]

18. [May 90 #1] If G has no nontrivial automorphisms, prove it has order 1 or 2.

1 1

Proof. Let G be a nontrivial group. If the automorphism g +— ¢~ is trivial, then ¢ = g~
for all ¢ € G. Then G can be considered as a vector space over Z,. Let B be a basis for

G as a Zs vector space. If |B| > 1, then we can construct a nontrivial automorphism of G.
Conclude that |B| = 1, and G = Z,. O

19. [Jan 87 #2]| If G is infinite but some nontrivial element = # 1 has only a finite number

of conjugates, show G is not simple.



Proof. By assumption, n := [G : C,] < oo, where C, = {g € G : grg~' = x}. Consider the
permutation representation of the group action of GG on the set of left cosets of C,. We have
a homomorphism ¢ : G — G/C,, where here G/C, denotes the set of left cosets of C,, in G.
Then ker ¢ is a normal subgroup of G of finite index. O]

20. [Jan 04 #1] Let G = {g1,...,g, be a finite abelian group. Show that the product
P:=gy- -9, is of order 1 or 2.

Proof. If g € G is an element of order > 2, then g # ¢~ !, so we may group together and
cancel out all elements in P of order > 2. Now since G is abelian, after cancelling either
P =eorord(P)=2. O

21. [May 92 #5] Use the subgroup structure of the cyclic group of ordre n > 1 to show that
n =73 4, ®(d), where ¢ is the Euler ¢-function.

Proof. The group G decomposes as a disjoint union G = Ug,{g € G : ord(g) = d}. Let
g € G be an element of order d | n. The set of generators of the subgroup (g) is the
set {gF : 1 <k < d,(k,d) = 1}, which has cardinality ¢(d). Cyclic groups have unique
subgroups of order d for each d | n. Conclude that if h is an element of G of order d, then
h is a generator of (g). Now |G| =3_, [{g € G :ord(g) =d}| =>_,, ¢(d) by the remarks

above. O

22. [Jan 95 #5] Give definitions of the terms “maximal subgroup” and “minimal subgroup”.
Then from your definitions prove the following facts: (a) A minimal subgroup must be cyclic
of prime order. (b) If a subgroup has prime index, it is a maximal subgroup. (c) If a
subgroup is both maximal and normal, it has prime index. (d) A subgroup of an abelian
group is maximal iff it has prime index. (e) Find all maximal and all minimal subgroups of
Z.

Proof. A nontrivial subgroup H < G is maximal if there are no proper subgroups of G
containing H. A nontrivial subgroup H < G is minimal if there are no nontrivial subgroups

contained in H.

(a) Let G be a group, and let H < G be a minimal subgroup. Let h € H\{e}. If
ord (() h) = oo, then (h?) is a proper nontrivial subgroup of H. So ord (()h) < oo
for all h € H. If (h) # H, then (h) is a proper nontrivial subgroup of H. Let
n = ord (k). If p is a nontrivial factor of n, then (h™P) is a proper nontrivial subgroup

of H. Conclude that H must be cyclic of prime order.



(b) Let M < G be a subgroup of prime index p. If M < H < G, then |G : H| | p, which
implies that either [G : H] =1 (G = H) or [G : H] = p, in which case we must have
[H:M]=1(H = M). Then M is maximal.

(c¢) Let M be a normal subgroup of G of prime index. Then G /M is cyclic of prime order,
which implies that G/M has no nontrivial subgroups. Then by the Correspondence
Theorem there are no proper subgroups of GG containing M, which implies that M is

maximal.
(d) Follows from parts (b) and (c).

(e) By part (d), the maximal subgroups of Z are pZ for p prime. Since Z has no cyclic

subgroups of finite order, it has no minimal subgroups by part (a). H

23. [Aug 95 #7] Find the order of the group GL,(F,) and describe one of its p-Sylow

subgroups.

Proof. Have

IGL,(Fp)| = (" —=1@"—p)@" —p*) - @"—p"")
= p" " " - )" =) (p—1)

n—1 __ n(n—l)' O

So a p-Sylow subgroup of GL,(F,) will have order p°, where e = ZFI 5

24. [Aug 98 #2] (a) Find the order n of the group GLs(p) for p prime. (b) For A € F,,, and

-3

find the order m of the subgroup G, := {A € GLy(F,) : ABA™' = B}. (c) Find how many

2 x 2 matrices over [F), are similar to the matrix B.

Proof. (a) By the previous problem, |GLy(F,)| = p(p — 1)(p? — 1). (b) Simple calculations
show that A = ((a,b)(¢,d)) € GLy(F,) commutes with B iff a = d # 0 and ¢ = 0. Then
m = p(p —1). (c) Considering the group action of GLy(F,) on B by conjugation, we know
that the number of matrices similar to B is equal to the index [G : G| = p? — 1. O

25. [Aug 96 #1] A Hall subgroup of a finite group G is a subgroup whose order and index
are relatively prime. Prove that if N <G and H < G is a normal subgroup of G, then HN/N
is a Hall subgroup of G/N and H N N is a Hall subgroup of N.



Proof. Note that |H| = |HcapN|[HN : N], and [G : H| = [N : HN N]|[G/N : HN/N]. If
(|H|,[G : H]) =1, then also (|H N N|,[N : HN N]) =1 and (|JHN/N|,[G/N : HN/N]) =
1. [

26. [Aug 97 #2] (a) Prove that if G is a finite group with exactly two conjugacy classes of
elements, then |G| = 2. (b) If G has exactly three conjugacy classes of elements, show that
|G| involves at most two primes. (c) There are, in fact, only two finite groups with exactly

three conjugacy classes of elements. Can you guess which ones they are?

Proof. (a) Let G be a finite group with exactly two conjugacy classes of elements, C; and
Cy. Say C) = {e}. If |G| is divisible by two distinct primes p and ¢, then Jz,y € G such
that ord (() ) = p and ord (() y) = ¢q. Moreover, every element in the G' conjugacy class of
x will have p-power order, and every element in the conjugacy class of y will have g-power
order. But x,y € Cy, a contradiction, because y is not of p-power order. So |G| = p* for
some k € N. Now |Cy| = p* — 1 and |Cy| | |G| = p*. From these two conditions we conclude
pF = 2. (b) Let G be a finite group with exactly three conjugacy classes of elements. If |G|
is divisible by three distinct primes p, g, r, then a similar argument as in part (b) leads to a

contradiction. (¢) S3 and Z3z each have exactly three conjugacy classes of elements. O

27. [Sep 93 #7] A well-known puzzle has tiles numbered 1 to 15 in 4 rows of 4 each, with
the (4,4) square empty. An allowable move consists of sliding a tile adjacent to the empty
square horizontally or vertically into the empty square. If a sequence of moves ends up with
the empty square back at (4,4), prove the resulting permuation 7 of the numbers 1 to 15

belongs to Ays.

Proof. Given any ordering of the pieces on the board we have an element of Si;: Read-
ing the numbers from left to right, top to bottom, and ignoring the empty space, sup-
pose the numbers 1 to 15 occur in the order 4q,is,...,72;5. Then we have the permuta-
tion given by j — ¢;. Evidently sliding the empty space left or right does not affect the
permuation. Let b denote the blank spot, and suppose at some point in the game the
pieces appear in the order i1,4s,...,%5,b,%j41,...,%15. Let o denote the corresponding per-
mutation. Suppose we can move the blank spot down. Then the new ordering is given
by 1,82, ..., %, %44, 041, 442, 443, 0,445, . . ., 115. Then the new permutation 7 is given by
(4j+1 @j4a Gj43 Gj42)0, e, multiplication by an odd permutation. By a similar argument,
moving the blank spot up also results in a change in the ordering by an odd permutation.
Since any sequence of moves which returns the blank spot to the bottom right corner must
involve an even number of vertical moves, the permutation resulting from such a sequence of

moves must be the product of an even number of odd permutations, i.e., must be in Ay5. [



28. [Aug 01 #1] If ¢ : G; — G5 is a homomorphism of groups, and Ny < Gy, Ny <G5, show
that ¢ : Gy /Ny — Go/Njy is a well-defined homomorphism of quotient groups iff the original
homomorphism satisfies ¢(Ny) C No.

Proof. Easy. n

1.2 Applications of the Sylow Theorems

1. A group of order p” is nilpotent.
Proof. See §1.1 #7. [
2. [May 90 #2] A group of order 441 = 3?72 is solvable.

Proof. Have n, | 3> and n; = 1 mod 7, so n; = 1. Then G has a normal subgroup P of
order 49. Now G/ P is a group of 32, and p-groups are solvable. Since P <G is solvable and
G/ P is solvable, we conclude that G is solvable. O

3. [Sep 86 #2] Find all groups of order 99.

Proof. Let G be a group of order 99. By the Sylow Theorems, G has normal Sylow subgroups
of orders 3% and 11. Conclude that G is the direct product of its Sylow subgroups, and
GgZHXZQ,OI‘GgZHXZQXZg. ]

4. [Nov 77 #7] Must a group of order 70 be abelian? Solvable? Can you say anything about

it’s normal subgroups?

Proof. By the Sylow Theorems, G' has normal Sylow subgroups P5 and P; of orders 5 and 7.
Then G has a normal (cyclic) subgroup N = PsP; of order 35. Since G/N is cyclic of order
2, G/N is solvable, which implies that G is solvable because N is solvable. The Dihedral
group Dy of order 70 is a nonabelian group of order 70. Any proper normal subgroup of
Dy of order divisible by 2 would have a characteristic Sylow subgroup of order 2, and hence
D~o would have a normal subgroup of order 2, a contradiction. Conclude that a group of
order 70 may have normal subgroups of orders 1, 5, 7, 35, 70, but not necessarily of orders
2, 10, or 14. O]

5. [Jan 98 #1a] What can you say about groups of the following orders? (a) 24 +1 =17 (b)
224+1=9

Proof. (a) Any group of prime order is cyclic. (b) Any group of order p? is isomorphic to
one of Zy2, Zy, X Z,. O



6. [Sep 82 #6] If G is nonabelian of order 21, show that it is generated by elements s, ¢t with

"=t =1, t st = s

Proof. Let G be a nonabelian group of order 21. By the Sylow Theorems, G has a normal
subgroup of order 7, and by Cauchy’s Theorem, GG has a subgroup of order 3. Then G =
2 i Zs, and the generator of Z3 acts on the generator of Z; by conjugation through some
homomorphism ¢ : Z3 — Aut (Z7) = Zs. Say Z7 = (s) and Z3 = (t). Since G is not abelian,
¢ is nontrivial. The only two elements of Aut (Z;) of order 3 are the maps s — s* and
s +— s*. But these are inverse automorphisms, so without loss of generality, we can assume
that t-s =t 'st = s* (otherwise replace t as a generator of Z3 by t~1. Now have G generated

by elements s,t with s” = > =1 and t~!st = s°. O

7. [Aug 98 #1ab] Let G be a finite group of order 3-5-17. Show that the Sylow 17-subgroup is
normal. If there exists an element of order 15 in (G, show that they Sylow 3- and 5-subgroups

are also normal.

Proof. By the Sylow Theorems, G has a normal Sylow subgroup of order 17. Suppose
G contains an element g of order 15. Let Ps, Ps be subgroups of (g) of orders 3 and 5,
respectively. Then Ps, Ps are each Sylow subgroups of GG, and each is normalized by (g).
Have ng =1 mod 3, nsg | [G: Ng(Ps)] € {1,7}; ns =1 mod 5, ns | [G : No(Ps)] € {1,7}.
Conclude that nz = ns = 1. O

8. [Jan 02 #2] Consider the following two statements: (a) Any group of order 455 is abelian.
(b) Any group of order 455 is solvable but there exist nonabelian groups of order 455. Decide

which of the two statements is true and prove it.

Proof. Let G be a group of order 455. By the Sylow Theorems we conclude that G has normal
Sylow subgroups Py, Pi3 of orders 7 and 13, respectively, and by Cauchy’s theorem G has a
subgroup of order 5. By the Sylow Theorems any group of order 7 - 13 is cyclic. Conclude
that G = Zg, s Zs for some homomorphism ¢ : Zs — Aut (Ze¢1) = Aut (Z7) x Aut (Zy3) =
Zg X Zyo. Since (5,6 -12) = 1, conclude that ¢ is the trivial homomorphism. Then G must
be abelian. (And any abelian group is solvable.) O

9. If G and its normal subgroup N have the same power of p, then all p-Sylow subgroups of

G live in N; if one is normal in N, then it is the unique p-Sylow subgroup of G.

Proof. Let G be a finite group, N <G a normal subgroup of order divisble by the same power
of p as |G|. Let P € Syl,(G). Then P € Syl (G), and for all g € G, gPg~' C gNg~' = N.
Conclude that all Sylow subgroups of G are contained in N. If P < N, then Pchar N <G,
which implies that P < G, and hence | Syl (G)| = 1. O

9



10. If a normal subgroup H of G contains a Sylow subgroup P of G, then G = HNg(P).

Proof. Since H < G, HNg(P) < G. Note that gPg™' C gHg ! = H for all g € G, ie.,
all Sylow p-subgroups of G are contained in H, hence are also Sylow p-subgroups of H.
Let g € G. Then gPg~! is conjugate in H to P, i.e., 3h € H such that gPg~' = hPh~!.
Then h™'gPg~'h = P, ie., h"'g € Ng(P). Now g = h(h™'g) € HNg(P). Conclude that
G C HNg(P), and thus G = HNg(P). O

11. [Jan 82 #7bc] The Frattini Subgroup F' of G is defined to be the intersection of all
maximal subgroups of G. Show: (a) FFIG. (b) If G is finitely generated then F' is inessential
(G=FH = G = H). (c) If F contains a p-Sylow subgroup of G, then that subgroup is

normal.
Proof.

(a) If M < G is a maximal subgroup of G and ¢ € Aut(G), then ¢(M) is a maximal
subgroup of G. Conclude that the set of maximal subgroups of G is invariant under
all automorphisms G, which implies that their intersection is also invariant under
automorphisms of G. Then FcharG = F 4 G.

(b) Say G = (g1,...,9n). Let H < G such that G = FH. Suppose G # H. Then by
a possible reordering, {g1,...,9;} N H = 0 for some 1 < j < n. Since G = FH, for
each 1 < k < j, 3fy € F, hy € H such that g, = fyhy. Then G = (¢1,...,95, H) =
(fi,...,f;,H). Since H < G and because G is finitely generated, by the usual Zorn’s
Lemma argument we have that H is contained in some maximal subgroup M < G.
Then G = (f1,..., fi, HY C {f1,..., fr, M) = M, since f1,...,fr € M. Bt M # G, a
contradiction. Conclude that G = H.

(c) Let P € Syl,(G), and suppose P C F. Then by the previous problem we have
G = F'Ng(P), which implies by part (b) that Ng(P) = G, i.e., P JG. O

12. A member g of a group G is called a nongenerator of G if whenever G is generated by
a subset containing G, it is also generated by the subset with g removed. It is a fact that
the set of all nongenerators of G forms a subgroup, the Frattini subgroup of G. If F' is the
Frattini subgroup of a finite p-group G (p prime), show that g € F'iff ¢ is in every subgroup
of index p of G. Conclude that G/F is an abelian group of exponent p.

Proof. Note that the maximal subgroups of G are precisely the subgroups of index p. Suppose
that g is an element of every subgroup of index p. Let X C G, and suppose G = (g, X) but
G # (X). Have that (X) is contained in some maximal (index p) subgroup M of G. Then

10



G = (9,X) C (g, M) = M, a contradiction because M # G. Conclude that (X) = G. Now
let g € F. Let M be an index p (hence maximal) subgroup of G. Suppose g ¢ M. Then we
must have G = (g, M). But g € F' = (9, M) = M. Then G = M, a contradiction. Conclude
that g € M.

Every p-Group is nilpotent, and if H is a proper subgroup of the nilpotent group G, then
H < Ng(H). Let M be an index p subgroup of G. Then M < G. Moreover, [G: M| =p =
G/M = 7Z,, an abelian group. Conclude that [G,G] < M. Also, G/M = Z, = (¢gM)? =M
for all g € G, i.e., GP C M. Since this is true for all index p subgroups of G, we conclude
that [G,G] < F, and G? C F. Then G/F is abelian of exponent p. O

13. [Fall 87 #1] If G of order 160 has two distinct subgroups of order 80, then G has a

normal subgroup of order 5.

Proof. Let H, K < G be distinct subgroups of order 80. Each of H, K is of index 2, hence
normal. Then HK is a subgroup of G of order strictly greater than 80, which implies
that G = HK. Now from the order formula |HK||H N K| = |H||K]|, we conclude that
|H N K| = 40. By the Sylow Theorems, H N K has a normal subgroup P of order 5. Then
Pchar HN K < H, which implies that P < H, which implies P char H < G, which implies
that P <@. ]

14. [Aug 04 #2] Let G be a group of order 56, and let P, € Syl (G) for p € {2,7}. (a) Show
that one of P, P; is normal in G. (b) Give an example of a group G with |G| = 56 and P,

nor normal in G. (c) Show that there exists a group of order 56 with non-normal P;.
Proof.

(a) Have that n; € {1,8}, and ny € {1,7}. Suppose n; = 8 and ny = 7. Then G has at
least 8 - 6 = 48 distinct elements of order 7, and at least 7 + 4 = 11 distinct elements
of 2-power order, i.e., |G| > 48 + 11 = 59 > 56, a contradiction. Conclude that one of

nz, Ny equals 1.
(b) The Dihedral group Ds¢ has no normal subgroup of order 8.

(c) Let H = Zs X Zo X Zy. Note that Aut (H) = GL3(F,), a group of order 168. Since
71168, 3o € Aut (H) with ord (¢) = 7. Then H X Zyis a group of order 56 with no

normal subgroup of order 7. O]

15. [Aug 98 #lc] If all Sylow subgroups of a finite group G are normal and abelian, show
that G itself is abelian.
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Proof. Since each Sylow subgroup of GG is normal, we can establish inductively that G is the

direct product of its Sylow subgroups, and the direct product of abelian groups is abelian. []

16. [Jan 81 #5] (a) If G of order 60 has exactly 4 elements of order 5, then G is not simple.
(b) If G of order 60 has more than 4 elements of order 5, then G is simple (and hence

isomorphic to Aj).
Proof.

(a) Have that ns | 12 and ny = 1 mod 5, which implies that ns; € {1,6}. By the as-
sumption we can conclude that ns = 1, and G contains a normal subgroup of order

d.

(b) Let G be a group of order 60 with more than 4 elements of order 5. Then n; = 6.
Suppose G is not simple. Let H be a nontrivial normal subgroup of G. If 5 | |H|, then
H contains a Sylow 5-subgroup of GG, and hence H contains all 6 Sylow 5-subgroups
of G because it is normal. Then |H| > 6 -4 + 1 = 25, which implies that |H| = 30.
Now, every group of order 30 contains a (cyclic) subgroup of order 15, and hence a
normal Sylow 5-subgroup. Then there exists a normal Sylow 5-subgroup Ps of H, and
P5 char H <G, which implies that Ps; <G, which implies that G has only four elements
of order 5, a contradiction. So 51 |H|. Then |H| € {2,3,4,6,12}. But in each of these
cases, G/ H has a normal subgroup N of order 5. (Apply the Sylow theorems to groups
of orders 30,20,15,10 and 5.) Taking the preimage of N under the map G — G/H, we
obtain a normal subgroup of G of order divisible by 5, a contradiction to the above

remarks. Conclude that G is simple. n

17. [Jan 92 #4] If a finite group G has normal p-Sylow subgroup P, then ¢(P) C P for

every endomorphism ¢ of G.

Proof. For every endomorphism ¢ of G, we have that ¢(P) is a p-subgroup of G, hence is
contained in some element of Syl (G). But Syl (G) = {P}. O

18 [Jan 94 #4] Let f : G — H be a surjective homomorphism of finite groups, and let p
be a prime. (a) Prove that if P € Syl (G), then f(P) € Syl,(H). (b) Prove that every
Q € Syl,(H) has the form f(P) for some P € Syl (G).

Proof. (a) Write |G| = p*m, p { m, |ker f| = p'n, j < e,p{n,n | m. Let P € Syl(G).
Then |f(P)] = [G : PNker f]. We have that |P Nker f| | p/, and |f(P)| | |H| = [G :
ker f] = p*~(m/n). Together these conditions imply that |f(P)| = p®~7, and hence f(P)
is a p-subgroup of H of maximal p-power, i.e., f(P) € Syl,(H). (b) Let Q € Syl (H), and
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let " be the inverse isomorphic image of () under the isomorphism G /ker f = H. By the
Correspondence Theorem, there exists a subgroup K < G containing ker f such that @’
is the image of K under the map G — G/ker f. Then p° | |[K|. Let P € Syl (K). Then
P € Syl,(G), and by (a), f(P) € Syl,(H). But f(P) C @, which implies that f(P) = Q. O

19. [Aug 94 #1] Let P be a p-Sylow subgroup of a finite group G, p a prime dividing the
order of G. (a) Prove that P consists of all the p-torsion elements of Ng(P). (b) Prove that
P char Ng(P). (c) Prove that Ng(Ng(P)) = Ng(P).

Proof. (a) and (b) Since P < Ng(P), P char Ng(P) by the Sylow Theorems. Now if g €
Ng(P) has p-power, then g is contained in some element of Syl,(Ng(P)) = {P}. (c) Clearly
Ng(P) € Ng(Ng(P)). Now P char Ng(P)<Ng(Ng(P)), which implies that P<Ng(Ng(P)),
which implies P char Ng(Ng(P)). Let g € Ng(Ng(P)). Then k, € Aut (Ng(P)), which
implies that x,(P) = P, and hence g € Ng(P). Thus Ng(Ng(P)) = Ng(P). O

20. [Aug 96 #8] Give an example of two finite groups whose Sylow subgroups are isomorphic

for each prime, but which are not themselves isomorphic.
Proof. S3 and Zs. O

21. [Jan 97 #6] Let P € Syl,(G). Prove that if H < G, then HngPg e Syl,(H) for some
g €.

Proof. Let Q € Syl,(H). Then Q < gPg~! for some g € G. Now HNgPg~!is a p-subgroup
of H containing @), hence is must be equal to Q. n

22. [May 91 #4b] If G is a group of order 231, show the 11-Sylow subgroup H of G is normal
in G and lies in Z(G).

Proof. By the Sylow Theorems, ny = ny1 = 1. Let P; € Syl,(G). Then P, x H = P,H < G,
and P; < Cg(h) for each h € H. Also, H = 741, so H < Cg(h) for each h € H. Then
|G : Cg(h)] = 3 for each h € H\Z(G). Consider the conjugation action of G on H. We have
|\H| = |[HN Z(G)| +>_7_,[G : Cg(hi)], where the h; are representatives of the noncentral
conjugacy classes in H. Now |H N Z(G)| | 11, s0o H C Z(G) or HN Z(G) = {e}. Suppose
HNZ(G) = {e}. Then necessarily n > 1, and |H| — |[H N Z(G)| = 10 = > i =1"[G :
Ce(hi)] = 3n, a contradiction because 3 110. Conclude H C Z(G). O

23. Show that if Ng(P) € M C G for a p-Sylow subgroup P of a finite group G, then
[G: M]=1 mod p.
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Proof. We have that [G : Ng(P)] = [G : M][M : Ng(P)] = [G : M|[M : Ny(P)] because
Ng(P) < M. By the Sylow theorems, [G : Ng(P)] = [M : Ny(P)] =1 mod p. Conclude
that [G: M] =1 mod p. O

24. [Jan 00 #5] Let G be a finite group such that every element commutes with its conjugates
(for any g, h € G, the elements h and hgh™' commute).

(a) Show that any Sylow subgroup of such a G is normal.
(b) Explain why the group of quaternions {£1,+i,+j, +k} is such a group G.
Proof.

(a) Let p be a prime and write |G| = p"m, p t m. If n = 0, then Syl,(G) = {e} < G.
Suppose that | Syl,(G)| = 1 for all groups G satisfying the hypotheses of the theorem
when |G| can be written in the form p*m, p { m, with k < n. Let G be a group of
order p"m, and let ¢ € G with ord (() g) = p. Let N = ({zgz~'|z € G}). Note that

1

if z € G, then (zgz!)"! =27 lg e = 27 t¢P o, and zg*2~! = (zgx~1)*. Thus every

element y € N can be written in the form y = (x1927") (22925 ") - - - (2,92 1) for some
T1, T, ..., 2, € G. (It now follows almost trivially that N < G.) Because the zgz™!
commute,
yo= (wgry ) (wagay ) (wnga, )
= (w192 ) (220”25 ") -+ (2077 ")
(w127 ) (2223 ) -+ ()

= €

Then N is a p-subgroup of G. Say |N| = p/, 1 < j < n. Consider the quotient
group G/N. Have |G/N| = p"“7m, n — j < n. Also, given g, h € G, the elements hN
and ghg 'N of G/N commute because the elements h, ghg~' € G commute. Then
by the induction hypothesis, | Syl,(G/N)| = 1. Let P € Syl,(G/N). So P < G/N.
By the Correspondence Theorem, there exists a normal subgroup P I G, N < P,
such that P = P/N. Then |P| = |P||N| = p", so P € Syl,(G). But P <G, so
| Syl,(G)| = 1. Conclude that if G is a finite group such that every element commutes

with its conjugates, then any Sylow subgroup of G is normal.

(b) In Qs = {£1,+i,+j, £k}, the conjugates of +1 are +1, the conjugates of +i are +i,
the conjugates of £j are 47, and the conjugates of +k are £k. Since +g and —g
commute V g € Qg, Qg satisfies the hypotheses of the theorem. n
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25. [Aug 03 #7] Let G e a finite group of ordre n. Suppose that for every d | n, the equation
2% =1 has at most d solutions in G. Show that: (a) For each prime p | n, |Syl,(G)| = 1.
(b) The Sylow p-subgroups of G are cyclic. (c¢) G is cyclic.

Proof. (a) Suppose p | |G]. Write |G| = pm, p f m, e > 1. If |Syl (G)| > 1, then the
equation " = 1 has at least p®+ 1 solutions. Conclude | Syl (G)| = 1. (b) Let P € Syl (G).
If P is not cyclic, then the equation 27" =1 has at least p° solutions. Conclude that P
is cyclic. (c) Since each Sylow subgroup is normal, G is the direct product of its Sylow
subgroups. Then G is a direct product of cyclic groups of relatively prime orders, hence G

is cyclic. O]

1.3 Finite Abelian Groups

1. Describe (up to isomorphism) all abelian groups of order: 4851, 2334, 200, 72, 1984, 80,
375.

Proof. O
2. How many nonisomorphic abelian groups are there of order: 1776, 360.
Proof. 0

3. [Mar 83 #6] Show a finite abelian group is cyclic iff it has no subgroup isomorphic to
B @ B for B # 0.

Proof. Every subgroup of a cyclic group is cyclic, but a subgroup of the form B & B for
B # 0 finite abelian is not cyclic (in particular, every element has order at most |B| <
|B|*> = |B@® BJ. Conversely, let G be a non-cyclic finite abelian group with invariant factors
ay,ag, ..., a,, with a; | a;41 for 1 < i < n — 1. In particular, we must have n > 1. So
G=Zy @@Ly, , DLy, Since a,_1 | a,, G has distinct cyclic subgroups of order a,,_4
corresponding to subgroups of the Z,, , and Z,, factors. So G has a subgroup isomorphic
to Zg, , © ZLq, _,- 0

4. [Aug 98 #1d] If G is a finite abelian group of order pgr for distinct primes p, g, r, show
that G is cyclic.

Proof. By Cauchy’s Theorem, G has subgroups H, = Z,,H, = Z,, H, = Z,. Since G is
abelian, H,x H,x H, = H,H, H, < G is a subgroup of G of order pqr,ie., G = H,x H,x H,,

and the direct product of cyclic groups of relatively prime orders is cyclic. O
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5. [May 78 #6] Give an example of a torsion-free abelian group which is not free. Can you

give an example which is finitely generated?

Proof. The group (Q, +) is torsion free but not free, because any two non-zero elements are
linearly dependent over Z. By the structure theorem of finitely generated modules over a

PID, any finitely generated torsion-free abelian group is automatically free. O

6. [Apr 77 #3] Show that the multiplicative group of the ring Z,» for prime p, n > 1 has a
subgroup of order p.

Proof. For p odd, |Zy| = (p — 1)p™ !, and the result is true by Cauchy’s Theorem. For
p=2and n > 2, |Zyx|=2-2""2 and the result follows again by Cauchy’s Theorem. O]

7. [Aug 89 #6] Find the structure of all abelian groups generated by 3 elements a,b, ¢
satisfying the relations —4a + 2b + 6¢ = 0, —6a + 2b + 6¢ = 0, 7a + 4b + 15¢ = 0.

Proof. O]

8. [Jan 98 #2] Take the free abelian group on three generators x,y, z and divide by the
relations 2x + 4y + 52z = 0, 62+ 8y + 102 = 0, 8x + 12y + 20z = 0. Write the resulting group

as a direct sum of cyclic groups.
Proof. O]

9. [Aug 95 #3] Find the order of the abelian group generated by x,y, z subject to the
relations 4o — 2y + 42 =0, 7 — 8y +2=0,8z+y + 132 = 0.

Proof. O]

10. [Aug 04 #5] Let N be the Z-submodule of Z?* generated by the column vectors (2, 2, —2)¢,
(—4,-2,4)" and (2,4,4)" € Z3. (a) Determine the structure of the abelian group Z3/N. (b)
Determine a basis y;, yo, y3 of Z* and natural numbers d; | dy | d3 such that dyy;, days, dsys
is a Z-basis for N.

Proof. O]

11. [Jan 97 #2] Let G be a finite abelian group of order k. Use the fact that the map g — ¢",
n € 7Z, is a homomorphism to show that if k,, is the number of solutions of ¢ = 1 in G and
k(™ is the number of n-th powers of in G, then k = k, k™.

Proof. The map f : g — g* establishes the isomorphism G /ker f = G*. Now |ker f| = ki,
and k™ = |G*|, and the result follows. O
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12. [Aug 96 #2] Determine all pairs of positive integers a, b with a < b such that Z, x Z; =
Ziys X Zog X L.

Proof. Let G = Zi5 X Zag X Zog. Observe that G = Zy X Zy X Zz X Lg X Zs X Zs5. Claim:
The only possible values for a and b are (i) a =2-3-5,b=4-9-5, and (ii) a =4-3-5,
b=2-9-5. Reasoning: These are the only possible combinations as long as both a and b
are each divisible by each of 2,3,5. Since Z,s 2 Z, X Z,» and Z,» 2 Z, X Zy, if all of the
elementary divisors of G corresponding to one of 2, 3,5 appear in one of a, b, then we cannot

recover the decomposition G = Zgy X Zy X Zg X g X L5 X L. O

13. [Aug 94 #2] If G is a finite abelian group of order n, show that G has a subgroup of

order d for each divisor d of n. Show that this need not be true if GG is abelian.

Proof. First one establishes Cauchy’s Theorem for finite abelian groups: If p prime divides
the order of the finite abelian group G, then G contains an element of order p. Then one
establishes the desired result by induction on the group order. The simple group As has no

subgroup of order 30 because any such subgroup would be normal. O

14. [Aug 99 #3] The exponent e of a group G is defined as the smallest positive integer k
such that 2% = 1 for all € G. If ny, no,...,n, are the invariant factors of a finite abelian
group A (nq | ng | --- | n.), prove that A has exponent e = n,, and has an element of order
precisely e. Conclude that A has an element of order m iff m divides the largest invariant

factor n,.

Proof. We know that A has a cyclic subgroup of order n,., so the generator of that subgroup is
an element of order precisely e = n,.. Given g = (a1, as,...,a,) € Zp, X -+ Ly, = A, we have

that ¢" = (a{",a5",...,a) =1, because ord (a;) | n; and n; | n, foreach 1 <i<n,. O

15. [Jan 92 #1] Show that an infinite abelian group is cyclic iff every nonzero subgroup has

finite index.

Proof. Let G be an infinite cyclic abelian group. Then G = Z, and we know that every
subgroup of Z has finite index. Now let G be an infinite abelian group such that every
nonzero subgroup has finite index. Let ¢ € G, and n = [G : (g)]. Let xy,...,x, be
representatives of the (g)-cosets of G. Then G = (g, x1,...,2y,), i.e., G is finitely generated.
Now we apply the structure theorem for finitely generated abelian groups to show that

G=1Z. ]

16. [Aug 98 #3] For an abelian group A, the dual group A* is defined to be Hom(A, S),

where S denotes the multiplicative group of complex numbers of modulus 1, and Hom(A, B)
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denotes the abelian group of homomorphisms from A into B (group operation is pointwise
addition/multiplication). Using the property Hom(A;® Ay, B) = Hom(A,, B)®Hom(A,, B),
prove (a) Z* = 7Z, (b) A* = A for any finite abelian group A.

Proof. (a) If f € Hom(Z,,S), then f is completely determined by its value on the generator
g of Z,. Also, f must map ¢ to an n-th root of unity. So |Z}| < n, because there are only n
such roots, and each root determines a different element of Z; . Let ( be a primitive n-th root
of unity, and let f : Z, — S satisfy g — (. Then f € Z*, and ord (f) = n. Conclude that
Z} is cyclic of order n, generated by f. (b) This follows by applying the structure theorem
for finitely generated abelian groups to write A as a direct sum of cyclic subgroups, and then

by applying the hint along with part (a). O

1.4 Additional Results

Problem. Prove or disprove: (a) Si; has a subgroup of order 33. (b) Si; has a subgroup of
order 55.

Solution.

(a) Let G be a group of order 33, ny; := |Syl11(G)|, ns = |Syls(G)|, P11 € Syl (G),
P3 € Syl3(G). Then nqy1]3, ny; =1 mod 11 = ny; = 1, and ng|1l, n3 =1 mod 3 =
ng = 1. Conclude that G = P3 x Py = Z3 X Z11 = Z33. Then S1; contains a subgroup
of order 33 iff it contains an element of order 33. Suppose g € S,, is a permutation of
order 11. The order of a permutation is the least common multiple of the lengths of
the cycles in its disjoint cycle decomposition. Then in its disjoint cycle decomposition,
g must contain both a 3-cycle and an 11-cycle, which implies that n > 14. Conclude
that Sp; has no subgroup of order 33.

(b) Let a = (123---10 11), b = (2410 6 5)(3 7 8 11 9). Note that bab™! = a*® € (a),
so b € Ng,,({a)). Then (a)(b)y < Si1, and [(a)(b)| = |<(|;>Lg?‘b>| = |a||b| = 55, where
|{a) N (b)| = 1 because (|al, |b]) = 1.
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Chapter 2

Rings

2.1 Basic Commutative Ring Theory

1. [1985 #3c] If a, b are relatively prime integers, show the ring Z,, is isomorphic to the direct
sum Zq®Zy,. Show (in < 1 word) why this implies if m = p - - - p® that Z,, = Zpe1 & - -BZpe: .

Proof. The map Zy, — Z, @ Zy defined by = + (ab) — (z + (a),x + (b)) is a well-defined
injective ring homomorphism. Because the domain and range of the map are both finite
sets, we conclude that the map is also a bijection, and hence an isomorphism. The general

result follows by induction. ]

2. [May 92 #2] If a,b in an integral domain R satisfy a™ = ", a™ = b™ for m,n relatively

prime, show a = b. (Do you need that R is an integral domain?)

Proof. Let F' denote the field of fractions of R. Then in F, (%)n =1= (%)m So in F|
ord (%) divides both m and n, from which we conclude that ¢ =1 in F', and hence a = b in
R.

Consider the ring R = Q[z, y|, and the ideal I = (22 —y* 2*—3®) of R. Nowx—y € [ =
3f,9 € Rsuch that v —y = (2* —y*) f + (2° = y’)g = (v —y) (z + ) f + (2° + 2y + %) 9g).
Then applying the cancellation property in an integral domain, we have 1 = (x +y)f + (2% +
vy +1y?)g, i.e., 1 € (z,y), (=<«) because (z,y) is a maximal ideal. Note also, we can write
I as a product of ideal I = (x — y)(z + y,2* + zy + ¥*) = (x — y)(x + y, 2%, 2y, y?). So
(x —y)? = (v —y)(2® — 20y + y*) € I. Then R/I is ring which is not an integral domain,
v+ 1#y+La>+T=y*+ 1 anda®>+ 1 =93+ 1. O

3. [Feb 84 #3] If R is finite, show every prime ideal is maximal.

Proof. Let P <9 R be a prime ideal. Then R/P is a finite integral domain = R/P is a field

= P is a maximal ideal. OJ
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4. [Sep 93 #2| If P is a prime ideal which is not maximal, show P has infinitely many cosets
in R.

Proof. Let P < R be a prime ideal. If P has only finitely many cosets in R, then R/P
is a finite integral domain, hence a field, which implies that P is a maximal ideal (=<).

Conclude that P has infinitely many cosets in R. O

5. [May 90 #5] If R is an integral domain with only a finite number of ideals, show R is a

field, and give an upper bound for n.

Proof. Let a € R\{0}. Consider the chain of ideals (a) 2 (a*) D ---. Since R has only
finitely many ideals, this chain must stabilize. Then for some j > 1, (a) = (a’*!). Then
dr € R such that ra’* = o/, which implies by the cancellation property of integral domains

that ra = 1, i.e., a is a unit. So R is a field. In this case, R has at most two distinct ideals:

R and {0}. O

6. [Jan 92 #6] Prove that an integral domain has the descending chain condition on ideals
iff it is a field.

Proof. If R is an integral domain having the descending chain condition on ideals, then R
is a field by the arugment in the previous exercise. If R is a field, then it trivially has the

descending chain condition on ideals. O]

7. [Jan 94 #8] Let ZD denote the set of zero divisors of R (including 0). Let Z be the set of
ideals of R which are contained in ZD. (a) Show that R\ZD is closed under multiplication.
(b) Show that if M is a maximal member of Z, then M is a prime ideal. (c¢) Use Zorn’s
Lemma to show that each member of ZD is contained in a maximal member of Z. (d)

Conclude that ZD is a union of prime ideals.
Proof.

(a) Let a,b € R\ZD. If ¢ € R\{0} is such that abc = 0, then either bc = 0 (=<), or a is
a zero divisor (=><=). Conclude that R\ZD is multiplicatively closed.

(b) Let a,b € R, and suppose ab € M but a ¢ M, b ¢ M. Then each of the ideals
(a)+M, (b)+M must contain an element which is not a zero divisor. Say ra+my, sb+my
are not zero divisors for r,s € R, my,ms € M. Then (ra + my)(sb + mg) = rs(ab) +
rams + sbmy +myme € M N (R\ZD) (=<). Conclude that M is prime.

(c) Let m € M be nonzero. Then (m) is a proper ideal of R contained in ZD. Apply the

usual Zorn’s Lemma argument to the collection J of ideals of R contained in ZD.
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(d)

By part (c), each z € ZD is contained in some maximal (hence prime by part (b))

member M, of Z. Then ZD = U,czpM.. O

8. [Jan 82 #6] If I is an ideal of R with I NS = ) for some multiplicatively closed subset S
of R containing 1, show there exists an ideal M of R containing I and maximal with respect
toMNS=0. Findan Mif R=7,5={3":n>0}, [ =2Z.

Proof. The result follows from the usual Zorn’s Lemma argument. The ideal I = 27 is

already maximal, so M = I. O

9. [Sep 78 #6] A ring R is called a local ring if it has a unique maximal ideal. A domain is

called a valuation domain if for every two elements a, b, either a | b or b | a. (a) Show that R

is a local ring iff the non-units of R form an ideal M. (b) Show that every valuation domain

is local. (c) Show that a long ring has no idempotent (e* = ¢) other than 1,0.

Proof.

()

Suppose the non-units of R form an ideal M. Then M is maximal, for any ideal
properly containing M contains a unit, hence must be R. If M’ is another maximal
ideal of R, then necessarily M’ C R\R*. If M’ # M, then M is a proper ideal of
R properly containing M’ (=<«). Conclude M’ = M. Conversely, suppose R has a
unique maximal ideal M. Clearly M C R\R*. If ¢ € R\ R*, then by Zorn’s Lemma (c)

is contained in some maximal ideal of R. So ¢ € M, which implies M = R\ R*.

Let R be a valuation domain. It is clear that the set of non-units of R is closed under
multiplication by elements of R. Let a,b € R, and assume a | b. Write b = ra for some
r € R. Now if 1 = (a+ b)u = a(l + r)u for some u € R, then a € R*. So the set
of non-units of R must also be closed under addition. Then the set of non-units of R

forms an ideal, and hence R is local by part (a).

Suppose a € R is a nontrivial idempotent. Then 0 = a — a®* = a(1l — a). Each of
a,1 — a is a zero divisor of R, there exist maximal ideals M, My of R with a € M;,
1 —a € My. Moreover, My # M, or else 1 = (1 — a) + a is contained in a maximal
ideal of R. Conclude that R is not a local ring. O

10. [Aug 97 #8] (a) Show that the set NV of all nilpotent elements of R forms an ideal (called
the nilradical of R). (b) The intersection J of all maximal ideals of R is called the Jacobson
radical of R. Show that N C J. (¢) Give an example where N and J are different.
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Proof. (a) If a,b € N, r € R, a™ =0, b™ = 0, then (ra)” = 0 and (a + b)"*™ = 0 by the
Binomial Theorem. So N is an ideal. (b) Let M be a maximal ideal, and let a« € N. Say
a™ = 0. Maximal ideals are prime ideals, so a” =0 € M = a € M. Then N C M for all
maximal ideals M, and hence N C J. (c¢) Let R =7, P = 2Z, S = R\ P. Consider the local
ring Rp = S™'R. This ideal has a single nonzero maximal ideal, but no nonzero nilpotent
elements. So N = {0} C M = J. O

11. [May 89 #7] Show an element a € R belongs to J = N{maximal ideals of R} iff 1 + ra

is a unit for all » € R.

Proof. Let a € R, and suppose 1 + ra ¢ R* for some r € R. Then (1 + ra) is contained in
some maximal ideal M of R. Nowa € JC M =raec M = 1= (1+ra) —ra € M (=<«),
because M is a proper ideal. So a € J = 1+ ra € R*, for all r € R. Conversely, suppose
a ¢ M for some maximal ideal M. Then (a) + M = R, so 3r € R,m € M such that
ra+m=1 Thenl—ra=m¢R*. Sol+rac R* forallre R=a¢€ J. O

12. [May 78 #5] Is the ring C0, 1] of continuous real-valued functions on the closed interval

0, 1] noetherian?

Proof. No. Forn > 1, let I, = {f : [0,1] - R : f(z) = 0 Va € [0,1/n]}. Then I; C
I, C --- is an infinite increasing chain of ideals which does not stablize. Hence C|0, 1] is not
Noetherian. [l

13. [Sep 79 #7a] Give two examples of non-noetherian rings.

Proof. The ring C[0,1] of continuous real-valued functions on the closed interval [0, 1] is
not noetherian by the above remarks. Given a field F, the polynomial ring F[xy, 29, -] in
infinitely many variables is a non-noethreian ring because it has the infinite strictly increasing
chain of ideals (z1) C (z1,22) C (21,22, 23) C ---. O

14. [May 80 #2] Hilbert’s Theorem says that Flzy,--- ,x,] is noetherian. Show that any

finitely generated commutative F-algebra A is noetherian.

Proof. Let A be a finitely generated F-algebra. Then daq,---,a, € A such that A =
Flay, -+ ,a,]. We have an F-homomorphism ¢ : F|xy,--- ,z,] — A mapping x; — a;. The

homomorphic image of a notherian ring is noetherian. Conclude that A is noetherian. [

15. [Aug 99 #4] If R is an integral domain, find all R-linear automorphisms of the polynomial
ring R[z].
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Proof. Let ¢ be an R-linear automorphism of R[z]. Then ¢ is completely determined by its
value on = € R[x]. Say ¢(x) = g(x) where deg(g) = n. Observe that deg(¢(f)) = ndeg(f)
for all f € R[z]. If n = 0 then ¢(R[z]) C R(=<«). If n > 2 then x ¢ ¢(R[z]). Conclude
that n = 1. Say ¢(x) = az + b for some a,b € R, and say cx +d = ¢~ *(z) for some c,d € R.
Then z = a(cx+d)+b = (ac)x+ (ad+b) = ac =1 = a € R*. Now, given any ax +b € R|x]
with a € R*, there exists an R-linear homomorphism ¢ : R[x] — R[z] mapping x — ax + b.
(For existence, consider the injection R[z] — R[z]ly] and the evaluation homomorphism
Rz][y] — R]x] given by the map y +— ax+0b.) Iif o(f) =0, thendeg f =0= f € R= f =0,

so ¢ is injective. And @(a™(x —b)) = x, so @ is surjective, and hence an automorphism. [J
16. [Mar 83 #8] Does 7 divide 103 + 31197 Why?

Proof. Reducing the expression modulo 7, we have 103! +3119 = 331 4+ 310 = 3.(32)15+(32)°
3:21542°=3-(2%)°+4-8=344=7=0 mod 7. So 7103 + 3117,

oo

17. [Apr 77 #4] (a) If M < R is a maximal ideal, show R/M is a field. (b) If R is a Euclidean

domain, show every ideal generated by an irreducible element is maximal.

Proof. (a) Easy. (b) Recall that Euclidean = PID. Also, the principal ideal generated by

an irreducible element is always maximal among principal ideals. O]

18. [Sep 93 #5] (a) Let D be a Euclidean domain, with Euclidean function 6. Let D,, =
{a € D:a+# 0andd(a) > n}. Show that (i) if b € Dy and there exists an a € D such that
a+ Db C D, then b € D, q; (ii) N, D,, = 0. (b) Conversely, show that if an integral domain
D has a chain of subsets D\{0} = Dy DO Dy O Dy D --- satisfying (i) and (ii), then D is

Euclidean.

Proof.

(a) Have 0 ¢ D, Vn > 0, and given d € D\{0}, we have d ¢ D,, for n > 6(d). So N, D,, = 0.
Let a,b € D,b # 0 and suppose a + Db C D,,. Since D is Euclidean, d¢,r € D such
that @ = bg+r and r = 0 or §(r) < §(b). Nowr =a —¢b € a+ Db C D,, so r # 0.
Then 6(b) > d(r) >n=0(0b) >n+1=0>b€ Dy;.

(b) Given d € D\{0}, define 6(d) := sup{n € N :d € D,}. Then § : D\{0} — N is
well-defined. Let a,b € D,b # 0. If a + Db C Dsyy, then b € Dspy41, ie., 6(b) >
§(b) + 1 (=<«). Conclude that 3¢ € D such that either a —bq ¢ Ds(). Let r = a —bg.
Then a = bg + r, and r = 0 or §(r) < §(b). O
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19. Let R be an integral domain, N : R\{0} — {n > 0 : n € Z} a function for which
(i) N(1) = 1 and (ii) N(zy) = N(x)N(y) for all z,y € R\{0}. (a) Let K be the field of
fractions of R. Show that N can be extended in a unique way to a function from K\{0}
into Q that still satisfies (i) and (ii). (b) Show that R is a Euclidean comain under N iff for
each x € K\R there is an element r € R for which N(z —r) < 1.

Proof.

(a) Define N : K\{0} — Q by N(ab™') = N(a)/N(b). Then N is well-defined: If
a/b = c/d, then ad = bc = N(a)N(b) = N(ab) = N(bc) = N(b)N(c) = N(a)/N(b) =
N(c)/N(d). Also, N satisfies properties (i) and (ii). Moreover, if N’ is another
such function satisfying the required properties, then 1 = N'(1/1) = N'(a/a) =
N'(a)N'(a™'), so N'(a™) = N'(a)~!. We conclude N' = N.

(b) Suppose R is a Euclidean domain under N. Let # € K\ R, and write z = a/b for some
a,b € R. There exist r,s € R such that a = rb+ s and s = 0 or N(s) < N(b). Since
r ¢ R, s#0. Then N(s) = N(a—rb) < N(b) = N(z —r) = N(a — rb)N(b)~! <
N(b)N(b)~! = N(1) = 1. Conversely, suppose that for each z € K\R, 3r € R such
that N(x —r) < 1. Let a,b € R,b # 0. Assume bt a in R. For some r € R, we
have N(§ —7) <1 = N(a—1b) = N(b)N(} —r) < N(b). Now a = br + (a — br),
N(a —br) < N(b). Conclude that R is a Euclidean domain under N. O

Rings of Fractions

20. Let R be a commutative ring, and let .S be a multiplicatively closed subset of R containing
1. Show that the prime ideals of S™!R are in one-to-one correspondence with the prime ideals

of R not containing any element of S. Is a similar statement true for maximal ideals?

Proof. Let P < R be a prime ideal not containing any element of S. Define S™!P := {%:
ac€PbeS} If$,¢eS'P, then ¢ + < = adbtlbc € S7LP because ad +bc € P and bd € S.
If £ € ST'R, then 5% = % ¢ S~ 1P because ac € Pand bd € S. So ST'P < S™'R. Let
5, 5€ST 'R, and suppose Fo=1 € S7'P. Thenace P=ac Porc€ P = 7 € S7'Por
¢ e S7'P. So S7'Pis a prime ideal. Now let J<IS™'R be a prime ideal, and let J =),
where ¢ : R — S™'R is the inclusion r — £. Then J is a prime ideal of R (see the Additional
Results section).

Let A= {P<R: P prime, PNS = ()}, and let B={J<JIS 'R : J prime}. Let o : A — B
be defined by ¢(P) = S7!P, and let ¢ : B — A be defined by ¢(J) = J. Now ¢ o ¢ = idy,

and ¢ o1 = idg, and the result follows.
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Consider the case R = Q[z,y]. We have that P = (z) < Q[z,y] is a prime ideal because
Q[z, y]/(x) = Q[y] is an integral domain but not a field. Let S = R\ P, so S is multiplicatively
closed. As will be proved in the following exercise, S™! R is a local ring, and thus has a unique
maximal ideal. If I < R is an ideal satisfying /NS = (), then I C P = (x). But any proper
ideal of P is not a maximal ideal (because it is properly contained in the proper ideal P,

and P itself is not maximal. So no such correlation exists in general for maximal ideals. [J

21. Show that ST!'R is a local ring if S = R\ P for some prime ideal P of R. In this case we
write Rp := S~!R.

Proof. Let P < R be a prime ideal, S = R\P. Note that the set of non-units in S™!'R is
the set I = {¢ : a € P,b € S}. To prove that S71R is a local ring, it suffices to prove that
I 9SSR If ¢,¢ € I, then ¢ + £ = %tbe ¢ [ hecause ad + be € P. If £ € S7'R, then
L8 — I ¢ | because ra € P. Then I IS7'R, so S™'R is a local ring. m

s

22. Prove that R does not have any nonzero nilpotent elements iff, for all prime ideals PR,

Rp does not have any nilpotent elements.

Proof. Suppose r € R\{0} is nilpotent. Say " = 0. Let I = Anng(r). Now [ is a nonzero
proper ideal of R, hence contained in some maximal (hence prime) ideal M. Consider the
local ring Ry;. We have | # % in Ry because tr # 0 for all t € R\M. But (%)n = %. So
Rj; has a nonzero nilpotent element. Conversely, let P < R be a prime ideal and suppose

Rp has a nonzero nilpotent element % with (§)n = (T)‘ Then also {7 = 1 is nilpotent. Now

tr™ = 0 for some t € R\ P, but tr # 0. Then ¢r € R is a nonzero nilpotent element of R. [

23. Suppose S = {a" : n € N} (a® := 1) for some a € R\{0}. Show S™'R = R[z]/(az — 1).

What does this mean for nilpotent a?

Proof. Let I = (ax — 1) 9 R[z]. If a is nilpotent then ax — 1 is a unit in R[z|, so R[z]/] =
{0} =2 S7'R. Assume that a is not nilpotent. We have the embedding « : R — Rlx], and
the (not necessarily injective) inclusion ¢ : R — S™'R. Then by the universal property
of polynomial rings, we have a unique ring homomorphism ¢ : R[z] — S™'R such that
¢por = and ¢(x) = . Since I C ker, we are entitled to a ring homomorphism ¢ :
R[z]/I — S™'R satisfying the same properties as for the original ¢. Observe that in R[z]/I,
ar+1 =azx—(ax—1)+1=1+1,s0 (a+1) = (z+ 1) . Since we have the (not necessarily
injective) ring homomorphism « : R — R[z]/I given by r +— r+ I, by the universal property
of rings of fractions we have a ring homomorphism ) : S™*R — R[z]/I such that 1 o ¢ = a.
Evidently, ¢(2) = 2 + I. One observes that ¢ o ¢ = idg(,)7, and that ¢ ot = idg-1. Hence
¢ and 1 are inverse isomorphisms, and S™'R = R[z]/I. ]

25



2.2 PIDs, UFDs and Polynomial Rings

1. [Sep 80 #2] (a) Give three examples of PIDs. (b) Show that the homomorphic image of a
PIR (Principal Ideal Ring) is again a PIR. (¢) Give an example of a PID with a homomorphic

image which is not a PID.

Proof. (a) If F is a field, then Z,F,F[z] are all PIDs. (b) Let R be a PIR, ¢ : R — S a
surjective ring homomorphism. Let J < S. Then I := ¢~!(J) < R, so dr € R such that
I =(r). Then J = (¢(r)). (c) The homomorphism Z — Zg reduction mod 6 maps the PID

Z to a ring which is not a domain (hence not a PID). O
2. [Aug 88 #1] If F is a field, prove F|x] is a PID.

Proof. Let I < F[z], and let f € I be a nonzero polynomial of minimal degree. Let g € I.
By the division algorithm, there exist ¢, € Flz| such that ¢ = fg+ r and r = 0 or
deg(r) < deg(f). If r =0, then g € (f) I F[z]. If r # 0, then r = g— fq € I (=<), because
f € I was chosen to have minimal degree. Conclude that » =0 and I = (f). O

3. [Jan 81 #4] Show F[z] is a Euclidean domain, but F[z,y] is not.

Proof. Note that Fz] is a domain because F' is a domain. Define 0 : F[z]\{0} — N by
d(f) = deg(f). Then by the division algorithm, ¢ is a Euclidean norm function on Flx],
and hence Fz| is a Euclidean domain. Recall that Euclidean = PID, so to prove F[z,y]
is not Euclidean, it suffices to show that it is not a PID. Consider the ideal (z,y) < F[z,y],
(x,y) # Flz,y]. Suppose (z,y) = (g) for some g € Flx,y]. Note that Flz,y]/(z) = Fly],
Flz,y]/(y) = F[z]| are both integral domains but not fields, so (z), (y) are both prime ideals
of Flz,y]. Hence x,y are prime elements of F, and ¢ is a common divisor of x and y. So
g € Flz,y]* = F. But then (z,y) = (9) = Flz,y] (=<«). Conclude that (x,y) is not
principal. [

4. [Jan 79 #2] (a) Show that any Euclidean domain R is a PID. (b) Show that any two
nonzero elements a,b € R have a ged in R. (c) Find (systematically) m,n € Z so that
421m + 1664n = 1.

Proof. (a) Let R be a Euclidean domain with degree function d. Let I < R, and let a € I be
nonzero of minimal degree. Let b € I. Suppose b ¢ (a). Then 3¢, € R such that b = aq+r

and d(r) < d(a). Now r =b — aq € I (=<), because a was chosen to have minimal degree.
Conclude b € (a), hence (a) = 1. (b) Let a,b € R, and let ¢ € R such that (a,b) = (¢). Now

26



¢|aand c|b. Also, Ir,s € R such that ar + bs = c¢. Now if g € R satisfies g | a and ¢ | b,
then g | ar + bs = c¢. Conclude that ¢ = ged(a,b). (¢) We have

1664 = 3-421+ 401
421 = 1-401+ 20
401 = 20-20+1

20 = 1-2040

Then 1 = 401—20(20) = 401 —20(421—401) = 21-401,0-421 = 21- (1664 —3-421) —20-421 =
211664 — 83 -421. So m = —83,n = 21. 0

5. [Jan 89 #6] Prove or disprove: Every UFD is a PID.

Proof. False. Let F be a field. Then F' is a UFD = F|z] is a UFD by Gauss’s Lemma
= Flz]ly] = Flz,y] is a UFD by Gauss’s Lemma. But as proved above, F[z,y] is not a
PID. O

6. [May 91 #2b| Prove or disprove: R Euclidean domain = R[z| Euclidean domain and/or

any two nonzero elements of R[z] have a gcd in R|x].

Proof. The ring of integers Z is a Euclidean domain, but Z[z] is not Euclidean because the
ideal (2, ) is not principal (and all Euclidean domains are PIDs). On the other hand, let
R be a Euclidean domain. Now R a Euclidean domain = R a PID = R a UFD = R[] a

UFD. And any two nonzero elements in a UFD have a greatest common divisor. O]
7. [Fall 87 #2] Prove or disprove: R PID = R[z] is a PID.

Proof. The ring of integers Z is a PID, but Z[z] is not a PID because the ideal (2, z) is not
principal. On the other hand, if R[z] is a PID, then R is a domain. Moreover, R is the

homomorphic image of R[z] under the evaluation map f(z) — f(0). Since the homomorphic
image of a PIR is again a PIR, we conclude that R[z] a PID = R is a PID. O

8. [Jan 87 #5] If R is an integral domain, what are necessary and sufficient conditions that
R[z] be: (0) a domain, (1) a PID, (2) a UFD, (3) noetherian.

Proof. (0) Have that R is a domain <= R[z] is a domain. (1) Suppose R[z] is a PID. The
evaluation homomorphism f(x) — f(0) establishes the isomorphism R[z]/(x) & R, and we
conclude that (z) is a prime ideal of R[x] because R is an integral domain, and hence that
x € Rlx] is prime. Prime elements are automatically irreducible, and the principal ideal

generated by an irreducible element is maximal among principal ideals. Then (z) < R[x]
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is maximal, which implies that R = R[z|/(z) must be a field. Conversely, if R is a field,
then R[z] is a PID. (2) R is a UFD <= RJ[z] is a UFD. One direction follows from
Gauss’s Lemma, and the other direction follows from some elementary computations. (3) If
R is noetherian, then R[z]| is noetherian by Hilbert’s basis theorem. Conversely, R is the
homomorphic image of R[z| under the map f(z) — f(0), and the homomorphic image of a

noetherian ring is noetherian. O

9. [Jan 83 #3] Let R be a PID. If a,b are two nonzero elements in R, show that they have

a lem.

Proof. Let ¢ € R such that (¢) = (a) N (b). Then a | ¢ and b | ¢. Moreover, if d € R satisfies
a|dandb|d, then d e (a)N(b) = (c) = c|d. Soc=Ilcm(a,bd). O

10. [Aug 96 #5] Let R be a PID. An ideal P of R is called primary if whenever ab € P and
a ¢ P, then b" € P for some n € N depending on b. Show that P < R is primary iff either

P =0or P = (p™) for some prime p € R and some exponent m € N.

Proof. Since R is a domain, the zero ideal is prime. If a,b € R,ab € {0} but a ¢ {0}, then
b =0, so {0} is primary (take n = 1). If P = (p™) for some prime p € P and m € N, then
if ab € P, we have p | ab, so p | a or p | b. Assume p { a. Then b™ € P. Conversely, let
0# PR, P # R be primary. Say P = (¢). We can write ¢ = p{*p5? - - - pt» for some distinct
primes p; € R and exponenets ¢; € N. Suppose n > 1. Then (p{'ps?---p." ' )pé € P, but

a:=p'ps?---p"y & P because ¢ { a. But (pir)™ ¢ P for all m € N because ¢ { (pc)™.
Conclude that n = 1, and P = (p{"). O

11. [Aug 03 #2] Let D be a PID with field of fractions F'. Show that every element z € F
can be written as a sum of primary fractions (i.e., with denominators powers of primes):

x=> 1 <% for some ay,---,a, € D and distinct primes py,--- ,p, € D.

a

b
for some a,b € D. Assume (a,b) = (1) (or else cancel out any common prime factors of a

Proof. Let x € D. If x = 0, then write x = % for some prime p € D. Otherwise, write x =

and b). If z € D* write x = % for some prime p € D. Otherwise, suppose p° | b, p*™ 1 b for
some prime p € D, e > 1. Write b = p°m. Then (pm,a) = (1), so Iry,r9 € D such that
rip°a +ram = a. Then r = “L% + ;—E,. Now argue by induction on the number of distinct
primes in a prime factorization of b. n

12. [Aug 01 #4] If @ is an element of a PID R, show that the left R-module R/Ra is simple

iff @ is irreducible.

Proof. Easy. n

28



13. [Aug 95 #4] Show that R := Z[/10] = {a+bv/10 : a,b € Z} is not a UFD. (Hint: Show
that n? — 10m? # £2,3 for all n,m € Z. Then argue that 2,3 and 4 4 /10 are not primes
in Z[\/l_O]

Proof. Note that N : R — Z defined by N(a + bv/10) = a® — 106? is multiplicative. So
if 2,y € R, then xz | y = N(z) | N(y). Recall that R* = {x € R : N(z) = £1}. Note
N(2) = 4,N(3) = 9, N(4 £ /10) = 6. If N(n + my/10) = n? — 10m? = 2, then n? =

mod 5. Similarly, if N(n + m+/10) = 3, then n> =3 mod 5. Note 2= —3 mod 5,3 = —2
mod 5. Now 12 =1 mod 5,22 =4 mod 5,32 = 4 mod 5,42 = 1 mod 5. Conclude that
n? is not equivalent to any of +2, 43 mod 5 for any n € Z. Then if y € {2,3,4++/10}, y can
have no proper factorization in R. (Any such factorization of y would result in a nontrivial
factorization of N(y) into norms which cannot be realized in R.) Conclude that if y €
{2,3,4++/10}, y is irreducible. Clearly 244++/10in R, but 2-3 = 6 = (44 /10)(4 —/10).
Then 2 is irreducible but not prime, so R is not a UFD (because irreducibles are always
prime in a UFD). O

14. [Aug 04 #3] Consider the ring R = Z[v—=7] = {m+ny—-7:m,n € Z}. (a)Is R a
UFD? Give arguments for your answer. (b) Exhibit an ideal I in R which is not principal.
Show that your [ is not principal.

Proof.

(a) Note that R is a subring of C. Consider the norm function N : R — N given by
N(a + by/=T) = a®> + 7b%, i.e., the absolute value function | - | on C restricted to R.
Then N is multiplicative. Note also, given z = a +by/~7 € R, N(x) = 1 or N(x) > 4.
Together these restrictions imply that R* = {£1} (because x € R* = N(x) € Z* =
N(z) =1=z = £1). We have that 2-4 =8 = (1++/=7)(1 —/=T). Since N(2) = 4,
we conclude that the only possible divisors of 2 in R are +1, +2, i.e., that 2 is irreducible
in R. Note N(1++/=7) = N(1 —/=T7) = 8. Suppose ab = 1 + /=T is a nontrivial
factorization of 1++/—7 (i.e., neither a nor b is a unit in R). Then 1 < N(a), N(b) < 8,
which implies that one of N(a), N(b) must be equal to 2, and the other equal to 4. But
as mentioned above, no element of R can have norm 2. Conclude that 14++/—=7,1—+/=7
are also irreducible elements of R. So 2 | (1 ++/=7)(1 —/=7) but 241+ /=7 and
2 11— /=7 (because 2 is not associate to either of 1+ /7,1 — /=7). Then 2
is an irreducible which is not a prime, which implies that R is not a UFD (because

irreducibles are always prime in a UFD).

(b) Consider the ideal I = (2,14+/—7) < R. Suppose [ is a principal ideal. Recall that (2)
is maximal among the principal ideals of R because 2 is irreducible. But 14++v/—7 ¢ (2),
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so we must have R = I. Then da, b, ¢,d € Z such that
l=(a+bvV=T7)-24+ (c+dv-T) - (1+V-=T7)

Then 140/ =7 = (2a+c—7d)+ (2b+c+d)/—7. Oberserve that 2a+c—7d = 2b+c+d
mod 2, but 1 is not congruent to 0 mod 2, (==<). Conclude that I is not principal. [

15. [Jan 92 #2] Show that a polynomial of degree n over F' has at most n roots in F.

Proof. Let f € Flx]. Argue by induction on n := deg(f). The result is clear for n = 1, so
assume n > 1. Suppose f has a root a € F. Then by the division algorithm, 3¢,r € F[z]
such that f(z) = (r — a)q(x) + r(z) and either r(z) = 0 or deg(r(x)) < 1 = r(x) € F. Now
0= f(a) = (a—a)q(a) +r(a) =r(a). So f(xr) = (x — a)q(x) for some ¢ € F[z]. Have that
q(z) € Flz] is of degree n — 1, so by the induction hypothesis, ¢(z) has a most n — 1 roots
in F. If b # a is another root of f, we have 0 = f(b) = (b — a)q(b), so necessarily ¢(b) = 0.
Conclude that f has at most n roots in F'. O

16. [Jan 97 #4] Give counterexamples of the following statements, with details. Then
correct each statement by modifying the specified text. (a) If R is a commutative ring, then
a polynomial in R[x] of degree n has at most n roots in R. (b) If R is a division ring, then
a polynomial in R[x] of degree n has at most n roots in R. (c¢) If R is a unique factorization
domain, then the greatest common divisor d of two numbers a,b € R can be written as

d = ax + by for some x,y € R.

Proof. (a) Commutative ring — integral domain. The polynomial 222 +2 € Ziy[z] has roots
2,3,7,8 in Zjy. (b) Division ring — integral domain. The polynomial z* — 1 € H|[z] has
roots +1, 47, +j,+k. (¢) UFD — PID. In Z[z], ged(2,x) = 1, but 2s + xt = 1 implies that
twice the constant term of s is equal to 1, i.e., that 2 € Z* (=<). ]

17. [Apr 77 #4] (a) If M < R is a maximal ideal, show R/M is a field. (b) If R is a Euclidean

domain, show every ideal generated by an irreducible element is maximal.
Proof. See §2.1 #17. m

18. [Sep 79 #7b] Give an example of a prime ideal in R which is not maximal. Is there an

example where R is a UFD?

Proof. Let R = Q[z,y]. Then R is a UFD because Q is a UFD. Now Q|z,y]/(z) = Q[y] is

an integral domain but not a field, so (z) < Q|z,y] is prime but not maximal. O
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19. [Jan 95 #6] Prove that any proper homomorphic image of a PID that remains an integral

domain must actually be a field.

Proof. Let R be a PID, and let ¢ : R — S be a ring homomorphism. Let I = ker ¢, and
assume [ # R. Then R/I = ¢(R) is an integral domain, so I < R is a prime ideal. Say
I = (p) for some prime p € R. Prime elements are always irreducible, and the principal ideal

generated by an irreducible element is maximal among principal ideals. Conclude that I is
maximal, hence ¢(R) = R/I is a field. O

20. [May 90 #4] If P is a nonzero prime ideal in a UFD, show P is minimal among nonzero

prime ideals iff P is principal.

Proof. Let P < R be a nonzero prime ideal which is minimal among nonzero prime ideals.
Let © € P,z # 0. Write x as a product of primes in R, © = p1ps---p,. Now p; € P or
p2-+-pp € P. By induction, we have p € P for some prime p € R. Then 0 # (p) C P —
P = (p). Conversely, let P be a nonzero prime ideal, and say P = (p). Then necessarily
p € R is prime. Suppose 0 # I < R is a nonzero prime ideal with I C (p). Let x € I\{0}.
We can write # = ap' for some a € R,i > 1, p{ a. Now either a € I or p' € I. But
a€l=a€cP(=<«)because pta. Sop' € [ =pel= (p)CIC(p). Conclude I = (p),

hence (p) is minimal among nonzero prime ideals. O

21. [Aug 98 #5] The Krull dimension of a commutative ring R is the longest chain of
prime ideals properly contained in R, i.e., the largest integer n such that there exists a chain
Py< P <-- <P, <R (F =0 allowed if prime) of prime ideals P; in R. If R is a PID,

find its Krull dimension.

Proof. If R is a field, then {0} is the only prime ideal of R, so n = 0. Suppose R is not
a field. Then R contains some nonzero prime element p € R, hence contains at least one
nonzero prime ideal. Now, by the previous exercise any nonzero prime ideal P = (p) of R
is minimal among nonzero prime ideals. (Recall PID = UFD.) Since necessarily p € R is

prime hence irreducible, P is maximal among proper ideals of R. Conclude that n =1. [
22. [Sep 83 #7] If R C S are PIDs with d = gedg(a, b), show d = gedg(a, b).

Proof. Have (d) = (a,b), so 37, s € R such that d = ra + bs. This equality also holds in S,
soif d' | aand d' | bin S, then necessarily d’' | ra + bs = d. Conclude d = gedg(a, b). O

23. [Mar 83 #5] If D is a UFD whose units together with 0 form a proper subring U, show

D has infinitely many (nonassociate) primes. Give an example of such a D.
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Proof. Suppose D has only finitely many nonassociate primes py, - -+ ,p,. Let p =py -+ p,+1.
Ifpe D* thenp—1=p;---p, € D*(=<«). But p; tp for all 1 <i < n(=<«). Conclude
that D must have infinitely many nonassociate primes. The units of the ring Q[z] together

with zero form a proper subring Q. O

24. [Sep 82 #2] If ay,...,a, in a PID R have ged d, show that there exists an invertible
n x n matrix Q of determinant 1 over R with Q[ay, ..., a,]? =[d,0,...,0]T. (This is false if
R is merely a UFD.)

Proof. O

25. [Aug 89 #4] Show R = {f(x) € Z[z] : the coefficient of z in f(z) is even} is a subring
of Z|z]. Show that 2 and 2z have a ged in R, but not a lem.

Proof. The only divisors of 2 in Z[z] are 1 and 2. But 2 { 2z in R, so gedg(2,22) = 1.
Suppose 2, 2z have a lem, say m = lempg(2,22). Then m t 4z = 2- 22 = m = 4x because 2z
is not a multiple of 2 in R. Now 2 | 4z(z + 1) = 2+ (22% + 2x), 2z | 4z(z + 1) = 2z(2x + 1),
but 4zt 4z(z + 1) in R (=<). Conclude that 2,2z do not have a lcm in R. O

26. Prove that the ideal (22 + 2,22 + 7) is maximal in Z|z].

Proof. Tt suffices to show that Z[x]/(2? + 2,2% + 7) is a field. Let I = (2% + 2,22 + 7).
By the Division Algorithm, every coset g + I has a representative of degree < 1. Since
5= (x> +7)— (2 +2) € I, every coset g + I has a representative of the form g = az + b
with 0 < a,b < 4. Now

2+ = B+1)
4+0D"" = @+1)
(z+DQRr+1) = 202 +1=22"-22° +7)+[=—-14+T=1+1
(z+1+D@+3+1) = (+1+D@—-2+0=@@+1+DE@*+z+1)
= 2(@® +20+2)+ 1=+ D2 +I1)=1+1
(z+2+D(@+4+Dx+3+1) = (2> +6x+8+)(x+3+1)
= (z+1+D@E+3+0)=1+1

So given 0 < a,b < 4, a,b not both zero, have (a=* + I)(az + b+ I) is of one of the forms

above, each of which is invertible. Conclude that Z[z]/I is a field, hence I is maximal. [

27. [Aug 94 #3] Describe which polynomials in R[z] belong to the subring R[z?, z*], R the

field of real numbers.
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Proof. We have 2%, 23, (22)? = 24, (2223) = 2° € R[2?, 23]. Given 2”2 2"~ 2" € R[2?, 23],
we have " 2z3 = 2" € R[z% 2%, Let S = {f(z) € R[z] : coefficient of = equals zero}
Then S C R[z?, 2%, If f = 377 jaa’,g = 377 bja? € §, then the coefficient of z in fg
is agby + a1bg = ap-0+0-by = 0, so fg € S. Now S is a ring containing R, z?, 23, and
S C R[z?, 23], so we conclude S = R[x?, 27]. O

28. [Feb 84 #5] Factor 23 — ¢ into irreducible factors in Q[z, y].

Proof. Observe 2° — y* = (z — y)(2* + vy + y?). Let f(z,y) = 2° + xy + y*>. Consider
g(z) == 22 + zy + y* € Qy][z]. Have that f is irreducible in Qx,y] iff ¢ is irreducible

in Q[y][x]. If g factors in Qy|[z], it must factor into a product of linear polynomials,
g(x) = (x — 4(=1+414))(x — §(=1 —4)). But (-1 +14) ¢ Q[z]. Conclude g(x) is irreducible
in Q[y][x], hence f(x,y) is irreducible in Q[z, y]. O

29. [Jan 94 #3] Prove that f(z,y) = y® + 2%y? + 23y + z is irreducible in Z[z, y].

Proof. Have that f is Eisenstein at p = z in Z[z][y|, hence f is irreducible in Z[z][y] =
Zlz,y). O

30. [1985 #3a] Show f(z) = 2° — 623 + 122 + 21z — 3 is irreducible in Q[z].

Proof. Have that f is Eisenstein at p = 3 in Z|x], so f is irreducible in Z[z]. Then f is

irreducible in Q[z] be Gauss’s Lemma. O

31. [Aug 96 #4] In Q|z], let f(x) = 2™ + --- + 2™ where m; = ¢ — 1 mod k. Show that
f(x) is divisible by %7t + 22 + ... + 1.

Proof. Obeserve that 2% — 1 = (z — 1)(z" ' + 2872 + ... + 2 + 1), where the latter of the
two factors is the product of all distinct irreducible polynomials over QQ of primitive n-th
roots of unity for n | k. Let ( € C be a primitive n-th root of unity for n | k. Have
flQ)=¢m+¢m2 4 (™ =14+ 4+t =0since (¥ = 1. Then ( is a root
of f, so the irreducible polynomial of { over Q must divide f. This is true for all primitive
n-th roots of unity with n | k, so we conclude ¥t +2*2 + ... + 1| f(x). O

32. [Aug 95 #5] Factor f(z) = 2° — z in F3]x] into irrducible factors.

Proof. Note that f splits over Fy, a field of degree 2 over F3. So the irreducible factors in
a factorization of f can have degree no greater than 2 (otherwise by adjoining a root we’'d
have a field extension of degree > 2). Now 2% — 2 = z(2® — 1) = x(2? + 1)(2* - 1) =
z(2? = 1) (2?2 + 1) (2* + 1) = z(z — 1)(z — 2)(2? + 1)(a? + = + 2)(2* + 22 + 2), where the last

two factors are irreducible over Fs[z] because they have no roots in Fj. ]
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33. [Jan 00 #6] Given a finite field K, show there exists a polynomial f(z,y) € K[x,y] (in
which both variables actually appear) for which the equation f(z,y) = 0 has no solutions in
K x K.

Proof. Enumerate K as K = {a1,...,a,}. Let f(x,y) =14+ ([[_,(z — a;)) TT-,(y — @)).
Then f # 0 (f has leading term z"y") and f(m,n) =1 for all m,n € K. O

2.3 Non-commutative Rings

Here R is a not necessarily commutative ring with unit 1.
1. [Aug 98 #2] If (a + b)? = a® + b* for all a,b € R, show R is commutative.

Proof. Obeserve that 1 +1 = (1+1)> = (1+1)(14+1)=1+1+1+4+1. Sol+1 =0,
ie., 1 = —1. Then a = —a for all @ € R. Now given a,b € R, have a® + b* = (a + b)? =
(a+b)(a+b)=a*+ab+ba+b*>=0=ab+ba=ab—ba. So ab= ba. O

2. [Sep 86 #7] (a) Define the quaternions H over the reals. (b) Show that any homomorphism
of H into the complex numbers is identically zero. (c) Prove that the equation 2% +1 = 0
has infinitely many solutions in H. Why can’t you deduce from the “factorization” 2> +1 =
(x +1i)(z — i) and the fact that H is a division ring that there are only two solutions? (d)

How many solutions has the equaton 22 — 1 =0 in H?

Proof. (a) H := {a 4+ bi + ¢j + dk : a,b,c,d € R}. Addition is defined componentwise,
and multiplication is extended R-linearly from multiplication in Qg. (b) Recall that the
quaternions form a division ring. (If 0 # x = a + bi + ¢j + dk, then z7! = (a — bi — ¢j —
dk)/(a®> +b*+c* +d?).) Let f: H — C be a ring homomorphism. Then ker f < H, so either
ker f = {0} or ker f = H. Now () = () = f(K) = f(—1). Note (%) = f(i)%, /(;?) =
F(5)?, f(k?) = f(k)%. Let y = /f(—1). By the pigeonhole principle, two of f(i), f(j), f(k)
must equal y. Say f(i) = f(j) =y. Theni—j € kerf = kerf #0 = f =0. (¢) The
given “factorization” of 22+ 1 over H is false because i does not commute with all z € H. If
2z =bi+cj+dk and b*> +c* +d* = 1, then 2> + 1 = 0. Since there are infinitely many triples
(b, ¢, d) satisfying b*+c®+d? = 1, the equation 2%+ 1 = 0 has infinitely many solutions in H.
(d) We have a true factorization 22 — 1 = (z + 1)(z — 1) over H, so the equation 2> — 1 =0

has only two solutions in H (namely, +1). O

3. [1985 #3d]| An element of R is nilpotent if 2 = 0 for some n € N. Show that if =,y are
commuting nilpotent elements in R, then x 4 y is nilpotent. Give an example to show this

is not true if x,y do not commute.
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Proof. Let x,y € R be nilpotent with 2™ = y™ = 0. The claim follows after first expanding
(z +y)™*™ using the binomial theorem. Consider the elements A, B € M(R),

0 1
= B 0 0
00 10
Then A, B are each nilpotent but A 4+ B is not nilpotent. O

4. [Sep 84 #2| Let L be a left ideal in R. (a) Show I(L) := {a € R: La C L} is the largest
subring S of R such that L is a two-sided ideal of S. (b) Prove that R is a division ring iff
I(L) = L for all nonzero L.

Proof. (a) If a,b € I(L), then L(a+b) = La+ Lb C L+ L = L, and L(ab) C Lb C L, so
a+b,ab € I(L), so I(L) is a subring of R. If S is a subring of R such that L is a two-sided
ideal of S, then for each s € S, Ls C L, and we conclude S C I(L). (b) If R is a division
ring, then the only nonzero ideal of R is R itself, in which case I(R) = R. Conversely,
suppose [(L) = L for all nonzero left ideals L of R. Let a € R\{0}, and let L = (a). Now
1 e I(L)=L,so3dbe R such that ba = 1, i.e., a € R*. Then R is a division ring. O

5. [Aug 98 #5] A derivation D of a ring R is a map of R into itself such that D(a + b) =
D(a) + D(b) and D(ab) = D(a)b+ aD(b) for all a,b € R. Show that if D is a derivation,
and in addition D? = 0 and R has no 2-torsion (2a = 0 = a = 0), then the exponential map

id +D is an automorphism of R.
Proof. O

6. [Nov 77 #10] Let F be a field of characteristic p > 0. A p-polynomial is a polynomial
flz) = S jaa?". If a, # 0, then f has degree n. (a) Show that the set R of all p-
polynomials becomes a non-commutative ring under the usual addition and the substitution
product f(x) * g(x) := f(g(z)). Does R have a unit element? What are the zero divisors?
(b) Show that every left ideal I in R is principal, I = Rf for some f € I. (c) Show that
every right ideal of R is principal iff the field F' is perfect (F? = F'). (d) Are there any

perfect fields F' for which R is commutative?
Proof.

(a) The ring R is certainly an additive abelian group. Associativity of multiplication
follows from the associativity of functional composition. In particular, given any
g(x) € Flz], there exists an F-linear homormorphism H : F[z] — Flz] satisfy-

ing z — g(x). Associativity of the substitution product follows from composing an
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appropriate sequence of such homomorphisms. Appealing to such homomorphisms
also establishes the right distributive law: (f + g) * h = f x h + g * h. Recall that
in characteristic p, (a + b)P" = a?" + b" for all n > 0. The left distributive law
fx(g+h)=fx*xg+ f=hnow follows. Note that z*x f = f = f*z for all f € R.
Also, if f = "1, P, g = > im0 bjz”, then the highest power term of f % g is
an, (bm:cpm)pn = (anb?,) 27", Conclude that deg(fg) = deg(f) + deg(g), and R has

no nonzero zero divisors. Thus R is a ring with unit 1z = x.

(b) Let I be a left ideal of R. Let f € I be of minimal degree. Assume that the leading
coefficient a of f is 1 (or else consider consider f’ = a~'z * f, a polynomial of leading
coefficient 1 and deg(f’) = deg(f)). Suppose I # Rf. Let g € I\Rf be of minimal
degree. Say deg(f) = n,deg(g) = m. Suppose g has leading coefficient b € F. Then
g—bxP" " x f € I\Rf is a polynomial of degree < m (=<=). Conclude that I = Rf.

(c) Assume that the field F' is pefect. Let I be a right ideal of R, and let f € R be of
minimal degree, deg(f) = m. Assume that the leading coefficient a of f is 1 (or else
consider the polynomial f’ = f* (bx), " = a, a monic polynomial of the same degree
as f). (Such a b € F exists because F'is perfect.) Suppose I # fR. Let g € I\ fR be
of minimal degree. Say deg(g) = m and g has leading coefficient ¢ € F'. Let d € F such
that d?" = c. Then g— f = (dz?" ") € I\ fR has degree < m (=<). Conclude I = fR.
Conversely, assume that every right ideal of R is principal. Consider the right ideal
I =({ax?P:a€ F}). Say I = fR. Now deg(f) # 0 because « ¢ I. If deg(f) > 1, then
deg(g) > 1 for all g € I. Conclude that deg(f) = 1. Say f = baP + cx. Then ¢ = 0,
orelse cx = f —ba? € I (=<), because © ¢ . Let a € F. Then 3d € F such that
fxdx = baxP, i.e., bdPzP = baxP. Then dP = a. Then the injective field homomorphism
o, : F'— FP given by 0,(a) = a” is also surjective, hence an isomorphism, and F' = F?,

i.e., F'is perfect.

m—+n

(d) Any finite field is perfect. Consider the case F' = Z,. Observe that z¥" x2P" = 27" " =
2P" x 2" . So by induction, the distributive laws and the binomial theorem mod 2, R

is commutative when F = Z,. O

7. [May 89 #2] Show that in a general ring R (not necessarily commutative or with unit),
all the elements that are not divisors of zero have the same additive order. What are the
possible values for this order?

n

Proof. For x € R\{0}, define char(z) :=inf{n € N:nz =z + --- + 2z = 0}, with char(x) =
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oo if nz # 0 for all n € N. Let x,y € R, and suppose char(z) = n < m = char(y). Then

n n n

—— —~ ———
O=@+ -+2)y)=2y+--+ay=zly+--+vy)

Conclude that = is a zero divisor because ny # 0. Hence if z,y € R are not zero divisors,
we must have char(z) = char(y). Now define char(R) := char(z) for any nonzero element
x € R which is not a zero divisor. Let n € N, and pick a prime p > n. Consider the ring
R = Z/(pn)Z. Given m € Z, we have pn | pm <= n | m. Conclude that p + (pn)Z is
an element of additive order n, because m(p + (pn)Z) = (pm + (pn)Z) = 0 = n | m, ie.,
m > n. [l

8. [Jan 94 #5] Give an example of a ring R without identity and an ideal in the ring direct
sum R @ R that does not have the form I; @& Iy where the I, are ideals in R.

Proof. Let R = 27, and let I be the principal ideal generated by (2,4). If I = I & I, for
some [, o < R, then (2,0) € [} = (2,0) € I = (a,b)(2,4) = (2,0) for some a,b € 2Z. But
2a # 2 for all a € 2Z. Conclude that I does not have the form I = I; & I5. O

2.4 Additional Results

Problem. Let R, S be commutative rings, I < R, J <S5, ¢ : R — S a ring homomorphism.

Prove or disprove:
(a) (1) 2 S.
(b) o™ 1(J) < R.
(c) J prime in S = ¢~ !(J) prime in R.
(d) J maximal in S = ¢~ !(J) maximal in R.
Now assume that ¢ is surjective.
(e) (1) <5,
(f) If I # R, then p(I) # S.
(g) I prime in R and ¢(I) # S, then ¢(I) prime in S.
(h) M maximal in R, p(M) # S, then ¢(M) maximal in S.
(i) J maximal in S = ¢~1(J) maximal in R.
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Solution.
(a) False. R =17, S = Z[x], ¢ the inclusion map. Then ¢(Z) = Z is not an ideal of Z[z].
(b) True.
(c) True.

(d) False. R =7, S = Z,, ¢ the zero homomorphism. Now J = {0} <Z, is maximal, but

0~ 1(J) = R is not maximal in R.
(e) True.
(f) False. R=17Z,S =7Zs, I = 27, ¢ = reduction mod 5. Then ¢(I) = S.

(g) False. R=1Z[z|, S=7Z,1 = (x+1), ¢ given by f(z) — f(1). Then ¢(I) = 4Z, which

is not prime in S.
(h) True.
(i) True.

Lemma. Let R be a commutative ring, a,b € R. Let m,n € N with (m,n) = 1, and suppose

a™ =0b",a™ = b"™. Then a — b is nilpotent.

Solution. It suffices to show that a — b € P for every prime ideal P of R. Observe that
the relation a™ = b" implies that a is nilpotent iff b is nilpotent. If a (and hence b) is
nilpotent, then a—b is nilpotent because a and b commute. So assume that b is not nilpotent.
Let S = {V* : k > 0}, with 8° := 1. Consider the ring of fractions ST'R. In SR,
we have (%)n = % and (%)m = % Conclude that ¢ is a unit in S7IR of order dividing

both m and n, i.e, ¢ = 1. Then (a — b)b/ = 0 for some j > 0. Assume j > 1. Let
P < R be a prime ideal. Now (a — b)l/ = 0 € P, so either a —b € P or ¥ € P. Now
¥V € P=be P. But then also a” = " € P = a € P. Then a — b € P. Conclude that

a—0be (P :P<Ris prime} = nilradical (R), i.e., a — b is nilpotent.

Theorem. Let R be a commutative ring with identity having no nonzero nilpotent elements.
Then R[x]* = R*.

Proof. The inclusion R* C R[z]* is trivial. Let p(z) € R[z|*, and write p(z) = Y ,_, axz®.
Suppose deg(p) > 0. We have ag € R*, because aq is the homomorphic image of p under
the evaluation homomorphism p(z) — p(0), and the homomorphic image of a unit is a unit.
Let q(x) = p(x)~", and write q(x) = Y 7" b;a’. If deg(q) = 0, then bya, = bpa, 1 = --- =
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bpa; = 0, which implies that by € R is a zero divisor because a,, # 0. This is a contradiction,

because ¢(z) was assumed to be a unit. So deg(q) > 0. Now we must have a,b,, = 0.

n+m—1 :

Consider the coefficient of in p(z)q(x). We have

0 = an_lbm + anbm_l =
0 = an(an—lbm) + an(anbm—l)
= a'n—l(a'nbm) + aibm—l

= 0+ aibm,1 = aibm,1

Now suppose a’t'b,,_; = 0 for all 0 < i < j. If j + 1 < m + n, the coefficient of x"~U+1)

must be zero. Then

= a'nbmf(j+l) + an—lbm—j + -+ anf(jJrl)bm =
=l (anbm—(41) + notbmj + 0 F Gn(jr1)bm)
= @) by (j1) + an-1(a o) + o+ iy (@) )

= a4y + 0 = )by (41)

Conclude that a/™b,, ; =0for 0 <i < jand j+1 < n+m. (As usual, we have adopted
the convention that ay, by = 0 for k < 0, ax = 0 for £ > n, and by = 0 for k > m.) Now
consider the coefficient of 2™ in the product p(x)q(z). We have

0 = anb() + an_lbl + 4 aobn =
0 = al" V" (anbo + an-1by + - + agby)
= aanbo + an_l(agbl) +--+ ao(anmbn)

— m+1 _ . m+l
= a," " bo+0=a,;" b

Then ™! = 0 and a, is nilpotent (because by € R* and hence is not a zero divisor). O
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Chapter 3

Modules and Canonical Forms

3.1 Modules

1. [Sep 84 #6] Find the invariant factors of the following 3 x 3 matrices over Z, and decide

if they are equivalent.

10 0 0 4 6 4
0 40 4 20 12
0 0 6 20 0 20
Proof. O]

2. [Aug 97 #7] Let M be a free module over Q[z]| with basis vy, v, v3, N a submodule with

basis wq, wo, w3, where

w, = (2% — 2% — x4+ Vv + (227 + 22)vy + (2 + 2%y
wy = (20% — 3% — 3z + 2)vy + (527 4 5x)vy + (22° 4 227)vs
ws = (2% —z)vy + (2% + 2)vy + (2 + 2%)vs
(a) There is a theorem which implies that M has another basis g, us, ug for which djug,

dyus, dsug are a basis for N for some di,ds,ds € Q[z] such that dy | da | d3. State the
theorem. (b) Find dy, ds, ds.

Proof. (a) Let M be a finitely generated free module over a PID R, N a submodule of M.
Then there exists an R-basis yi, ..., y, of M (n =rkgr(M)), and nonzero dy, .. .,d,, (m < n)
such that dq|ds| - - |d,, and dyys, . . ., dpys is an R-basis for N.
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(b) Begin by factoring each polynomial to get the matrix

(x+1)(2?=22+1) (x+1)(22) (z+1)(z?)
(x+1)(222 =5z +2) (z+1)(5x) 22%(x+1)
(x +1)(2* — ) (x+1)x  2%(x+1)

After dropping the term (x+1) from each entry, use elementary row and column operations to
transform the matrix to diag(1, z,2%). Then d; = x+1, dy = x(x+1), and d3 = z*(z+1). O

3. [May 91 #6] Let M = Z @& Z be the free module of rank 2 over the ring Z of integers.
Let S be the submodule of M spanned by z = (3,0),y = (0,4),z = (6,2). Find a Z-basis
for the submodule S.

Proof. Let e; = (1,0) and es = (0,1). Use elementary row and column operations to change
the matrix whose rows are z,y, z (reading down) into a block matrix (4 ) where A is (3 2)
and Bis (00). Row operations do not affect the e;, but column operations do. Interchanging
the two columns interchanges the e;. A column operation ¢; = ¢; + ke changes ey to e; — ke;.

Upon finishing, you should be left with e; = (3,4) and ey = (6,6). O

4. [Jan 05 #3] Let R be a PID, p a prime element of R and M # {0} a finitely generated
R-module such that there exists a natural number k with p* M = {0}. We choose k minimal
with this property, i.e. p*~1M # {0}. (a) Describe the structure of M. Show that p* is an
elementary divisor of M and that each elementary divisor of M divides p*. (b) Let m be any
element of M with the property that p*~'m # 0. Show that the cyclic module N := Rm
has a complement C' in M, ie. M =N & C.

Proof. (a) We are told that M is a torsion R module. By the structure theorem for
finitely generated modules over PIDs, there are prime elements pq,...,p, € R, and inte-
gers ej,...,e, € N such that M = @, R/(p;"). Now p*M = 0 iff p*(R/(p§’)) = 0 for
1 < i < n, which is in turn true iff p{’|p* for 1 <i < n. So each elementary divisor divides
P, Now 0 pFIM 2 p=L (@0, R/ () = &1, p* 1 (R/(p)). Since p*~1 (R/(54)) # 0
for some 1 < i < n, pi* = p*. So p* is an elementary divisor of M.

(b) Let m € M with p*~lm # 0. Say the isomorphism M = @" ,R/(p%) is given by
Y @ R/ (p%) — M. Let M; = ¢ (R/(p%)), so M = & M;. Write m = > m; with
m; € M;. Now 0 # p*"'m so p*"tm; # 0 for some 1 < i < n, say p*"'m, # 0. Note
then Anng(m,) = (p¥) because R is a PID, p* € Anng(m,) and p*~! ¢ Anng(m,). Since
M, = R/(p) is cyclic, there is an m’ € M such that M,, = Rm/. Claim: M,, = Rm,,. Then

there is an r € R such that m,, = rm’/. Now (p,r) = 1 or else p*“*m,, = 0. Then (p*,r) =1,

so there are x,y € R such that 1 = ra + pFy. Then m’ = (rz +pty)m’ = z(rm’) +y(pkm’) =
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xm, € Rm,, so M, = Rm,,. To prove the claim, we have M = (@?:_fMi) @ Rm. Let

N = @ 'M;. If rm € N then rm,, = 0 so r € Anng(m,,) = (p¥) = Anng(M). So rm =0

implies that Rm N N = {0}. Let m’ € M, and write m’ = "' , m,. Then m/, € Rm,,, and
/ n—1

m,, = rm, for some r € R. Then m' —rm = ) "/ (m; —rm;) € N, so m’ € N + Rm.
Therefore, M = Rm @ C where C' = @}~ M;. O

5. [Aug 98 #4] Let a, b, ¢ be distinct elements of an integral domain D. Show that there are

unique elements x,y, z in D such that

r + Yy + z =
ar + by + cz =
a’r + by + Pz =

Proof. Use elementary row and column operations to get A to be

1 1 1
0 b—a c—a
0 0 (c—a)(c—=0)

This matrix has determinant 1(b—a)(c—a)(c—0b) # 0. If we let z= (2,9,2)T, then A =0
implies that (¢ — a)(c — b)z = 0 and so z = 0. This then implies (b — a)y = 0, so y = 0, and

finally x = 0. So the unique solution is = 0. O

6. [Sept 86 #5] If M is an artinian module over a general R, show that any injective

endomorphism is surjective.

Proof. Let M be an artinian R-module, ¢ : M < M an injective R-module homomorphism.
Suppose that ¢ is not surjective, so p(M) ; M. Consider the decreasing sequence of ideals
M=1I215 21,2 - where I; = ¢'(I;_1) for i > 1. Then there is an m € N such that
I; =1, for j > mbut I,y # I,,. Let p € L,,_1 \ I,. Then p(p) € L, = I,ny1 = ©(I), so
there is a p’ € I,,, such that ¢(p) = ¢(p'). But this contradicts that ¢ is injective. O

7. [Sept 84 #5] If A, B, C' are submodules of a general R-module M, with A O C, show that
AN(B+C)=(AnB)+C.

Proof. Let m € AN (B + C). Then there is a b € B and ¢ € C such that m = b+ ¢. But
m € A and C C A implies that b = m —ce€ A. Sobe AnBand m € (ANnB)+ C.
Conversely, let m € (AN B) + C. Then there is a d € AN B and ¢ € C such that m = d+c.
Now d € ANB and ¢ € C C A implies that m = d+ ¢ € A. Also, d € B implies that
m € B+ C. Then m € AN (B+ C). Conclude that AN (B+C)=(ANB)+C. O
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8. [Jan 87 #6; Aut 88#6] If I is an ideal of a commutative ring R, show (a) R/I is simple
as an R-module iff I is a maximal ideal, (b) If [ is prime then R/ is an indecomposable
R-module, (c) If I is prime, what kind of ring is R/I?

Proof. (a) If R/I is simple then the only submodules of R/I are 0 and R/I, so the only
ideals of R/I are R/I and 0. Therefore, the only ideals of R containing I are I and R, so [
is maximal. Conversely, if I is maximal, then R/I is a field, so the only ideals of R/I are 0
and R/I. Thus, R/I has no non-trivial submodules, so R/ is simple.

(b) Let I < R be prime. Suppose R/I is decomposable, i.e. there are nonzero submodules
M, My < R/I such that R/I = M; & M,. Then M;, My are merely ideals of R/I, so there
are ideals J, K < R containing I such that M; = J/I and My = K/I. Let j € J\ I and
ke K\I. Then jk+1 € J/INK/I =0so jk € I. But then j € I or k € I, a contradiction.
Conclude that R/I is indecomposable.

(c) If I is prime then R/I is an integral domain. O

9. [Jan 98 #4] Let M be a module over a ring. A section A : B of M is a pair of submodules
A, B of M with B C A; a trivial section is where B = A. A submodule C of M covers
a section A : Bif (ANC)+ B = A and avoids A : Bif ANC C B. (a) Show that C
covers A: B iff AC B+ C, and avoids A : B iff AN (B + C) = B. (b) Show that every C
simultaneously covers and avoids any trivial section; that any C' with C' O A covers A : B;
and that any C' with C' C B avoids A : B. (c¢) Give an example of a Z-module M and a
submodule C' that covers one nontrivial section A : B and avoids another nontrivial section
A’ : B’ for which the quotients A/B and A’/B’ are isomorphic.

Proof. (a) A= (ANC)+ B =An(C+ B)iff A C B+ C. Similarly, AnC C B iff
B=B+(AnC)=An(B+0).

(b)If A=Bthenforal C <M, ACA+C=B+Cand ANCCA=B.If ACC then
ACB+C. If CC Bthen ANC CC CB.

() M =7,A=32,B=09Z,A =22, B =6Z,C =37 Then3Z=AC3Z+9%=B+C,
ANC=2ZN3Z=6Z=B,and A/B=A/B =7, O

10. [Aug 96 #3] Let M be a finitely generated module over a ring R. Show that any
generating set for M as an R-module must contain a finite generating set. Conclude that
M has a minimal generating set (no proper subset generates M), and that every minimal

generating set of M is finite.

Proof. Say M = (mq,ma, ..., ms)r. Let N be a possibly infinite generating set for M. Then

for each 1 <7 < s there is an n, € N and m; 1, m;2,...,min, € N and r;1,752,...,7in, € R
such that m; = 377", r;jm; ;. Let N' = {m; |1 <i <s,1 <j <mn}. Then N’ is a finite
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generating set for M. Let N = {A C M|(A)r = M and |A| < oo}, which we now know
is nonempty. Let n be the minimum of |A| for all A € A. Then if A € N with |A] = n,
A generates M but no proper subset of A generates M (by the minimality of |A|). Any

minimal generating set of M is finite because any infinite generating set is not minimal. [J

11. [Aut 94 #8] If the annihilator of a left R-module M is Anng(M) = {a € R|laM = 0},
show that for submodules My, My of M we have Anng(M; + My) = Anng(M;) N Anng(Ms).
Show furthermore that we have Anng(M;)+Anng(M2) C Anng(M;NM,), but show that this
inclusion could be strict. Additional question: Is Anng(M7)+ Anng(Ms) = Anng(M; N M)

true if R is a PID and M is a finitely generated torsion R-module (no free summand)?

Proof. a(M;+ M) = 0 iff aMy 4+ aMy = 0 iff aM; = 0 and aMy = 0, so a € Anng(M; + M)
iff @ € Anng(M;) N Anng(Ms). If a € Anng(M;) and b € Anng(Ms), and m € M; N M,
then (a + b)m = am + bm = 0, so Anng(M;) + Anng(My) € Anng(M; N M;). Consider the
Z-module M = A@ B where A = B = Zs. Then Anng(A) = Anng(B) = 2Z, Anng(ANB) =
Annz({0}) = Z, and 2Z & Z. This example has R = Z a PID and M a finitely generated

torsion R-module. OJ

3.2 Rational and Jordan canonical form

Right.
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Chapter 4

Fields

4.1 General Field Theory
1. [Feb 84 #6] If [F(a) : F| is odd show F(a?) = F(a).

Proof. Clearly F(a®) C F(a). Suppose a ¢ F(a*). Then figp@2)(t) = t* —a*. So [F(a) :
F|l=[F(a): F(a®)][F(a?) : F] =2 [F(a?) : F], which is clearly not odd. O

2. [May 89 #3] If a,b are algebraic over F of degrees m,n, show [F(a,b) : F] < mn, with

equality if m,n are relatively prime. Give an example where the inequality is strict.

Proof. We have [F(a,b) : F|] = [F(a,b) : F(a)|[F(a) : F| and [F(a,b) : F(a)] < [F(b) : F|
because L|r()|isr, 50 [F(a,b) : F] < mn. Also, [F(a,b) : F| = [F(a,b) : F(b)][F(b) : FJ,
so m,n|[F(a,b) : F|. If (m,n) =1 then mn|[F(a,b) : F], i.e. mn = [F(a,b): F]. Example:
[Q(V2,-v2): Q=2 and [Q(v2): Q] = [Q(-v2) : Q] = 2. O

3. [Aug 89#5] If [E : F|] is finite, show any ring endomorphism of E which fixes F' is an

automorphism of F.

Proof. Let f € End(F). Then ker(f) < E so ker(f) = {0} or ker(f) = E. Since f|r = id,
ker(f) = {0} and f is injective. Then f(FE) is a subfield of E containing F’, and [E : F] = [E :
FEf(E): F]. If welet n = [E : F] < oo, and consider F as an F-vector space, then there
are vy, ..., v, € E that form an F-basis for £. Then f(vy),..., f(v,) span f(E). Moreover,
if there are rq,...,r, € F such that 0 =r f(vy) +-- -+ 7 f(vn) = f(rivy + -+ -+ ryv,), then
vy + -+ + v, = 0 implies ry =1y = -+ =1, = 0, so the f(v;) are linearly independant.

Conclude that [f(E) : F] =n, and hence [E : f(E)] =1,1e. E= f(E),so f € Aut(F). O

4. [Aug 99 #8] If F is finite, show that every element o € F is the sum a = 37 + 33 of two
squares (for some 3, 3y € F).
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Proof. Consider the map ¢ : F* — F* given by ¢(a) = a®. Then ker(p) = {z € F*|2?—1 =
0}. If char(F) = 2, ker(p) = {1}, and o(F*) = F*. If char(F') # 2 then |ker(¢)| = 2 and
lo(F*)| = |F*/ker(p)| = (|F| — 1)/2. Say |F*| = p"™. Since 02 =0, F has ((p" —1)/2) +1
squares. Let 3 € F*, B = {3 — 2*|z € F}. Then |B| = ((p" —1)/2) + 1. Now |F| = p" >
(" =1/2) + 1]+ [((p" = 1)/2) + 1] = H2?le € F}N{B—y’ly € F}| =p" + 1 - [{a?|z €
F}n{B —4*ly € F}|. Then [{2?|x € F} N {B —y?*ly € F}| > 1. So for some z,y € F,
B =a? +y? If char F' = 2, any 3 € F satisfies 3 = o? + 0? for some o € F. O

5. [Aug 99 #5] Let f(z) = ap,z™ + ap_12" ' + -+ - + ag (a, # 0) be a complex polynomial of
degree n > 1, and f’ its derivative. Let ay,...,a, be the n roots of f and of,...,al,_; the
n — 1 roots of the derivative (listing each root as many times as its multiplicity). Show that
the average of the roots of f equals the average of the roots of f’. (Hint: Use the relations

between the coefficients of a polynomial and the roots of that polynomial).

Proof. Notice that aif has the same roots as f, and %f’ has the same roots as f’. Given a

monic polynomial 2" + ¢,_ 12" "' 4 - - 4 12 + ¢o with roots Aq, ..., \,, we know that ¢,_; =
—(M+- -+ \,) simply by expanding the product 2" +c¢, 12" '+ - +cx+co = [ [ (x=N).
Then (g + -+ + o) = L+ =220 and Lo(a) + - Fal, ) = 5 - Uil = ol
the averages are the same. O]

6. [Nov 77 #4] Define finite extension and algebraic extension; does either imply the other?

Proof. A field extension E|F is finite if E is finite dimensional as a vector space over F.
The field extension E|F is algebraic if for every a € E, there is an f € F|x] such that
f(a) = 0. The extension Q|Q, where Q is the set of all ¢ € C that are algebraic over Q,
is an infinite algebraic extension, so algebraic does not imply finite. Suppose E|F is finite
and let a € E. Suppose [E : F] =n. Then 1, «, - ,a" must be linearly dependent over F,
so there are r9,71,...,7, € F such that 0 = ro + ma+ -+ + r,a™. Then 0 = f(«), where

flz) =ro+mz+- - +r,2" € Flz], so finite implies algebraic. O

7. [Ap 77 #4b] If p(z) € F[z] is irreducible, SHOW there is a finite extension E|F containing
a root of p(x).

Proof. Assume that p is monic. Since p is irreducible, (p) < F[z] is a maximal ideal, so
F[z]/(p) is a field. Let E = Flz]/(p). Then E is a finite dimensional F-vector space with
basis 1 =1+ (p), T =z + (p),..., 7" ' = 2" + (p), where n = deg(p). We also have the
canonical embedding ¢ : F' — FE given by ¢((3) = [+ (p). So we may consider E as a finite

algebraic extension of F. Moreover, if & = x + (p), then « is a root of p in E. n
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8. [Sep 83 #3| (a) Show any finite subgroup of F* (the multiplicative group of invertible
elements of F') must be cyclic. (b) Give an example of a finite nonabelian group contained

in R* for a ring R.

Proof. Claim: If G is a finite abelian group such that [{g € G|g? = 1}| < d for every d
dividing |G|, then G is cyclic. Reasoning: Let G be a finite abelian group, |G| = pi*---pl
for distinct primes py, ..., p,. Then there are subgroups Hy, ..., H, < G with |H;| = p;" and
G = Hy x --- x H,.. Suppose G is not cyclic. Then H; is not cyclic for some 1 < ¢ < r.
Say H, is not cyclic. Then ord (h) [pi* ! for every h € H,. In particular, |{g € G|gp711171}| >
[H| =pi" >p" "

(a) Let G be a finite subgroup of F*. Since F is an integral domain, the polynomial z¢ — 1
has at most d roots in F' (and hence at most d roots in G C F') for each d dividing |G|. Then
by the above claim, G is cyclic.

(b) Let R denote the ring of quaternions, R = {a + bi + ¢j + dk|a,b,c,d € R}. Then
{#£1, +i, £7, £k}, the group Qs, is a finite non-abelian group contained in R*. O]

9. [Aug 99 #9] If p is a prime number congruent to 1 mod 8, show that 2 is a “quadratic

residue” mod p, i.e. there is an integer a such that a> =2 mod p. (Hint: show there is an

€ € Z, with €* = —1, and consider o = e + ¢~ 1)
Proof. For any € € Z,, (e + ¢ ')? = €@+ 2+ ¢ 2 If for some € € Z,, ¢ = —1, then
€2 = e 2" = —¢2, and for such an ¢, (e + ¢')> =2 mod p. Suffices to show that there is

an € € Z, such that €* = —1. Now, 27~! — 1 splits over Z,. Since p =1 mod 8, Z, contains
8 distinct 8th roots of unity. Let € € Z, be a primitive 8th root of unity. Then ¢* = —1. [

10. [Ap 77 #2] If F is finite SHOW (a) |F'| = ¢ is a power of a prime p, (b) F splits 27 — x
over Z,, (c) F* is cyclic of order g — 1.
p

Proof. (a) Let p € N be the smallest positive integer such that m = 0. Then p < 00
and p is a prime, because F' is an integral domain. Then F' contains a subfield isomorphic
to Z,. Let n = [F : Z,]. Then |F| = p".

(b) Since F* is cyclic, g7 ' —1 = 0 for every g € F*. Then g9 — g = 0 for every g € F. Also,
L2 — ) =g —1 = —1, so ged(2? — z, (27 — x)) = 1 and the roots of 7 — z are
distinct. Conclude x? — x splits over F.

(c) Given a field K, any finite subgroup of K \ {0} is cyclic. Then F* is cyclic of order

IF|—1=¢q—1. 0

11. [May 78 #10] Give a polynomial whose splitting field is a field of 9 elements; repeat for

18 elements.
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Proof. Consider 2 — z € Zs[z]. Since ged(z® — z, (2 — 2)) = ged(2? — z,—1) = 1,
x% — z is seperable over Zs[z]. Let K = {aj,...,9} be the roots of z —z. Then 1 € K
s0Z3 CK. Ifabe K, (a+b)°—(a+0b) = (a+b°) —(a+b) = (a+b) — (a+0b) = 0;
(ab)? —ab=a’’ —ab=ab—ab=0; (a')? —(a) = (@) —(at) =at—a! =0
Conclude K is a field. Then x? — x splits over K, and |K| = 9. There are no fields of order

18 because 18 is not a prime power. O

12. [Sep 86 #1] If F = Fy, show p(z) = #?+ 1 and ¢(z) = 2% + x + 1 are irreducible in F[z],
and show Fz]/(p(z)) are fields (give their cardinalities).

Proof. 1f either of p(x) or g(x) are reducible over F;[z]| then they must contain a root in
;. Check that this is not the case, so that p and ¢ are irreducible. Then (p), (¢) < F;[x]
are each maximal ideals, so F;[z]/(p) and Fr[x]/(q) are each fields. |F[x]/(p)] = 7* and

[F7[x]/ ()] = 7°. O

13. [May 92 #6] Show that f(z,y) = x + 23y + v® + 27y° + 2?5 is irreducible over the

rational field.

Proof. We have that f € F[z,y] = F[z][y] is irreducible by Eisenstein’s criteria with the
prime x € F[z]. Then by Gauss’ Lemma, f is irreducible in both Frac(F[z])[y] and
Frac(F[y])[z]. O

14. [Jan 98 #6] The finite field Fs, of 32 elements can be constructed as the extension Fy((3)
where 3 is a root of the polynomial 2° + z? + 1 in Fy[z]|. Find the minimal polynomial of 3?

over [Fy.

Proof. Note 32 € F5(), [Fo(3?) : Fo] > 2 since [Fo(8) : Fy] = 5. This is because if [Fo(3?) :
Fy] = 1, then 3% € Fy so (3 is a root of 23 — 3% so [Fa(3) : Fy] < 3, which is a contradiction.
But [Fo(3?) : Fo divides 5, so [Fo(3%) : Fy] = 5. Consider 2° + z* + 2 4+ 22 + 1. O

15. [Aug 94 #6] Show that F' = Fylx]/(2* + 2 + 1) is a field of characteristic 2 containing a
primitive 15th root of unity. Exhibit such a root.

Proof. Let f(x) = z* + o + 1. Tt suffices to show that f € Fy[z| is irreducible, for then
(f) <F, is a maximal ideal, and hence F' is a field. Moreover, in this case F' would have as
an Fy-basis the set {1 =1+ (f),T =z + (f),...,7° = 23+ (f). Then |F| = 2% = 16, so
|F*| = 15. But F’* is a cyclic group, say F* = (3). Then 3 — 1 =0, and (3 is a primitive
15th root of unity. Now f(0) = f(1) =1, so f is not divisble by any linear factors in Fy[z].
The only irreducible quadratic in Fofz] is 22 + 2 + 1, and (22 + . + 1) = 2* + 2 + 1 # f.
Conclude that f is irreducible. n
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16. [Sep 84 #7] Factor 2® — 1 into irreducibles in Z,[z] for all primes p.

Proof. We split into cases:
o If p=2 then 2% —1=(z —1)%.

e If p=1 mod 8§, then |Z}| = 8k for some k € N, and Z, must contain a primitive 8th
root of unity (g, and 2% — 1 = Hle(x — ).

e If p=5 mod 8, then p=1 mod 4 but p Z1 mod 8, so there is an i € Z; such that
i? = —1. Then 2® — 1 = (22 +i)(2* —i)(z + i)(z — i)(z + 1)(x — 1). [-1 is a square
mod p iff p=1 mod 4]

e If p=7 mod 8, (§ = —1, primitive 8th root living in some extension of Z, and ¢ is a
root of z*+1. Now (z—Cs)(z— (g ') = 2 —2((s+ ¢ ') + 1. Recall that Z, = Fix({0,)),
where o, is the Frobenius endomorphism, and 0,(¢s + (') =+ P =+ G So
Gs+¢s" €2y, and (z—CGs)(x— (g ') splits over Z,. Now (2! +1) = (22 ++22+1)(2? —
V2 + 1) where V2 = (s + (5t

e Finally, if p=3 mod 8, then 2! + 1 = (2% + /=22 — 1)(2> — V22 — 1) where /=2 =
(s + (3 € Z, by the above Frobenius argument.

]

17. [Aug 89 #3] Show the set of all 2 x 2 matrices (& ?) over F5 form (under the usual

matrix addition and multiplication) a field of size 25.

Proof. Let A= (&°%)and ¢c=(5%). Then

2
At C— a+c b+d and AC — ac+2bd  ad+ be
2(b+d) a+c 2(ad + bc) ac+ 2bd

If A0 then A = (;f ’;) where e = a/(a® — 2b*) and f = —b/(a* — 2b). Note that if
a # 0 and b # 0, then a? — 2b*> # 0. Conclude that the set of all 2 x 2 matrices (4 °) over

[F5 forms a field of order 25. O

18. [1985 #3b] Show the set of all 2 x 2 matrices ( & ?) over F; form (under the usual matrix
addition and multiplication) a ring of size 49. For which A € F7 is this a field?

Proof. Check that matrices of this form are closed under addition and multiplication. If
A € {3,5,6}, then a®> — \b* # 0 for every a,b € F;, and so (fbg)fl = (;f’;) where
e =a/(a*> — \b?) and f = —b/(a® — A\b?). So the set is a ring (field if A € {3,5,6}) of order
49. O
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19. [Aut 04 #7] Consider the group G = SLy(F,). (a) Show without specifying any matrix
that G contains an element of order 5. (b) Exhibit a concrete matrix A € SLy(F,) or order
5. Use Fy = {0,1, a, @*}, where « is a root of 22+ x+ 1. Describe in detail how you obtained

A; you shouldn’t just guess! (Hint: You might first factorize x° — 1 in Fy[x]).

Proof. (a) |GLy(Fy)| = (42 — 1)(42 — 4) = 22 .32 . 5. The map GLy(Fy) ¥ F% has kernel
SLy(Fy), and so |SLy(Fy)| =2%-3%-5/(4—1) =2%-3-5 (SLy(F4) = Ay). Since 5 divides
|SLy(Fy)|, Cauchy’s Theorem tells us there is an A € G with ord (A) = 5.

(b) Let A € G with ord (A) = 5. Then pal2® — 1 = (z — 1)(z* + 23 + 22 + 2 + 1). Given
Fy,={0,1,a,0%} witha? +a+1=0,we have > =a+1, a3 =a’+a =1, and o = a.
Since z* + 2® + 2?2 + r + 1 = (2% + ax + 1)(z* + a2 + 1), this must be a factorization into
irreducibles. (No element of F4 can be a root of x* + x® + 22 + x + 1, which is irreducible

over [Fy, because then the degree of its minimal polynomial is too high). Pick A= (¢}!). O

20. [Sep 82 #4] If E|F is algebraic and each a € E belongs to a normal sub-extension F,
(F C E, C E), show E|F is normal.

Proof. Let p(xz) € F[z] be irreducible. Suppose a € E and p(a) = 0. Then there exists a
normal subextension a € E, C E. Then p splits over E, so p splits over E. Conclude E|F

is normal. n

21. [Nov 77 #3] Give an example of an inseperable extension F|Q of degree 7. If you don’t

succeed, give an arbitrary example of an algebraic but inseperable field extension.

Proof. Let E|Q be a field extension of degree 7. Then E is algebraic over Q. Let 5 € E'\ Q.
Since [Q(fB) : Q] divides [E : Q] = 7 and Q(f) # Q, conclude [Q(B) : Q] =7 so E = Q(p).
Let p(t) be the minimal polynomial of 5 over Q. Then p is irreducible over Q[t]. Then
ged(pu(t), 1/ (t)) = 1 (because p/'(t) # u(t) and p/'(t) # 0), so u is seperable over Q. Since
B € E\Q was arbitrary, E|Q is seperable. Conclude that every field extension of Q of degree
7 is seperable. In fact, every field extension of Q is seperable. Let K = Fy(t) and L be the
splitting field over K of 22 —t. If o* = ¢, (z — a)* = 2% — 1. O

22. [Jan 95 #3] Let K and L be finite extensions of a field F', both contained in a field E.
Let KL be the set of finite sums of products of members of K and L. Explain why KL is a
subring of E that is finite dimensional over F. From that, show that KL is a field and, in
fact, the smallest subfield of E containing K and L.

Proof. Let {a1,...,a,} be an F-basis for K, and let {by,...,b,} be an F-basis for L. It is
clear that 0,1 € KL and KL is closed under addition and multiplication, hence is a subring
of E. Moreover, KL is contained in the F-span of the set {a;b;|]1 <i <n,1 <j <m}, so
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KL is evidently finite dimensional over F. So KL C F(ay,...,a,,by,...,b,). Have that
F(ay,...,an,b1,...,bp) = K(by,...,v,). But elements of K(by,...,b,) are finite sums of
the form >, d;bt,, with d; € K (b1, ...,bpm—1). So by induction, elements of K (b1, ..,by,) can
be written as elements of K'L. Then KL = F(ay,...,a,,by,...,by,) and KL is the smallest
field containing K and L. [Let a € K L. Since KL is finite dimensional over F', a must be
algebraic over F. Now a™t € F(a) = {dy + dya + - - + dpa®|d; € F'} C KL for some k € N.
Conclude that KL is a field containing K and L.] O

23. [Sep 93 #4] Prove that the additive group (F,+) of a field F' can never be isomorphic

to the multiplicative group (F™*,-). (Hint: consider orders of elements in the two groups)

Proof. If |F| < oo then |F*| = |F| —1 < |F]|.

If |F| = 00 and 1 = —1, suppose that f : F* — (F,+) is an isomorphism. Then f(1) = 0.
Also, for z € F\ {0}, f(2?*) = f(z) + f(x) = 0s0o 2> = 1 and 22 — 1 = 0, telling us
(x+1)(x —1) =0, so that = £1, i.e. = 1. Then F = FFy, contradicting |F| =

If |[F| = oo and 1 # —1, then for every z € F'\ {0},  # —x. Suppose f : (F,+) — F* is
an isomorphism. Let y € F*\ {1}, and say y = f(z). Then y # y~! (or else x = —x by the
injectivity of f). But (—=1)(=1) =1, i.e. (—=1)7! = (—1), contradiction. O

24. [Aug 97 #3] Let K (x) be the field of rational functions over the field K. Prove Liiroth’s
Theorem: for any constant function f € K(z) the degree [K(x) : K(f)] is finite. Can you
describe [K(z) : K(f)] in terms of f?

Proof. Let f € K(x)\ K. We can write f(z) = p(x)/q(z) for some p,q € K|x] with
(p.q) = (1), and g(x) # 0. Consider h(t) € K(f)[t], h(t) = q(t)f — p(t). Then deg(h) < oo,
and h(x) = q(x)f(x) — p(z) = p(z) — p(x) = 0, i.e. x is a root of h. Conclude [K(f)(z) :
K(f)] = [K(x) : K(f)] is finite, [K(x) : K(f)] is no larger than the max of deg(q) and
deg(p). O

4.2 (Galois Theory

1. [May 78 #11] Describe all intermediate fields of E|F if E|F is Galois with group
Gal(E|F) = S

Proof. Fix(S3) corresponds to F'. Fix({(123))) is a normal extension of degree 2. There are 3
non-normal extensions of degree 3, corresponding to Fix(((12))), Fix(((13))), and Fix({(23))).
Finally, Fix({e}) corresponds to F. O
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2. [Jan 92 #3] If w is a primitive cube root of 1, determine whether Q(w+/2) is a Galois

extension of Q. Give reasons.

Proof. Claim: v/2 ¢ Q(wv/2). Reasoning: If v/2 € Q(wv/2), then w € Q(wv/2). Then
Q(w, V2) = Q(wv/2). But [Q(w, v2),Q] =6 # 3 = [Qwv/2) : Q], so V2 & Q(wv/2). Then
2% — 2 has a root in Q(w\g/ﬁ) but doesn’t split, so Q(w\g’/i) is not normal, and hence not
Galois. ]

3. [May 90 #3] If E|Q is a finite Galois extension inside C with Gal(E|Q) simple of order
> 2, show the imaginary unit ¢« CANNOT belong to FE.

Proof. Note that [Q(i) : Q] = 2. If ¢ € E then Q(7) is a degree 2 subfield of E, so Gal(E|Q(i))
is an index 2 subgroup of Gal(E|Q). But then Gal(FE|Q(7)) is a proper non-trivial normal
subgroup of Gal(E|Q), which contradicts that Gal(E|Q) is simple. O

4. [May 89 #6] If E|F is Galois with Gal(E|F) simple, for any element a € E which is not

in I’ show that F is a splitting field for the minimum polynomial of a over F'.
Proof. 7/10 #4 O

5. [Fall 87 #8] If E|Q is a splitting field of an irreducible polynomial f of degree 8, and
a € F is aroot of f so that f splits over Q(a) into 2 linear and 3 quadratic factors, find the
possible orders of Gal(E|Q) and show that f is solvable by radicals.

Proof. Have [Q(a) : Q] = 8, f splits as f = (x — a1)(z — az)ghk over Q(a) with g, h,k
quadratics. Let b, ¢, d be roots of g, h, k respectively. Then f splits over E = Q(a,b, ¢, d),
|Gal(E|Q)| = [E : Q] = 2*,2° or 2° (if ¢,d € Q(a,b), if ¢ € Q(a,b) and d & Q(a,b), or
if c,d & Q(a,b) and d & Q(a, b, c), respectively). [Note char Q = 0 implies f is seperable.]
So Gal(E|Q) is a p-group, hence nilpotent, so Gal(E|Q) is solvable, so f is solvable by

radicals. O

6. [Aug 97 #1lac] Let p be a prime number and F' a field containing p distinct pth roots of
unity. Let E|F be a Galois extension for which [E : F| = p. (a) Prove that the Galois group
Gal(E|F) is cyclic of order p. (b) Prove that there is an element b € E|F with b” € F.

Proof. (a) |Gal(E|F)| = p implies Gal(E|F) = Z,.

(b) Let ¢ € F be a primitive p-th root of unity, o a generator of Gal(E|F). For o € E,
let (C,0) = o + Co(a) + (%02() + -+ + ¢*'oP(a). Then o((¢,0)) = o(a) + (o*(a) +
o+ Pla = (TG @), Then o((¢,a)?) = (TP(C @) = (¢, @). In fact, o'((¢, @)?) = (¢, )"
for every 1 < i < p—1, so (¢,a)? € Fix((c)) = F. Since 0,0?,...,07! id are linearly
independant over F', there is an o € E such that (¢,a) # 0. Then for such an «, ¢%(¢,a) =
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¢ a) # (¢ a) for 1 <i<p—1. Conclude (¢, o) € Fix({c)) = F. Then b = ((,a) € E|F
satisfies 0P € F. In fact, E = F(¥/b?) = F(b).

Lemma: Above, id,o,...,0P~! are linearly indpendant. Proof: Suppose not. Then some
nontrivial F-linear combination aio + as0? + -+ + ap_lapf1 is identically 0. Choose a

minimal nontrivial combination a1 f; + -+ + a,, frn. Since f; # f,, there is a gy € E such
that f1(g0) # fm(g0). Then for every g € E, a1 f1(go) f1(9) + -+ + amfm(g0) fmn(g) = 0. Then

0 = [alfl(go)fl ++ amfm(g())fm] - fm(g())[alfl + -+ amfm]
= (alfl(g()) - alfm(QO))fl +eeet (fm—l(gﬂ) - fm(go))am—lfm—l

a dependence relation involving fewer nontrivial coefficients, contradicting our assumption.

Conclude id, o, . ..,0oP! are linearly independant. O

7. [1985 #4] Let E,, be the splitting field of 2™ — 1 over Q. (a) What is [E,, : Q]? (b) What
is |G,| for G,, = Gal(E,|Q)? PROVE G, is abelian. (¢) SHOW G4 is not cyclic.

Proof. (a) Let ¢ denote a primitive n-th root of unity. Then E, = Q({). Moreover, the
minimal polynomial of ¢ over Q has degree ¢(n) (Euler’s phi function), so [E, : Q] = ¢(n).
(b) Since E,|Q is a Galois extension, |G, | = [E,|Q] = ¢(n). Note that o € G,, is completely
determined by o((), and o(¢) must be another primitive n-th root of unity. Let ¢ : Z% — G,
be given by ¥ (a) = 0,, where 0,(¢) = (* and o,]g = idg. Then o, € Gy, and ¢ is well-
defined (because ¥(a + nk) = o41nr Where 0, 1(¢) = (P = 0% ie. o4 = 0, for
k € Z). Also, (ab) = o4 and o4(¢) = (¥ = ((*)* = 0,04(C), i.e. ¥(ab) = 1(a)y(b). Then
7 = Gy, so G, is abelian.

(c) Gie = Zis ={1,3,5,7,9,11,13,15} and ord (3) = ord (5) = ord (11) = ord (13) = 4 < 8,
ord (7) = ord (9) = ord (15) =2 < 8. O

8. [May 80 #6] If F' = Q(() for a primitive nth root of unity ¢, and 0" = a € F where
a ¢ F™ is not an nth power in F, show G(F(b)|F') is abelian.

Proof. Since F' contains all n-th roots of unity, ™ — a splits over F(b). Hence F(b)|F is
Galois. If 0 € G(F(b)|F), then o(b) = (,b for some n-th root of unity (,. Hence, define a map
v : G(F(b)|F) — A, where A = {( € C|(" = 1}, by ¢(0) = (,. Now if 0,7 € G(F(b)|F),
o7(8) = 0(GB) = Golb) = GCob = GGb 50 9(o7) = GG = p(o)plr). T p(o) = 1.
then o(b) = b so 0 = id. Conclude ¢ is an injective homomorphism. Then G(F(b)|F) is
abelian. O

9. [Aug 94 #7] Let ¢, be a primitive nth root of unit in C for n > 2. (a) Show that the
fixed field of Q(¢,) under complex conjugation is Q(¢, + ¢,) = Q(¢,) NR. (Hint: write ¢,
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as a power of (,, and find a polynomial of low degree satisfied by ¢, over Q(¢, + (,).) (b)
For n = 7, find Gal(Q(¢7 + ¢7)|Q), then find all subfields of Q(¢;) with their corresponding

groups.

Proof. (a) Note that ¢, is a root of 2% — ((, + ;%) +1 € Q¢ + ¢, N[a] and ¢, = ¢, 1,
so |Gal(Q(&)|Q(¢n + &)l = [Q(&) = Q¢ + Cu)] = 2. Let o be the complex conjugation
map. Since o(C, + ) = Cu + Coy 0 € Gal(Q(E)|Q(C, + ¢u)). But ord (o) = 2, so {id, o} =
Gal(Q(G)IQ(Gn +G)). Then Fix((0)) = Fiz(Gal@(G)IQGn + &) = QG + Go).

(b) Let E = Q(¢r), F = Q(¢ + (7). Have that Gal(E|Q) = Zg, Gal(E|Q) = (03), where
03(C7) = G- Then Zs « Q, {1} < Q(C7), Zs < Q(¢r + 03(¢r) + 03(¢r)) = QG + & + &7),
Zy « Q¢ + 03(¢r)) = Q¢ + ¢8) = Z(¢r + ¢ 1). Since Gal(E|Q) is abelian, all subfields
of E containing Q are normal. Then the map G(E|Q) — G(F|Q) given by 7 — 7| induces

the isomorphism G(F|Q)/G(E|F) = G(F|Q), so G(F|Q) = Zs/Zy = Zs. O

10. [Jan 04 #5] Let ¢ be a primitive 9th root of unity. Let K = Q(¢) and F = Q(¢ +¢™71).
(a) Show that [K : F] = 2. (b) Show that the extension F|Q is normal.

Proof. (a) Note (! =, s0 ( +(¢~' € R. Then ( € F. But ( is a root of the polynomial
22 —z2(C+ ¢ ')+ 1€ Flx]. Conclude [K : F] = 2.

(b) Have [K : Q] = ¢(9) = 6, (Euler’s phi), because ji¢jg(2) is a cyclotomic polynomial of
degree ¢(9). Then [K : Q] = [K : F][F : Q], so [F: Q] = 3. Note that Gal(K|Q) = Z§ =
Zg. Then every subgroup of Gal(K|Q) is normal, so every subfield of K containing Q is

normal. O

11. [Aug 04 #4] Let L|K be a finite Galois extension. Suppose there exists an element o € L
and another root o' of the minimal polynomial finx of o over K such that the difference
o' — «a is an element of K \ {0}. (a) Prove that the characteristic p of K is different from 0
and that p divides [L : K]. (b) Give an example of an extension L|K and elements «, o’ as

described above.

Proof. (a) Say o/ = a+0b, b€ K\ {0}. Now there is a 0 € Gal(L|K) such that o(a) = o'

Then o?(a) = o(a+b) = o(a) + b = a+ 2b, and 0™(a) = a + nb. Since ord (¢) < oo, must

have 0™ (a) = « for some m € N. Then mb = 0, so char(K) > 0. Say char(K) = p. Then

necessarily p|ord (o), so p divides |Gal(L|K)| = [L : K].

(b) Let f = 2? —x + 1 € Fy[z]. If a is a root of f, then f factors over F,(a) as f =
P (= (a+(i—1))). Then a — o’ € F, \ {0} for a # o' roots of f. O

12. [Jan 87 #4] If F C K C E with K|F finite, show that if K|F is seperable (resp. normal,
Galois), then also K (a)|F'(a) is seperable (resp. normal, Galois) for any a € E.

o4



Proof. Let a € E. Note that if {v1,...,v,} is an F-basis for K, then K(a) is contained in
the F'(a)-span of {vy,...,v,}, so [K(a) : F(a)] < [K : F] < co. Assume K(a) # F(a), or
else the results are true trivially.

(i) Suppose K|F' is normal. Since [K : F| < oo, K is the splitting field of some f € F[z]\ F.
Say f has roots by,...,b, € K\ F. Then K = F(by,...,by). Now K(a) = F(a,by,...,bn),
f as an element of F'(a)[z]| splits over K(a), and not over any proper subfield containing
F(a). So K(a) is a splitting field for f € F(a)[z], and conclude that K(a)|F(a) is normal.
(ii) Suppose K|F is seperable. Write K = F'(by,...,b,,) for some by,...,b, € K\ F. Now
Hy,|F is seperable implies that 1, r(q) is seperable because i, F(a)| i, p- Let B = {ub” F(a)|1 <
i <m} and let g = [];c5 f. Then g is seperable. Let L be a splitting field for g over F'.
Then F(a) C K(a) C L. Moreover, the splitting field over F(a) of a seperable polynomial
is Galois. Then L|F'(a) is seperable, so K (a)|F(a) is seperable.

(iii) If K|F is Galois, i.e. normal and seperable, then K(a)|F(a) is normal and seperable,
i.e. Galois by (i) and (ii). O

13. [Aug 95 #6] Let E|Q be splitting fields of 2 — 9z + 12. Show that there is a single
normal extension F|Q with £ 2 F 2 Q. Find [F': Q].

Proof. The polynomial 2® — 9z + 12 is irreducible over Q by Eisenstein’s criterion with
p = 3. It has one real root a, and two complex roots, b,b. Then [E : Q] = 6. Since
3I[E : Q] = |G(E|Q)|, G(E|Q) contains a 3-cycle. Complex conjugation transposes b, b
and fixes a, so G(E|Q) contains a 2-cycle. But Ss is generated by any 3-cycle and 2-cycle,
and G(FE|Q) is isomorphic to a subgroup of S3, so must be the whole group. A normal
subextension F'|Q corresponds to a normal subgroup of S3, of which there is precisely one:
Az. Then F = Fix(A3), [F: Q] =[S;: A3] = 2. O

14. [Aug 98 #7] Suppose that K is a finite Galois extension of the rational field Q which
contains v/3 and has cyclic Galois group Gal(K|Q). Show that L = Q(v/3) is the only

quadratic extension of QQ contained in K.

Proof. Let M be a quadratic extension of Q contained in K. Then [Gal(K|Q) : Gal(K|M)] =
(M : Q] = 2, so |Gal(K|M)| = }Gal(K|Q)| = |Gal(K|L)|. Since Gal(K|Q) is cyclic,
it has a unique subgroup of order |Gal(K|M)|. Then Gal(K|M) = Gal(K|L), so L =
Fix(Gal(K|L)) = Fix(Gal(K|M)) = M. O

15. [Jan 05 #6] Let f € Q[x] be an irreducible polynomial of degree 4, « a root of f,
K = Q(«a), and L the splitting field of f over Q. Assume that [L : Q] # 4. (a) Show that
G(L|Q) is isomorphic to Sy, A4, or Dg. (b) Show that G(L|Q) is isomorphic to Dy if K
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contains a subfield F' such that [F': Q] = 2. (You might use the subgroup structure of S,

for free)

Proof. a) Since [L : Q] # 4, f factors over K as either (i) two linears and a quadratic, or
(i) a linear and a cubic. If (i), then [L : Q] = 8 = |Gal(L|Q)| so Gal(L|Q) is isomorphic
to a subgroup of Sy of order 8, so Gal(L|Q) = Ds. If (ii), let 5 be a root of the cubic.
Then f factors over K () as either (iii) 4 linears, or (iv) two linears and a quadratic. If (iii),
[L:Q]=4-3=|Gal(L|Q)| so Gal(L|Q) = Ay. If (iv), [L : Q] = 4! so Gal(L|Q) = S4.

b) Assume K contains a subfield of F' such that [F': Q] = 2. Then F corresponds to an index
2 subgroup of Gal(L|Q). Now A4 contains no index 2 subgroup, so G(L|Q) % A4. Note
G(LIK) < G(L|Q) and G(L|K) C G(L|F). If G(L|Q) = 24, then G(L|Q) must contain a
subgroup of order 6 contained in a normal subgroup of order 12. The only subgroup of Sy
of order 12 is A4, which contains no subgroup of order 6. Conclude G(L|Q) = Ds. ]

16. Let E be a seperable extension of the field F', with [E : F] = n. Use Galois theory
to find an upper bound B(n) for the number of intermediate fields K, FF C K C E, that
depends only on n. You don’t need to make the bound B(n) very tight!

Proof. By the primitive element theorem, £ = F(0) for some 6 € E with deg(uy) = n, where
iy € F[z] is the minimal polynomial of 8 over F'. Let E’ be the splitting field of g over F.
Then [E' : F] < (deg(uy))! = n!, so Gal(E'|F) is isomorphic to a subgroup of S,;. There
is a bijection between subgroups of S, and subfields L of E’ containing F'. In particular,
there are no more intermediate fields K with F' C K C FE then there are subgroups of S,,.
So take B(n) to be the number of subgroups of Sy, O

17. [Aug 96 #6] Let E|F be a finite Galois extension with Galois group G. The Normal
Basis Theorem states that there is an element v in £ whose image under the elements of G
form an F-basis of E. Prove that for any subgroup H of GG, the subfield corresponding to H

in the Galois correspondence is F'(ug) for ug = ),y h(u).

Proof. Let 0 € H. Then {ohlh € H} = H, so o(ug) = uy, and o fixes F(uy). Conversely,
let 0 € G and suppose o fixes F(ug). Then o(uy) = uy implies o(u) = h(u) for some
h € H, because o permutes the basis elements {g(u)|g € G}, and u = e(u) is a summand
in uy. Then h™'o(u) = u so h™'o = e because {g(u)|g € G} is an F-linearly independant
set. Then 0 = h € H. Conclude that F(uy) = Fix(H) (since H = G(E|F(uy))), and so
Fix(H) = Fix(G(E|F (uy))) = F(uy). O

18. [Jan 95 #8] Give an example of a polynomial f(z) € Q[z] having all these properties:
(1) degree 4; (2) no rational roots; (3) no repeated factors in Q[z|; (4) its Galois group over

Q is cyclic of order 2.
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Proof. Suppose such an f € Q[z] that is monic exists, and let L be its splitting field. Let
a € L be aroot of f. If f is irreducible, 4 = [Q(«a) : Q] < [L : Q] = 2, which is clearly not
possible, so f is reducible. Since f has no rational roots, f must factors as two quadratics,
f = gh with deg(g) = deg(h) = 2. Let f(z) = (z — V2)(z + vV2)(z — 2v2)(z + 2V2) =
(2% —2)(2? — 8) = 2 — 1022 + 16. Then L = Q(v/2), Gal(L|Q) = Z,. O

19. [Jan 98 #5b] The Galois group G of F' of a polynomial f(x) € F[z] of degree 4 is
known to contain a subgroup isomorphic to the dihedral group Dg. (a) Show that f(x) is
irreducible. (b) If some root 7; of f(x) lies in the subfield F(r;,r;) generated by two other
roots, show F'(r;,ry) is a splitting field for f(z) and that G = Ds.

Proof. (a) Ds < Gal(f|F) implies that Gal(f|F) contains a 4 cycle, and so Gal(f|F') acts
transivitely on roots of f, so f is irreducible (roots can only be mapped to roots of some
irreducible polynomial).

(b) Have r; € F(rj,ry), so (x —r;)(x —r;)(x — )| f in F(r;,ry), and f splits over F(r;,ry).
But f does not split over F(r;), because [F(r;) : F] =4 < 8 < |G|. Conclude F(r;,ry) is a
splitting field for f. Now f cannot factor over F(r;) as 4 linears. If f factors over F(r;) as
a linear and a cubic (1 a root of the cubic), then [F(r;,ry) : F] =4 -3 = 12. But 8 does
not divide 12. So f must factor over F'(r;) as two linears and a quadratic (r a root of the
quadratic). Then [F(r;, ) : F] =8 = |G| so G = Ds. O

4.3 Finding Galois Groups

Given a polynoial f € F[z], respectively an element 3 which is algebraic over F', determine
the Galois group G = G(f|F), respectively G = G(F(3)|F') (also decide whether F(3)|F is
Galois), and answer the questions in brackets.

1. [Jan 82 #I1] F = Q, f = 2® 4+ 5z — 5 (show f is irreducible, find its real roots; is G(f|Q)
solvable?)

Proof. f is irreducible by Eisenstein’s criterion with p = 5. Have f(0) = =5, f(1) = 1,
f' = 3z%+5, so we conclude that f has one real root at a. Then [Q(a) : Q] = 3, so 3 divides
|G(f|Q)|, so G(f|Q) contains an element of order 3 (a 3-cycle), and |G(f|Q)| < 3!. Also,
G(f]Q) contains the 2-cycle complex conjugation. Then G(f|Q) = Ss, a solvable group.
Conclude that f is solvable by radicals. m

2. [Ap 77 #6] F = Q, f = 23+ 5 (show f is irreducible but G is not of order 3; is G(f|Q)
solvable?)
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Proof. f has no rational roots, hence is irreducible over Q. Note that f has the roots
/5, wav/B, wy /5, where wi,ws, ws are roots of the polynomial 2% +1 = (z +1)(2? —z 4 1),

‘fz wy = L -3 g f is solvable by radicals, and splits over

ie. wl——lwg——+ 3 3
Q(v/5,iv/3). Note that 2\/5 satisfies x® + 3, which is irreducible over R (and hence over
Q(V/5)). Then [Q(V5,iV3) : Q] = [Q(V5,iv3) : QUVB)[Q(V5) : Q] =23 = 6. Now

G = S;0r G=Zg. But Q(\?/g) is not normal, so GG contains a non-normal subgroup of index

3, s0 G = S3. We have the correspondence

Q(V5,iV3

3) < {e}
Q(V5), Qw2 V5), Qws(V5) = ((12)),((13)),((23))
Q(iv3) < ((123))
Q < 53

3. [Aug 88 #5; Sep 80 #7] F =Q, f = 2* — 2? — 6.

Proof. f = (22 = 3)(2? + 2) = (z — V3)(z + V3)(z — iV/2)(z + iv/2), so f splits over
E = Q(v/3,iv/2). Since 2 + 2 has no real roots (and hence no roots in Q(v/3)), conclude

[E:F]=[E:QW3)[QW3): Q] = 4. In fact, G(E|F) = Zy & Z,, with the three non-

V33 V3-—V3

identity elements o : Vi3 T e 5 and 7 = o7. Thus we have the correspondence:

Q(V3,ivV2) « {e}
Q(V3),Q(iv2),Q(ivV6) < (0),(7),(7)
Q <« {e,o,1,7} =22 DZs

4. Jan 87T #3| F =Q, f = a* — 2? — 2.

Proof. f= (22 —=2)(22+1) = (v — v2)(x + V2)(x +1)(x — 7) splits over E = Q(i,+/2), and
[E: F] =4 (2% + 1 has no roots in Q(v/2)). Have Gal(E|F) = Zy x Zy. We have E « {e},
Q(v2),Q(i) > Zs, and Q < Zy X Zs. O
5. [Sep 86 #4] F =Q, f = x* + 1.

Proof. f = (224i)(22—i) = (x—e™/*) (x4 €™/*) (x — e ™/*) (z+e /1) and ™/ = Y2 4 Y24
Then E = Q(v/2,i),[E : F] = 4,Gal(E|F) = Zy x Zy. The correspondence is Q(v/2,7) «
{6}7 Q(\/i),@(@) — Z?v and @ A ZZ X ZZ- L]
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7. [May 91 #5] F = Q, f = 2* — 2 (find G, identify all subfields of degree 4 over Q with

their corresponding subgroups).

Proof. f = (22 —2)(2®> + V2) = (z + V2)(z — v2)(z + iv/2)(x — iv/2) which splits over

E = Q(i,v?2). Then [E : F] = 8 Consider 0,7 € G(E|F), where o : %Z:’LZ% and

T é/f:_?i Then ord (o) = 4, ord (1) = 2, and 70 = o~ 7. Since [{(o)(T)| = 8 ({¢) <G

because [G : (0)] = 2). Conclude G = Dg. We have the following pairings: Q(i, v/2) « {e},

Q < {o,7), Qi) « {0), QWV2) = (1,0%), Q(iv2) & (10,0%), Q(V2) < (1), Q(V2) «
2

(102, Q(i,V2) « (0?), Q((1 +1)v/2) « (r0?), and Q((1 —4)v/2) « (7). One might argue
that [Q((1 £14)v/2) : Q] = 4 because Q(v/2,i) = Q(i, (1 % 1)v/2) and so [Q(i, (1 £14)v/2) :
Q| > 4. O

9. [Aug 95 Comprehensive #3| F' = Q, f = x* — 4 (describe G as automorphisms, find all
subfields).

Proof. = (22+2)(2%—2) = (z+v2)(z — v2)(z+iv2)(x —iv/2) splits over £ = Q(+/2,1).
Then [E : F| = 4 and G(E|F) = Zy X Zy. Letting 01 = id, o9 : \/52.:—1,\/5, o3 = \?:_‘Z/.i,

and o, = 0,03, we have the pairings: Q(v/2,1) < {e}, Q(v/2),Q(iv2),Q(i) + Z,, and
@ — ZQ X Zg. ]

11. [Jan 97 #5] F = Q, f = 2% — 5 (describe G as a group of permutations of the roots).

Proof. f = (2>—/5)(2®+V/5) = (2—/5)(z+v/5)(z—iv/5)(x+iv/5) splits over £ = Q(+/5,1).
We have [E : F| =8 with G = Ds. Let 0 : %ij% and 7 : {:‘[ Then o = 7% = id and
7o = 0°7. We have the pairings: Q(i, v/5) < {e}, Q(i) « (c), Q(v/5) « (1,0?), Q(iV/5) «
(ro,0%), Q(VE) < (), QV5) < (10°), Qi,V5) < (0%), Q((1 +i)V5) < (r0”), and

Q((1 - 2)\4/3) — (10). O

12. [Sep 78 #4] (a) If f is irreducible of degree 5 over Q, show G(f|Q) contains an element
of order 5. (b) Show G(2* + 1|Q) has NO element of order 4.

Proof. (a) Let a € C be a root of f. Then if L is a splitting field for f over Q, 5 = [Q(«) :
QJ|[L : Q] = |G(L|Q)], so G(L|Q) contains an element of order 5.

(b) #* +1 = 0 implies 2* = —1, which implies 2 = ¢™/4+27%/4 for | = 0,1,2,3. That is,
x € {4, 3T/ ifs Tmi/h) — {? 4_2'\/75’_\/75 +i\/75’_\/7§ _ Z\/Ti’\/?i _ z@} So z4 + 1
splits over L = Q(v/2,1), and Gal(L|Q) = Zy x Zy. Then G(z* + 1|Q) contains no elements

of order 4. O]

14. [Mar 83 #2] F =Q, = (1++/2)/(1 +V/3).
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Proof. [Q(3) : Q(v/3)] = 2 because v2 ¢ Q(v/3). Then we have [Q(3) : Q] = [Q(p) :
Q(W3)][Q(V3) : Q] = 4. Now 3 € Q(v/2,v3), and [Q(v2,v/3) : Q] = 4. Conclude
Q(B) = Q(v/2,v/3), hence Q(B)|Q is Galois, and Gal(Q(B)|Q) = Zy x Zs. O

15. [Sep 93 #6] F = Q, f = 2° — 6x + 3. Prove f is (a) irreducible, (b) has exactly 3 real
roots, (c) G(F|L) contains a transposition of roots of f for any real subfield L of the splitting
field E of f over Q, (d) G(E|Q) = Ss.

Proof. (a) f is Eisenstein with p = 3, hence irreducible in Z[z| and Q|x].

(b) f(=2) = —17, f(—1) =8, f(1) = =2, f(2) = 23, so f has real roots in (-2, —1),(—1,1),
and (1,2). Note f'(z) = 5z* —6 > 0 for |z| > 2, so f has no real roots in (—oo, —2) U (2, 00).
Also, f"(z) = 20z3 is <0 for x > 0, is > 0 for > 0. Conclude f has exactly 3 real roots.
(c¢) Complex conjugation transposes the two complex roots of f, but leaves any real subfield
L of F fixed.

(d) 5 divides |Gal(f|Q)| so Gal(f|Q) contains a 5-cycle. Complex conjugation corresponds
to a 2-cycle in Gal(f|Q). A 2-cycle and a 5-cycle generate Ss. O

17. [Jan 81 #2] F' = Q, 3 a primitive 7th root of unity (find the minimum polynomial of /3,
find [Q(5) : Q], find all subfields).

Proof. (3 satisfies 2" — 1= (x —1)(2%+2°+---+2+1). Let u(z) =2%+---+ 2+ 1. Then
w1(B) = 0, and p is irreducible over Q (consider p(x+1), which is Eisenstein with p = 7). Then
w splits over E = Q(3), [E: Q] = 6. Let G = Gal(E|Q). Given o € G, o(¢) = (" for some
1 <n <6. Let ¢ : Zg — G be defined by ¢(n) = o,, where 0,,(¢) = (" and 0, |g = idyp. Then
1 is a well-defined map (note that ("™ = (™). Also, 0., (¢) = ("™ = (¢™)" = 0,0m(¢), s0
¥ is a homomorphism and G = Zg. Then E has 4 subfields (because Zg has 4 subgroups).
Now G = (03), and G has subgroups {e}, (03), (03), (03). Then the intermediate fields
are Q,Q(¢), Q¢ +¢* +¢%¥) = Q¢+ ¢ +¢NQEC+ ) = QU +¢) = QE+ ¢,
[Q(an), o =3 gen o (Q)]. O

18. [Now 77 #8] Find Gal(F|Q) if E = Q(i,3) for § a primitive nth root of unity for odd
n> 1.

Proof. Note that i3 is a primitive 4n-th root of unity. Then E = Q(if3). Let ( = i3,G =
Gal(E|Q). Note that for each o € G, ¢ is uniquely determined by ¢(¢), and o(¢) = ("™ for
some 1 < m < 4n with (m,4n) = 1. Moreover, for each 1 < m < 4n with (m,4n) = 1,
om defined by 0,,(() = (™ is an element of G. Also note that |G| = [E : Q] = ¢(4n)
(Euler’s phi function). Then ¢ : Z}, — G, ¥(a) = o, is a well-defined bijection, and
0,05(¢) = (¢*)? = (% = 04(¢), s0 ¥ is a homomorphism, and Gal(E|Q) = Z;, . O
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19. [Jan 79 #6; Sep 79 #6] Find Gal(E|Q) for E = Q(v/2,1) or E = Q(i +v/2).

Proof. First, note that 4,/2 are seperable over Q and 1 ¢ {0, f ‘)[ = _22;/5 = iv/2}, so
Q(i,v2) = Q(i + v2). Note that i ¢ Q(v2), so [E: Q] = [E : Q(\/_)][@(\/i) - Q) = 4.
Also, E is the splitting field over Q of (z? + 1)(z? — 2), and Gal(fg|Q) is isomorphic to a
subgroup of Gal(f|Q) x Gal(¢g|Q). Conclude G(E|Q) = Zy x Zs. We have the pairings:

E < {e},Q(V2) « Z3, Qi) < Zs, Q > Zy X Zs. 0

21. [Jan 89 #4; Feb 84 # 2] (a) Find Gal(z® —2|Q). (b) Find f(z) € Q[z] with Gal(f|Q) =
ZQ X Sg.

Proof. (a) a3 — 2 is irreducible over Q@ because it has no rational roots. z® — 2 has roots
V2, w2, w2, where w is a primitive cube root of unity. Then z° — 2 splits over E =
Q(V/2,w). Note w ¢ Q(3/2), and w satisfies the polynomial (z* —1)(z—1) = 22+ 2+ 1. Then
[E: Q] = 6, and Gal(2® — 2|Q) is isomorphic to one of S3 or Zg. But Q(3/2) is not a normal
field extension, so Gal(x® — 2|Q) contains a non-normal subgroup, so Gal(z® — 2|Q) = Sj.

(b) Let f = (2% — 2)(2® — 5). Then if f splits over E = Q(w,v2,v/5). [E : Q] = 12
(V2 ¢ Q(\/5) because 3 does not divide 2, w ¢ Q(v/2,v5)), Gal(f|Q) = Z, x Ss since
o : V5 —/5 is of order 2 and commutes with Gal(z? — 2|Q). O

22. [Jan 00 #8] Let ¢ be a primitive 3rd root of unity, K = Q(¢), and L = K(3/2). (a)
Show that L|K is a Galois extension, and determine its Galois group G = Gal(L|K). (b)
Considering L as a vector space over K, determine all K-linear functionals f : L — K which

are G-invariant (i.e. f(o(a)) = f(a) for all 0 € G and all a € L).

Proof. (a) L is the splitting field of 2* — 2 over K, hence L|K is Galois. [L : K] = 3.
Conclude Gal(L|K) = Zs

(b) A K-basis for L is {1,+/2, (v/2)?}. Now there is a 0 € Gal(L|K) such that o(§/2) =
wv/2. Then a(w\?/?) = w?v/2. So if f is G-invariant K-linear functional on L, f(\:'ﬁ) =
@) = [, Le. F(3) = wf(V3) = (VD). TE f(Y2) £ 0, then 1 = w = 2.
which cannot happen, so f(v/2) = 0. Now o(¥/2) = w+v/2 implies o((v/2)?) = w?(¥/2)?,
and o(w?(V2)?) = w* - w2(\3/§)2 = w(V2)%. So f(V2)?) = fw(V2)?) = fW*(V2)?),
ie. f((V/2)?) = wf((V2)?) = W?f((¥/2)?). As before, we must have f((v/2)%) = 0. So if
a,b,c e K, f(a—l—b\/_—i-c(\/_)) af(1). O

24. [Jan 00 #7] Suppose that f is an irreducible polynomial of degree n with rational
coefficients. Let K be a splitting field for f over the rationals Q, and let r{,...,r, be the
roots of f in K, with a = [[,_;(ri — ;). (a) Show that the roots of f are distinct. (b) If

the product a is not rational, show the Galois group Gal(K|Q) contains an element which
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yields an odd permutation of the roots. (c) If the product a is not rational, show that K

contains at least one quadratic subfield.

Proof. (a) char Q = 0 implies that all irreducible polynomials in Q[z] are seperable.

(b) If a ¢ Q then there is a 0 € Gal(K|Q) such that o(a) # a. Note o(a) = sgn(o)a. Then
o(a) # a implies sgn(c) = —1, i.e. o is odd.

(c) @® =[] (ri — ;)% Note o(a®) = a® for every o € Gal(K|Q). Then a* € Q so Q(a) is
a quadratic subfield of K. O

25. [Aug 01 #8] Find the Galois group of f(x) = '3 —1 over the rationals Q (i.e. Gal(K|Q)
for the splitting field of f(x) over Q).

Proof. Note that 13 —1 = (z — 1)z + 2 + -+ 2z+1),and f =22+ -+ 2+ 11is
irreducible over Q (f(x + 1) is Eisenstein with p = 13). Let ¢ be a primitive 13th root of
unity. Then z'? — 1 splits over Q(¢) and [Q(¢) : Q] = 12. Now ¢ € G(Q(¢)|Q) is uniquely
determined by o(¢), and o(¢) = ¢™ for some 1 < n < 12. Moreover, for each 1 < n < 12
there is a 0, € G(Q(¢)|Q) such that 0,(¢) = (" (because (" is a primitive 13th root of
unity for each 1 < n < 12). Hence the map ¢ : Zjs — G(Q(¢)|Q) given by ¢(n) = g, is a
bijection. Also 0,,,,(¢) = ("™ = (™)™ = o,(0m(C)), so ¢(nm) = p(n)p(m). Then ¢ is an
isomorphism, and G(Q(¢)|Q) = Z5. O

26. [Aug 03 #5] Choose your favorite one, denoted by G, between the Klein four group (i.e.
Zs X Zs) and the dihedral group Dg of order 8. Provide an example of an irreducible degree

4 polynomial whose Galois group over Q is isomorphic to G. Show your work.

Proof. (i) Recall Q(v2,4) = Q(i+v/2), and Gal(Q(v/2,7)|Q) = Zy X Zy. So deg j1/3,,0 = 4.
but v/2 + i satisfies o' — 22° + 9, 50 p1,540 = 2* — 22> + 9. Then Gal(z* — 22 +9|Q) =
Gal(Q(V2 4 1)|Q) 2 Zy x Zy.

(ii) Let g(x) = 2* — 2 = (x — v/2)(z + v/2)(z + iv/2)(z — iv/2). Then g has splitting field
L = Q(v/2,i), [L : Q] = 8. There are 0,7 € Gal(L|Q) given by ¢ : %Z:ii%,T : %/?:j/i
Then ord (0) = 4, ord (1) = 2, and 7o7(iv2) = To(—iv2) = 7(V2) = V2, 707(i) =

1

7(0(=1)) = 7(—=i) = i. So 707 = o~ '. Now (o) x (1), where To7 = ¢!, is a subgroup of

G(L|Q) of order 8, so it must be the whole group, and is isomorphic to Ds. H
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Chapter 5

Multilinear Algebra

5.1 Dual spaces and bilinear forms

1. [Aug 94 #5] If f(x,y) is an alternating bilinear form on a 25-dimensional real vector

space, and A is its matrix with respect to some basis, show that deg(A4)%® = 0.

Proof. Let {ey, ..., e} beabasis for V. Then f is represented by the matrix A = (f(e;, €;)).
Now AT = (f(ej,e;)) = (—f(ei,e;)) = —A. Then det(A) = det(AT) = det(—A4) =
(—1)?* det(A) = —det(A), so det(A) = 0. O

2. [Jan 97 #7] Let V be a finite-dimensional vector space over a field F', and let A and p be
two linear functionals on V. Define B(z,y) = Mx)u(y) — AMy)u(z) for x,y € V. Show that

B is an alternating bilinear form on V', and determine the possible values for its rank.

Proof. Determining the possible values for the rank of B: Choose a basis {ej,...,e,} of V.
Then B corresponds to the matrix (B(e;, e;)) = (A(e;)u(e;)) — (M(ej)p(e;)). Each of A and

N J N
~ ~

A c
C has rank no larger than 1, so the rank of B is either 0 or 2. [

3. [Aug 95 #7] Show that every element of
SO5(R) ={A € GL;(R)|(Az, Ay) = (z,y) and det(A) =1}

[where (x,y) = x -y = 'y is the usual dot product on R®] has a nonzero fixed point

Ax =2 # 0.

Proof. Show each A € SO5(R) has an eigenvalue of 1. Since n = 5, each A € SO;(R)
has at least one real eigenvalue. If x is an eigenvector for the real eigenvalue A € R,
(Ax, Ax) = (z,2), i.e. (A\x,\z) = (z,7), so \}(z,z) = (x,z). Thus, A = +1. Product of
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complex conjugate eigenvalues is positive, and product of all eigenvalues is 1, so —1 can
only appear as an eigenvalue with even multiplicity. Conclude that 1 must be an eigenvalue.
Then there is an x # 0 such that Az = z. O

4. [Aug 95 Comprehensive #10] It is known that the space M, (R) of n x n real matrices is
a real inner product space with inner product given by (A, B) = tr(AB"), where BT denotes
the transpose of the matrix B. Let P be an invertible matrix and 7" the linear operator on
M, (R) defined by T(A) = PTAP. Denote the adjoint of T relative to this inner product by
T*. Prove that T*(A) = PAPT for all A, and find necessary and sufficient conditions on the

matrix P so that T'=T". Justify your answer.

Proof. Have T* defined by (T'A, B) = (A, T*B), i.e. tr(A(T*B)T) = tr(PTAPBT). Now
t1(PTAPBT) = tr:(APB"PT) = tr(A(PBPT)) = (A, PBP"). Conclude that T*(A) =
PAPT. Now T = T* iff PAPT = PTAP for every A € M,(R). Now PAPT = PTAP for
every A € M,(R) implies that P(P~*A)PT = PT(P~1A)P for every A € M,(R), so APT =
(PTP~YHYAP, ie. A(PTA™Y) = (PTP7Y)A for every A € M,(R), and then PTP~! = rI,
for some r € R. Then PT = rP for some r € R. If PT = (rI)P for some r € R, then
PAPT = PA(rI)P = P(rI)AP = PT AP for every A € M,(R). O

6. [Aug 03 #6] Let B be a symmetric bilinear form on a finite-dimensional vector space
V over a field F'. For a subspace W C V', we define the annihilator subspace of W in V:
Wt = {z € V|B(z,w) = 0 for every w € W}. Assume further that B is nondegenerate,
that is V+ = {0}. Show that: (a) there is a natural isomorphism of vector spaces from
V/W+ to the dual space W* of W; (b) dim W+ = dim V — dim W; (c) (W)L =W.

Proof. (a) Define ¢ : V- — V* by ¢¥(v) = B(v,). Foru,v € V,r € F, ¥ (u+v) = B(u+v,-) =
B(u,-) + B(v,-) = ¢¥(u) + ¥ (v), and ¥(rv) = B(rv,-) = rB(v,-) = ri(v). So 1 is a vector
space homomorphism. Since V+ = {0}, + is injective. Then dimz(V) = dimg(¢)(V)). But
dimp(V) < oo implies that dimp(V*) = dimp(V). Now ¢(V) C V* and dimg(yp(V)) =
dimg(V*), so (V) = V*, and ¢ is an isomorphism. The map ® : V* — W* given by
®(f) = flw is a surjective homomorphism of vector spaces. Consider the composition ® o,
which has kernel equal to W=+. Then ® o) : V/W+ — W* is an isomorphism. ]

7. [Sep 83 #8] If E|Q is Galois and B(z,y) = trgg(zy) (you may assume this is a nonde-
generate bilinear form on £ x E to Q), find the adjoints ¢* of the elements o of the Galois
group G(F|Q) with respect to the bilinear form B.
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Proof. B(z,y) = trpio(zy) = > caT(@y) = X e 7(x)7(y). Given 0 € G = Gal(E|Q), o
is defined by the relationship B(o(z),y) = B(z,0*(y)), i.e

Z To(x)T(y) = Z T(z)7(0

TEG TEG

But 35 o 7o(@)7(y) = Y cqlro™)(o(@)(to7 ) (y) = X, coT(@) (707! )(y). Then o* =
o L ]

5.2 Tensor Products

1. [Aug 03 #4] (a) Determine the following tensor products and explain your answers: (i)
R @z Zooos; (i) Qz]/(2? + 1) ®qpw Qz]/(2* + 2). (b) Let V and W be finite-dimensional

vector spaces over a field ', and {vy,...,v,} be a basis of V. Prove that if
v QW+ + v, @w, =0

inV®pW forwy,...,w, € W, then wy =wy =--- =w, =0.

Proof (a) (i) Suppose a € R and b € Zsgoz. Then a @z b = 2003 - 58 ®7b = 5% ®72003b =
2003 ®z 0 = 0. Therefore, R ®7 Zagos = {0}. (i) Qlz]/(2? + 1) ®qpu Q[z]/(2* +2) =
Qlal/(2? + 1,2 +2) = Qlz)/(1) = {0},

(b) Let ¢ : V. x W — @I, W be given by ¢ (> rv;,w) = (r;w)’,. Then ¢ is F-bilinear,
so there is an F-linear map ® : V @p W — @I ;W such that & (> ryv; @ W) = (ryw)i,.
Now > v; @ w; = 0 implies 0 = ®(0) = (D> v; ® w;) = (w;)?_,. Then w; = 0 for every i. [

3. [May 04 Final #7] Prove or disprove: (a) Q(+/10) ®g Q(+v/10) is isomorphic to Q(+/10)
as a Q-vector space. (b) Q ®z Q is isomorphic to Q as a Z-module.

Proof. (a) dimg Q(v/10) = 2. Then dimg(Q(v/10) ®g Q(v/10)) = [dimg Q(+/10)]? = 4, so
the statement is false.

(b) The map ¢ : Q x Q — Q given by (a,b) — ab is Z-bilinear, so there is a Z-linear map
¢:Q®z,Q — Qgiven by a®b+— ab. Let ¥ : Q — Q® Q be given by 1/(A) = 1 ® a. Note,
givenm/n,r/s € Q, " ®z%t = " @zni- = m®z - = 1® 2. Now ¢ is a Z-linear map. Have
Yod®(a®b) = 1Y(ab) = 1®ab = a®b, by the remark above, and ®o(a) = P(1®a) = a. So

1, ® are inverses on simple tensors, so they are inverse isomorphisms, and Q ®; Q = Q. O

4. [Aug 04 #8] Let K be a field, V' a finite-dimensional vector space over K, and v, w two
non-zero vectors in V. Show that v @ w = w ® v in V ®x V if and only if there exists a
¢ € K* such that w = cv.
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Proof. If w = cv for some ¢ € K*, v@w = v®cv = cv®v = wRv. Suppose w # cv for every
¢ € K*. Then v, w are K-linearly independant. Then there is a k-basis B = {vq, vg, ..., v,} of
V withv; = vand vy = v—w # 0. Now 0 = v@uw—w®v = (v@w)—(vev)+(vev)— (W) =
v® (w—v)+ (v —w)®v. Then w—v=0,v=0,ie v=w=0, contradiction. Conclude

w = cv for some c € K*. O]

6. Let I and J be ideals of R. Show that R/I ®g R/J is isomorphic (as R-modules) to
R/(I+J).

Proof. Let ¢ : R/I x R/J — R/(I 4+ J) be given by (a+I,b+ J) +— ab+ (I +J). This is a
well-defined map since if i € I and j € J, then (a+i+1,b+j+J) — (a+i)(b+7)+([+J) =
ab+aj +bi+ij+ ([ +J)=ab+ (I +J). Moreover, ¢ is R-bilinear. Then there is an
R-linear map ¢ : R/I®rR/J — R/(I+J) such that (a+ 1) g (b+J) — ab+ (I +J). Let
Y :R— R/I®rR/J begivenby r— (1+1)®@g(r+J). Ifiel,jeJ, then (i +j) =
(1I+D@(+j+1) = (I+)@(@E+J]) =i(1+)@(1+J) = ((+)@(1+J) = (0+1)®(1+J) = 0.
So there is amap ¢ : R/(I+J) — R/I®r R/J, given by a+ (I +J) — (1+1)®@p (a+J).
Now 9 o ® = id and ® o1y = id on simple tensors, so we conclude the two R-modules are

isomorphic. O
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