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Introduction

Let g be a simple complex Lie algebra with root system ¢.

Let k be an algebraically closed field of characteristic p # 2.
Assume p # 3 if ® has type Go.

Let G be the corresponding simply-connected algebraic group over k.
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Introduction Motivation

The universal enveloping algebra U(g) of g admits the familiar
presentation by Chevalley generators and relations. It has a PBW basis

{F%l"'Fi,C’Hfl"'Hr?"Ewcll"'Evcfvv :aj, bi, ¢ > 0}.
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The universal enveloping algebra U(g) of g admits the familiar
presentation by Chevalley generators and relations. It has a PBW basis

{Fjll .../:;IO:H{al...HSnE% - ESN:ay by, > 0}.
The Kostant Z-form Uz(g) is spanned by monomials of divided powers.

{Fv(fl) o ESm (L (R BN by > 0}'
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Introduction Motivation

The universal enveloping algebra U(g) of g admits the familiar
presentation by Chevalley generators and relations. It has a PBW basis

{/:;’11 .../:;IO:Hfl...HSnE% . E’YCI\I\II :aj, bi, ¢ > 0}.
The Kostant Z-form Uz(g) is spanned by monomials of divided powers.

[FE) P () () EC) o B by > 0}

The hyperalgebra hy(G) of G is defined by hy(G) = Uz(g) ®z k.
If we restrict 0 < a;, b;, ¢; < p”, then we get a basis for hy(G,), the

hyperalgebra of the r-th Frobenius kernel of G. The algebra hy(G,) is the
Hopf-algebraic kernel of the map F" : hy(G) — hy(G).
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Introduction Definitions

The quantized enveloping algebra Ug4(g) is the k(q)-algebra with
generators E,, F,, Ko, K71 (a € M) and relations

KoKt =1=K'K,, KoKz = KsKa (R1)
KoEsK 't = g9 Eg (R2)
KaFsKit = g (@A F, (R3)

Ko — Kt

EoFg — FgEy = 5a”3 —
Ao — Ga

and the quantum Serre relations (R5) and (R6).
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Introduction Definitions

Given a choice of reduced expression for wy € W, we can (non-uniquely)
define root vectors E,, F., for all v € ®*. Then Uy(g) admits a PBW-type
basis

{F;;---F;gKﬁ;---KQ;E;;---E§g Lai, ¢ > 0, by ez}.
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Introduction Definitions

Given a choice of reduced expression for wy € W, we can (non-uniquely)
define root vectors E,, F., for all v € ®*. Then Uy(g) admits a PBW-type
basis

{F;;---F;gKﬁ;---KQ;E;;---E§g Lai, ¢ > 0, by ez}.

Let Z = k[q, g 1]. There exists a Z-form Ugy(g) in U,(g) generated by
divided powers. Given ¢ € k*, set Uc(g) = Uqg(g) ®z k.

We will typically assume { € k to be a primitive ¢-th root of unity.
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Introduction Connections to algebraic groups

There exists a surjective Hopf algebra homomorphism F¢ : Us(g) — hy(G).
The Hopf-algebraic kernel u¢(g) of F¢ is a finite-dimensional Hopf
subalgebra of U¢(g), the (first) Frobenius—Lusztig kernel of Us(g). So

hy(G) = Uc(g)//uc(a)-

The subalgebra u¢(g) is generated by {E,, Fo, Ko @ o € T}
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Introduction Connections to algebraic groups

There exists a surjective Hopf algebra homomorphism F¢ : Us(g) — hy(G).
The Hopf-algebraic kernel u¢(g) of F¢ is a finite-dimensional Hopf
subalgebra of U¢(g), the (first) Frobenius—Lusztig kernel of Us(g). So

hy(G) = Uc(g)//uc(a)-

The subalgebra u¢(g) is generated by {E,, Fo, Ko @ o € T}

If p = char(k) > 0, then we have F" o F; : Us(g) — hy(G). The
Hopf-algebraic kernel of F" o F¢ is a finite-dimensional subalgebra U (G,)
of U¢(g), the r-th Frobenius—Lusztig kernel of Us(g). The algebra U:(G,)
is generated by

{Ea, ECO F FPD K, ael0o<i<r— 1} .

We have hy(G,) = UC(Gr)//uC(g)'
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Questions

@ What does H*(u¢(g), k) look like (in all characteristics)?
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Questions

@ What does H*(u¢(g), k) look like (in all characteristics)?
o H*(Gy, k) = k[N] if p > h, by independent work of
Friedlander-Parshall (1986) and Andersen-Jantzen (1984).
o H*(uc(g),C) = C[NT]if £ > h by Ginzburg-Kumar (1993);
computed for ¢ < h by Bendel-Nakano-Parshall-Pillen (2007).
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o H*(Gy, k) = k[N] if p > h, by independent work of
Friedlander-Parshall (1986) and Andersen-Jantzen (1984).
o H*(uc(g),C) = C[NT]if £ > h by Ginzburg-Kumar (1993);
computed for ¢ < h by Bendel-Nakano-Parshall-Pillen (2007).
@ What does H*(U¢(Gy), k) look like? (p > 0)
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Questions

@ What does H*(u¢(g), k) look like (in all characteristics)?
o H*(Gy, k) = k[N] if p > h, by independent work of
Friedlander-Parshall (1986) and Andersen-Jantzen (1984).
o H*(uc(g),C) = C[NT]if £ > h by Ginzburg-Kumar (1993);
computed for ¢ < h by Bendel-Nakano-Parshall-Pillen (2007).
@ What does H*(U¢(Gy), k) look like? (p > 0)
o H*(Gi, k) is finitely-generated (for all p); H*(U,, k) and H*(B,, k) are
finitely-generated (for all r) by Friedlander-Parshall (1986).

o H*(H, k) is finitely-generated for any finite group scheme H by
Friedlander-Suslin (1997).
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Results r=20

Assume { is odd and coprime to 3 if ® has type G,. Assume p = char(k)

is good for ®. Assume { # 9 if & has type type Es, and {1 n+ 1 if ® has
type An. Then there exists J C I (depending on {) such that

Ho% (uc(g), k) =0, H**(uc(g), k) = indg, S°(u3),

as G-modules, provided R’ inng S*(w%) =0 forall i > 0.
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Results r=20

Theorem

Assume { is odd and coprime to 3 if ® has type G. Assume p = char(k)
is good for ®. Assume { # 9 if & has type type Es, and {1 n+ 1 if ® has
type A,. Then there exists J C I (depending on () such that

Ho% (uc(g), k) =0, H**(uc(g), k) = indg, S°(u3),

as G-modules, provided R’ ind,gj S*(w%) =0 forall i > 0.

Similar to the classical argument for H*(G;, k). Same strategy as used by
BNPP for the case k = C, but some additional calculations required when
p = char(k) > 0. (The vanishing condition is known to hold for some

J C MM, and is suspected to hold in general.) O
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Results r=20

Assume ¢ is odd, coprime to 3 if ® has type Gy, and ¢ > h. Assume p is
good for ®. Then there exists an isomorphism of G-algebras

H?* (uc(g), k) = indg S*(u*) = k[N].
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Results 7= 1

Assume that one of the following conditions is satisfied:
@ b is of type A, or type D,,, and n > p+ 2,
Q b isof type A, and £ > n—+4, or
© & is of type D, and £ > 4n.

Then H*(U¢(Gy), k) is a Noetherian algebra.
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Results 7= 1

Assume that one of the following conditions is satisfied:
Q@ O is of type A, or type Dy, and n > p + 2,
Q b isof type A, and £ > n—+4, or
© & is of type D, and £ > 4n.

Then H*(U¢(Gy), k) is a Noetherian algebra.

| A

Proof.
There exists a spectral sequence converging to H*(U¢(Gy), k) with

Ey = H(U(G1)//uc(e), H (uc(9), k) = H'(G1, H(Gr, k) Y)

Now R = E3**P consists of permanent cycles, hence Ey® = H*(Gy, k) and
R generate a Noetherian subalgebra of permanent cycles over which E5**
is a Noetherian module. Ol

v
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Results Borel subalgebras

Assume ¢ is odd and coprime to 3 if ® has type Gp. Let r > 1. Then
H*(U:(Uy), k) is a Noetherian algebra.
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Results Borel subalgebras

Assume ¢ is odd and coprime to 3 if ® has type Gp. Let r > 1. Then
H*(U:(Uy), k) is a Noetherian algebra.

| A

Proof.

There exists a multiplicative filtration on Ug(U;) such that
H®(gr Uc(Ur), k) = A2, ® S*(R*). In the spectral sequence

Ey) = H™ (gr Uc(Uy), k) iy = HH(U(Ur), k),

the subalgebra S®(R*) consists of permanent cycles. O

A\
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Results Borel subalgebras

Assume ¢ is odd and coprime to 3 if ® has type Gp. Let r > 1. Then
H*(U:(Uy), k) is a Noetherian algebra.

There exists a multiplicative filtration on Ug(U;) such that
H®(gr Uc(Ur), k) = A2, ® S*(R*). In the spectral sequence

Ey) = H™ (gr Uc(Uy), k) iy = HH(U(Ur), k),

the subalgebra S®(R*) consists of permanent cycles. O

H*(Ue(By), k) = H*(Uc(U,), k)Y(T") is Noetherian.
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Further Questions

Q Is H*(U¢(Gy), k) always a Noetherian algebra?
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Further Questions

Q Is H*(U¢(Gy), k) always a Noetherian algebra?
@ Is H*(U¢(G,), k) always a Noetherian algebra?
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