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2 Modules

Proposition. Suppose A;, Ay, A €5 M, and suppose A; &+ A B A, and 4; 2 A & A,

are morphisms satisfying m¢1 = i4,, Tows = i4,, and @17 + @ame = 4. Then om = 0,
p1me = 0, and A is both a product and a coproduct of A; and As.

We have the following isomorphisms:

I

Hom(A, [[B:)
Hom(®A;, B)

[[Hom(A, B;)
[[Hom(A;, B)

Il

Proposition. Suppose B €z M. Then
1. R® B = B as abelian groups.
2. (R/I)® B=B/IBif I C R is a right ideal.
Theorem. Suppose A € My, B € gM, and G € Ab. Then, as abelian groups,
Homyz(A ® B,G) = Hompg (B, Homy(A, G))
This isomorphism is natural in A, B adn G.

Proposition (5-Lemma). Suppose

Al f1 AQ f2 A5 f3 A4 fa A5

[ e e e

Bl g1 BQ g2 N 33 g3 B4 94 B5

is commutative with exact rows, and suppose
1. ¢y and ¢4 are isomorphisms
2. 1 is onto, and
3. 5 1s injective.
Then 3 is an isomorphism.
Proposition.
1. If A €g M, then Hom(A, e) is left exact.
2. If A € Mg, then Hom(e, A) is left exact.
3. If A€ Mg, then A® is right exact.
Definition.

1. Suppose A € M. A is projective if Hom(A, @) is an exact functor.
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2. Suppose A € Mg. A is injective if Hom(e, A) is an exact functor.

3. Suppose A € Mg. Ais flat if A® is an exact functor.
Proposition.

1. €p A; is projective if and only if each A; is projective.
2. [] A; is injective if and only if each A; is injective.
3. @ A, is flat if and only if each A; is flat.

Proposition. Suppose E € gM. Then E is injective if and only if a filler g exists for every
diagram
0——I——

1%
E
where [ is a left ideal in R.
Recall that E is divisible if for every right nonzero divisor a, aF = FE.
Corollary. Suppose R is a PID, and suppose E € gM is divisible. Then F is injective.

Theorem. Suppose A € Mg is flat, and suppose G € ;M is injective. Then Homyz(A, G) is
injective in g M.

Corollary (Enough Injectives). If A € g M, then there exists an injective £ € gM and an
injection A — E.

E is injective if and only if F is an absolute direct summand.
Proposition. R is left Noetherian if and only if every direct sum of injectives in g M is
injective.
Exercise. Suppose F' is an exact functor. Then F' takes any exact sequence A — B — ('
to an exact sequence.

Exercise. Any injective module is divisible.

Exercise (Flat test lemma). Suppose A € Mp. Then A is flat if and only if A® I — Al is
one-to-one for every finitely generated left ideal I.

Exercise. Suppose R is a PID. Then A is flat if and only if A is torsion free.

Exercise (Short 5-Lemma). Suppose we have a commutative diagram

in g M with exact rows. Then

1. If n and ¢ are one-to-one, then so is 1.

2. If n and ¢ are onto, then so is .



3 Ext and Tor

Call the sequence
AL BZC
a complex if dd = 0. The homology of the complex is ker 9/im d. Suppose

A0

bbb

A B
commutes, with rows that are complexes. Set H = ker 0/ imd, and H' = ker &'/ im d’. Define
Yy H— H' by ¥(x +1imd) = ¢(x) +imd'. Suppose also that

A—t,sp-—2.¢

.
d o

A/ 3 B/ 5 Cl

also commutes. then ¢, = . if 1,9’ are chain homotopic, that is, if there exist maps
D:B— A"and A : C — B’ such that v — ' = d'D + A0.

Proposition. Suppose B, B’ € g M, and ¢ € Hom(B, B’). Suppose (P,,d,) is a projective
resolution of B, and (P/,d!) is a projective resolution of B’. Then there exist fillers ¢,, €
Hom(P,, P,) making

dn+1 dn dy T
o —— P P, P P B 0
I I | I I
| Pn+1 I ¥n 1 I Yo (K2
+ ’ 4 N U 4
d d’ d ’ +
/ n+1 / n / 1 / ™ /
s P P P BT B

commutative. Further, if ¢! € Hom(P,, P!) are also fillers, than ¢,, and ¢/, are homotopic.
Definition. Let A € Mg, B,C € gM.

1. Apply A® to any projective resolution of B. The n-th homology of this complex,
ker(A ® d,)/im(A ® dpy1), is (isomorphic to) Tor? (A, B).

2. Apply Hompg(e, C') to any projective resolution of B. The n-th homology of this com-
plex is Ext’y (B, C).

Proposition. If A € Mg, B,C € gM, then
1. Torg(A,B) =2 A® B
2. Ext®(B,C) = Hom(B, O)

3. Tor,(A, B) =0 if A is flat or B is projective, n > 1.
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4. Ext"(B,C) = 0 if B is projective of C' is injective, n > 1.

Theorem. Suppose
0-cHc % -0
is a short exact sequence of chain complexes. Then there exist maps 6, : H,(C") — H,_1(C)

such that

N\ Ont1 Hy n Hn " n
s Hyn (€5 Hy ) ™m0 ™Y )

is exact. Moreoever, the sequence of maps is natural.
Theorem.

1. (First Long Exact Sequence for Tor) Suppose 0 — A — A" — A” — 0 is short exact
in Mg. Then for all B € gpM, there is a long exact sequence

- — Tor,,1 (A", B) ontt Tor, (A, B) — Tor,(A’, B) — Tor, (A", B) o Tor,_1(A, B) —
= A®B—-A®B—-A"®B—0

2. (First Long Exact Sequence for Ext) Suppose 0 — C' — " — C” — 0 is short exact
in gM. Then for all B € gkM, there is a long exact sequence

- Ext"™ (B, C) « Ext"(B, ") « Ext"(B,C’) «+ Ext"(B, C) « Ext" (B, C") «
-« Hom(B,C") « Hom(B,(C") « Hom(B,C) <« 0

Corollary. Suppose 0 — A — F — A’ — 0 is short exact in Mg with F' flat. Then
Tor, (A, B) = Tor,1(A’, B) for all b € gkM and n > 1.

Corollary. Suppose 0 — C — E — (' — 0 is short exact in g M with E injective. Then
Ext™(B,C") = Ext"™(B,C) for all B € kM and n > 1.

Corollary. Suppose B € rM and suppose Tor;(R/I, B) = 0 for every finitely generated
right ideal /. Then B is flat.

Corollary. Suppose B € gM. The following are equivalent:
1. B is projective.
2. For all C € gM and n > 1, Ext"(B,C) = 0.
3. For all c € gk M, Ext!(B,C) = 0.

Theorem. Tor, (A, B) is isomorphic of the n-th homology of a flat resolution of A, ten-
sored with B (and A ® B deleted). Futhermore, the isomorphism is natural in that if
¢ € Hom(B, B’), the an appropriate diagram involving Tor,, (A, ¢) commutes.

Theorem. Ext"(B, () is isomorphic to the n-th homology of Hom(B,e) applied to an
injective resolution of C' (and Hom(B, C') deleted). Furthermore, the isomorphism is natural
in that if ¢ € Hom(B, B’), then an appropriate diagram involving Ext" (¢, C') commutes.
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Proposition (Second Long Exact Sequence for Ext). Suppose 0 - B — B’ — B” — 0 is
short exact in g M, and suppose C' € gkM. Then there is a long exact sequence

o Ext"(B",C) « Ext"(B, C) « Ext"(B’,C) « Ext"(B",C) « Ext" (B, C) «
-+« Hom(B,C) «— Hom(B',C) « Hom(B",C) < 0

Corollary. Suppose 0 — B — P — B” — 0 is short exact in g M, with P projective. Then
Ext"(B,C) = Ext""(B’,C) for all C € gkM and n > 1.

Corollary. Suppose C' € g M. The following are equivalent:
1. C is injective.
2. Ext"(B,C) =0 for all B € gM and n > 1.
3. Ext'(R/I,C) =0 for all left ideals I.

Example. Ext}(Q,Z) = R (as groups).

Proposition. Tor’(A, B) = Tor®™ (B, A)

Corollary (Second Long Exact Sequence for Tor). If 0 — B — B’ — B” — 0 is short
exact, then there is a long exact sequence

-+ — Tor,,1(A, B") s Tor, (A, B) — Tor, (A, B") — Tor, (A, B") o Tor,,_1(A, B) —
> A®B—A®B - A"®@B"—0
Corollary. Suppose A € Mg. Then the following are equivalent:
1. A is flat.
2. Tor®(A,B) =0 for all B € kM and n > 1.
3. Torf(A, R/I) = 0 for every finitely generated left ideal 1.
Corollary. Suppose B € gM. The following are equivalent:
1. B is flat.
2. Tor®(A,B) =0 for all A€ Mg and n > 1.
3. Torf(R/J, B) = 0 for every finitely generated right ideal .J.

Corollary. Suppose 0 — B — F — B’ — 0 is short exact in gM with F' flat. Then
Tor, (A, B) = Tor,+1(A, B') for all A € Mg and n > 1.

Corollary. Tor’ (A, B) can be computed from any flat resolution of B.

Exercise. If Exty(B,C) = 0, then any short exact sequence 0 — C — X — B — 0 splits.



Exercise. Suppose [ is a left ideal and J is a right ideal. Then
1. Tor,(R/J,R/I) = Tor,_o(J,I) for n > 2.
2. Tory(R/J,R/I) = ker (J @I — JI)
3. Tory(R/J,R/I) = (JN1)/(JI).

Exercise. Suppose B is an abelian group, and let T'(B) denote its torsion subgroup (sub-
group of elements of finite order). Then T(B) = Tor”(Q/Z, B).

Exercise.
1. Ext"(®:B;,C) =[], Ext"(B;, C)
2. Ext™(B, ][, C:) = [, Ext"(B,C))
3. Tor, (A, @B;) = @, Tor,(A, B;)

Exercise (Algebraic Mayer-Vietoris Sequence). Suppose By, By are submodules of B € g M.
Let C' € gM. Then there exists a long exact sequence

— Ext"™(B1+By, C) «+ Ext"(BiNBy, C) «— Ext"(B;, C)®Ext"(Bsy, C) « Ext"(B;+B,, C) «

-+« Hom(B; N By, C') «+— Hom(By, C) & Hom(Bs, C) < Hom(B; + By, C) < 0



4 Dimension Theory
Definition.

1. Let B € M. The projective dimension of B is

P-dim B = inf {n > 0 : Ext"*'(B,e) = 0}

2. Let C € gM. The injective dimension of C' is

[-dim C = inf {n > 0: Ext"*'(e,C) = 0}

3. Let B € gM. The flat dimension of B is

F-dim B = inf {n > 0 : Tor,,(e, B) = 0}

4. The left global dimension of R is

LG-dim R =sup{P-dim B : B € gpM}

5. The right global dimension of R is

RG-dim R =sup{P-dimA: A € Mg}

6. The (left) weak dimension of R is

W-dim R =sup F-dim B : B € g M

Proposition.
1. LG-dim R =inf {n > 0: Ext""'(e,0) =0} =sup {I-dimC : C € zM}.
2. W—dim R =inf{n >0: Tor, (e,e) =0} =sup{F-dim A : A € My}.

Proposition. Suppose 0 - D — Ly — Ly — --- — L, — D' — 0 is exact in kM and
d > 0.

1. If P-dim L; < d for all j, then Ext*(D,C) = Ext"™"(D’, C) for all C € pM and k > d.

2. If I-dim L; < d for all j, then Ext*(B, D) = Ext**!(B, D) for all B € kM and k > d.

3. If F-dim L; < d for all j, then Tory(A, D) = Toryy,(A, D) for all A € My and k > d.
Corollary. Suppose 0 — Q,, — Q1 — -+ — Q1 — Qg — B — 0 is short exact in gM.

1. If P~dim@; < d for all j, then P-dim B < d +n.

2. If F-dimQ; <d for all j, then F'~dim B < d + n.



Given a projective (or flat) resolution (P, dx) of B € gM and projection 7 : Py — B, set
Ky =B, K; =kerm and K,, = kerd,,_; if n > 2. Call K,, the n-th kernel of the projective
(or flat) resolution (P, dy).

Proposition (Projective Dimension Theorem). Suppose B € gM. The following are equiv-
alent:

1. P-dim B <n.

2. The n-th kernel of any projective resolution of B is projective.

3. There exists a projective resolution of B whose n-th kernel is projective.

4. There exists a projective resolution (Py,dy) of B for which P, = 0 when k > n.
Proposition (Flat Dimension Theorem). Suppose B € gk M. The following are equivalent:

1. F-dim B <n.

2. Tor,1(R/I, B) = 0 for all finitely generated right ideals I.

3. The n-th kernel of any flat resolution of B is flat.

4. There exists a flat resolution of B whose n-th kernel is flat.

5. There exists a flat resolution (Fy,dy) of B for which Fy = 0 when k > n.
Corollary. For all B € gM, F-dim B < P-dim B.
Corollary. LG—dim R > W—dim R and RG—-dim R > W—-dim R.

Given an injective resolution (Ej,dy) of C' € gM and inclusion ¢ : C' — Ey, set Dy = C
and D, =imd, if n > 1. Call D,, the n-th cokernel of the injective resolution.

Proposition (Injective Dimension Theorem). Suppose C' € g M. The following are equiva-
lent:

1. I-dimC < n.
2. BExt"™(R/I,C) = 0 for all left ideals I.
3. The n-th cokernel of any injective resolution of C' is injective.
4. There exists an injective resolution of C' whose n-th cokernel is injective.
5. There exists an injective resolution (Ej, dy) of C' for which Ej = 0 when k > n.
Proposition (Global Dimension Theorem).
LG—dim R = sup {P-dim(R/I) : I a left ideal}

Corollary. If LG-dim R > 0, then LG-dim R = 1+ sup {P-dim I : [ a left ideal}.



Corollary. LG—dim R <1 if and only if every left ideal is projective.
Corollary. If R is a PID, then LG-dim R < 1.
Proposition (Weak Dimension Theorem).

W—-dim R = sup{F-dim(R/I): I a finitely generated right ideal}
= sup{F-dim(R/I) : I a finitely generated left ideal}

Corollary. If W—-dim R > 0, then

W-dimR = 1+sup{F-dim/: [ a finitely generated right ideal}
= 1l+sup{F-dim1 : I a finitely generated left ideal}

Suppose B € gM, and set B* = Hompg(B, R). Then B* € My. Let C € gM. Then we
have a natural map B* ®p C' — Hompg(B, C) that satisfies f @ ¢ — ¢, where ¢(b) = f(b)c.

Proposition (Projective Basis Theorem). Suppose P € g M. The following are equivalent:
1. P is projective.

2. If P is generated by {s; : ¢ € I}, then there exist ¢; € P* i € I, such that for all z € P,
{i € I:¢;(x)#0} is finite, and = ) p;(x)s;.

3. There exists a generating set {s; : ¢ € I} of P for which there exist ¢; € P*,i € I, such
that for all x € P, {i € I : ¢;(x) # 0} is finite, and = ) ¢;(x)s;.

Corollary. Suppose P is finitely generated. Then P is projective if and only if the image
of the natural map P* ® P — Hom(P, P) contains i,.

Note that R* = R, so that R* ® C' = C = Hompg(R, C) for any C' € gM. then for any
finitely generated free R-module F', F* @ C' = Hom(F, C).

Suppose B € rM is finitely generated. B is finitely presented provided there exists a
free module F' and a surjective map 7 : ' — B such that ker 7 is also finitely generated.

Proposition. Suppose B € g M is flat, and suppose C' € g M is finitely presented. Then
C* ® B — Hom(C, B) is an isomorphism.

Theorem. Suppose P € g M is finitely generated. The following are equivalent:
1. P is projective.
2. P is flat and finitely presnted.
3. The natural map from P* ® P to Hom(P, P) is an isomorphism.
4. The image of the natural map from P* ® P to Hom(P, P) contains ip.

If R is left Noetherian and B € M is finitely generated, then B has a projective
resolution consisting of finitely generated free modules. The n-th kernel of such a resolution
will be finitely presented. Hence, it will be projective exactly when it is flat.
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Proposition. Suppose R is left Noetherian, and suppose B is a finitely generated left R-
module. Then P-dim B = F-dim B.

Corollary. Suppose R is left Noetherian. Then LG—dim R = W—-dim R.
Corollary. Suppose R is both right and left Noetherian. Then LG—dim R = RG—dim R.

Call an integral domain R a Dedekind domain if R has global dimension < 1. Every
ideal I in a Dedekind domain is projective.

Proposition. Suppose R is commutative, and [ is a projective ideal containing a nonzero
divisor b. Then [ is finitely generated, say by si,...,s,. Further, there exist by,...,b, € R
such that, for all j, B | xb; for all x € I, and = ) ((xb;)/b) s;. In particular, if R is an
integral domain, than any projective ideal is finitely generated; hence, any Dedekind domain
is Noetherian.

Theorem (Artin—-Wedderburn Structure Theorem). Suppose R is a ring. The following are
equivalent:

1. LG-dim R = 0.
2. Every left R-module is projective.
3. Every right R-module is injective.
4. Every left R-module is semisimple.
5. Every short exact sequence of left R-modules splits.
6. Every left ideal is injective.
7. Every maximal left ideal is injective.
8. Every maximal left ideal is a direct summand of R.
9. For every left ideal I, R/I is projective.
10. Every simple left R-module is projective.
11. R is semisimple as a left R-module.
12. R is a finite direct sum of matrix rings over division rings.

Definition (von Neumann). If R is a ring, then R is regular if, for all a € R, there exists
r € R such that a = ara.

Lemma. Suppose R is a ring an [ is a left ideal. Then [ is a direct summand of R if and
only if I is principal and generated by an idempotent.

Lemma. Suppose R is regular. Then every finitely generated left ideal is principal (and
generated by an idempotent).
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A regular integral domain is a field.

Theorem (Weak Dimension Zero Characterization). Suppose R is a ring. The following
conditions are equivalent:

1. W-dimR =0
2. Every left R module is flat.
3. For every finitely generated left ideal I, R/I is projective.

4. Tory(R/J,R/I) = 0 for every finitely generated right ideal J and every finitely gener-
ated left ideal 1.

5. Tory(R/aR, R/Ra) for every a € R.

6. R is regular.

An integral domain in which every finitely generated ideal is principal is called a Bezout
domain. Suppose R is a Bezout domain. Then every principal ideal in R is isomorphic to R,
hence projective, hence flat. Thus a Bezout domain has weak dimension less than or equal
to one. Any Bezout domain which is not a field has weak dimension one.

Exercise. Suppose 0 — B — B’ — B” — 0 is short exact in gkM and suppose P—dim B >
P-dim B’ or P-dim B” > 1+ P-dim B’. Then P-dim B” =1+ P-dim B.

Exercise. If 0 - K; — P, — B — 0 are short exact for ¢ = 1,2, with P; projective, then
Ki®o PR =Ky ® Py

Exercise. Suppose B is finitely presented, and suppose P is projective and finitely generated,
with 0 - K — P — B — 0 short exact. Then K is finitely generated.

Exercise. A ring R is Boolean if 2 = 22 for all z € R.

1. Any Boolean ring R is commutative.

2. Any Boolean ring is regular.

3. Any finite Boolean ring is isomorphic to a (finite) direct sum of copies of Zs.
Exercise. Let R = [[°, Z,. Then R is a Boolean ring, hence regular. Let I = @22, Z,.

1. I is projective but not finitely generated.

2. R/I is flat and finitely generated, but neither finitely presented nor projective.

3. LG-dim R > W-dim R.

Exercise. Suppose P is projective and finitely generated in zgM, and suppose C' € rM.
Then P* ® C'— Hom(P, (') is an isomorphism.

Exercise. Suppose P-dim B = N > n. Then the n-th kernel of any projective resolution
of B has projective dimension N — n.
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5 Change of Rings

Theorem. Suppose F' : ¢M — rM is an exact, strongly additive covariant functor. Then
forall B € ¢M,

1. P-dimg F(B) < P-dimg B + P-dimpg F(S)
2. F-dimp F(B) < P-dimg B + F- dimp F(S)

If B € rM, and if B’ is a submodule of B, define the “Supremal projective dimension”
of (B', B) as follows:

SP-dim(B’, B) = sup{P-dim C : C' D B’ is a submodule of B}
Proposition. Suppose B € pM, B’ is a submodule of B, and B” is a submodle of B’. Then
SP-dim(B", B) = max {SP-dim(B", B'), SP-dim(B’, B)}

Corollary. If LG-dim R >0,and 0 =1y D Iy D --- D I, = R is a chain of left ideals in R,
then LG-dim R =1+ max {SP-dim(l;_1,1;): j=1,...,n}.

Proposition. Suppose B,C € zrM. Then
SP-dim(B & C) = max {SP-dim B, SP—dim C'}

Corollary. If LG-dim R > 0, and if R = I; ® --- & [, is a direct sum of left ideals, then
LG-dim R =14+ max{SP-dim/;:j=1,...,n}.

Proposition. Suppose ¢ : R — Ris a surjective ring homomorphism and suppose R is
R-projective. Then P-dim zpB = P—dim 3B for all B € 3 M.

Theorem. For any ring R, and any positive integer n, LG—dim R = LG—dim M, (R).

Proposition. Suppose a is central in R, and a is neither a unit nor a zero divisor. Set
R = R/Ra. Suppose B is a nonzero R-module with finite projective dimension as an R-
module. Then

P-dimg B =1+ P-dimy B

Corollary. Suppose a is central in R, and a is neither a unit nor a zero divisor. Set

R= R/Ra, and suppose LG— dim R < 0o. Then LG—dim R > 1 + LG—dim R.
Corollary. If LG-dim R < oo, then LG—dim R[z] > 1 + LG—dim R.
Given B € gpM, set Blz| = R[z] ®r B.
Proposition. For all B € gM, P-dimpgy, Blz] = P-dimg B.
Theorem. If R is any ring, then LG-dim R[z] = 1 + LG—dim R.

Corollary. If K is a field, then LG—dim K[xq,. .., z,] = n.
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Call a multiplicatively closed subset S C R admissible if 0 ¢ S and 1 € S.

Proposition. Suppose R is a commutative ring, and S is an admissible subset of R. Suppose
B € M. Then

1. S'B~ S'R®p B.
2. S7'R is flat as an R-module.
Call a functor strongly additive if F(®;B;) = @&,;F(B;) for any indexed family in g M.

Corollary. Suppose R is a commutative ring and S is an admissible subset of R. Then the
map B +— S7!B is an exact, strongly additive covariant functor.
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