SINGULAR POLYNOMIALS FOR THE SYMMETRIC GROUPS

CHARLES F. DUNKL

ABSTRACT. For certain negative rational numbers kg, called singular values,
and associated with the symmetric group Sy on N objects, there exist homo-
geneous polynomials annihilated by each Dunkl operator when the parameter
Kk = Ko. It was shown by the author, de Jeu and Opdam (Trans. Amer. Math.
Soc. 346 (1994), 237-256) that the singular values are exactly the values —7*
with 2<n < N,m=1,2,... and % is not an integer. This paper constructs
for each pair (m,n) satisfying these conditions an irreducible Sx-module of

singular polynomials for the singular value f%. The module is of isotype

(n —1,(n1 — 1)} ,p) where n1 = n/ged(m,n), p=N—(n—1)—1(n1 —1)
and 1 < p < n; — 1. The singular polynomials are special cases of nonsym-
metric Jack polynomials. The paper presents some formulae for the action of
Dunkl operators on these polynomials valid in general, and a method for show-
ing the dependence of poles (in the parameter k) on the number of variables.
Murphy elements are used to analyze the representation of Sx on irreducible
spaces of singular polynomials.

1. INTRODUCTION

We will construct polynomials on RY which are annihilated by each Dunkl opera-
tor associated with the symmetric group Sy, acting by permutation of coordinates,
when the parameter takes on a singular value —* with 2 <n < N and —™ ¢ Z.
The group Sy is considered as the finite reflection group of type Ay_1. Let Ny
denote {0,1,2,3,...}; for a € N}¥ (called a “composition”) let |a| = Zfil a; and
define the monomial z® to be Hfil x5 its degree is |a|. The length of a com-
position is £(a) = max{j:a; >0}. For 1 < i < N let (i) € N} denote the

standard basis element, that is, € (i); = d;;. Consider elements of Sy as functions

on {1,2,...,N} then for z € RN and w € Sy let (zw), = Ty for 1 < i < Nj
and extend this action to polynomials by wf () = f(xw). This has the effect
that monomials transform to monomials, w (z®) = 2 where (wa); = a,,-1(;) for
a € N). (Consider  as a row vector, a as a column vector, and w as a permu-
tation matrix, with 1I’s at the (w (j),7) entries.) The reflections in Sy are the
transpositions, denoted by (¢, j) for ¢ # j, interchanging z; and z;.

In [4] the author constructed for each finite reflection group a parametrized com-
mutative algebra of differential-difference operators. Let x be a formal parameter,
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that is, Q (k) is a transcendental extension of Q. For the symmetric group the
operators are defined as follows:

Definition 1. For any polynomial f on RY and 1 <i < N let

Dif (z) = 81‘1 Z fla) = (@) f(z)

—x;
J#i J

The polynomials under consideration are elements of spang, {x ca e NY } It
was shown in [4] that D;D; = D;D; for 1 <4,j < N and each D; Inapb homogeneous
polynomials to homogeneous polynomials. A specific numerical parameter value
Ko is sald to be a singular value (associated with Sy) if there exists a nonzero
polynomial p such that D;p = 0 for 1 <4 < N when k is specialized to kg, and p
is called a smgular polynomial. It was shown in [7] that the singular values are the
numbers —Z where n = 2,...,N, j € Nand Z ¢ Z. The space of homogeneous
polynomials of degree n, denoted by Py, is spanQ(K {x"‘ ca e Ny, Ja| = n} The

set of partitions of length < N is denoted by N(I)V’P and consists of all A € N}’ such
that \; > A\jyq for 1 < i < N — 1. When writing partitions it is customary to
suppress trailing zeros and to use exponents to indicate multiplicity, for example
(5,23) is the same as (5,2,2,2,0) € Ng’P. The irreducible representations of Sy

are labeled by partitions of N (that is, 7 € NéV’P and || = N) and we say a
polynomial f is of isotype 7 if f is an element of an irreducible Sy-submodule of
P,, on which the representation 7 is realized. It was conjectured in [7] that the two-
part representations (u, N — u) (with 2 > N) give rise to singular polynomials
for the singular values — % with ged (m, p+1) < “H (this was shown in [5]),
and the representations (s (,u +1) =1, ..., 1y p) for s, u € N give rise to singular
polynomials for the singular values — 5 with ged (m, w+1) = 1. The latter is
the main topic of this paper. For example, the singular values —% for N = 10 are
associated with the isotypes (5, 5) for m = 1,5mod 6, (5,2,2, 1) for m = 2,4mod 6,
and (5, 15) for m = 3mod 6.

In the rest of this introduction we present definitions and key properties of non-
symmetric Jack polynomials, hook-length products for Ferrers diagrams, and the
fundamental partial order on compositions. Section 2 contains detailed formulae
for the action of {D;} on the polynomials, with emphasis on the poles. The con-
struction of singular polynomials is presented in Section 3, and there is a key result
on the absence of certain poles when the number of variables (that is, N) is small
enough. Murphy’s construction [13] of the seminormal representations of Sy is used
in Section 4 to analyze the irreducible Sy-modules generated by singular polyno-
mials. The conclusion in Section 5 concisely displays the correspondence between
pairs (m,n),2 <n < N,™ ¢ 7 and singular polynomials for x = —2*, and also
considers modules of the spec1ahzat10ns of the rational Cherednik algebra, defined
in terms of singular polynomials.

Our construction will be in terms of nonsymmetric Jack polynomials. Since
these have coefficients in Q (k) with poles at negative rational values of it will
be important to be precise about these poles. Any further reference to poles will
be with respect to k. The related commutative algebra of self-adjoint operators is
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generated by
Z/{zf() szf _52‘77 1<7’<N

(this differs by an additive constant from the notation in [8, Ch.8]). The operators
act in a triangular manner on monomials.

Definition 2. For a € N} let at denote the unique partition such that a* = wa
for some w € Sy. For a ﬁ € NY¥ the partial order a = B (o dominates 3) means
that o # 3 andzl 10 > ZZ 1 Bi for1 <j < N;and a > [ means that |a| = |B]
and either a™ = Bt or at = BT and o = B. The notations o = B and a > 8
include the case that o = 3.

Acting on the monomial basis of P,, the operators U; have on-diagonal coefficients
involving the following “rank” function on N}'. We denote the cardinality of a set
E by #FE.

Definition 3. For a eNéV and 1 <7< N let
r(a,i) =#{jra; >} +#{j:1<j<d,05 =i},
&(a) = (N —r(ai)k+a; + 1.

Clearly for a fixed a € NJ' the values {r(a,i):1 <4< N} consist of all of
{1,..., N}, are independent of trailing zeros (that is, if o’ € N}, o} = «; for
1<i<Nandda,=0for N<i<M thenr(a,i)=r(a/,i) for 1 <i < N), and
o € N if and only if r (v, i) = i for all 4. Then (see [8, p.291]) Usz®™ = & () 2 +
u.i (7) where g, ; (x) is a sum of terms +xz” with a > 3. The nonsymmetric Jack
polynomials are the simultaneous eigenvectors of {U; : 1 <4 < N}, well-defined for
generic £. Opdam [14, p.83] discovered and studied them in the wider framework
of polynomials associated to crystallographic root systems. There are two useful
normalizations of these polynomials, one is “monic in z” the other is “monic in p”.
The p-basis is defined by the generating function

N

-1
Z Do (7)) y* = H ) H —zy;)" " |, for n::;x|xl| ly;| < 1.

aeNy i=1

In contrast to the monomial basis U;pa = & (@) pa + q;,; Where g, ; is a sum of
terms +xpg with 8> « (and £(8) < £(«)), (see [8, Prop. 8.4.11]).

Definition 4. For a € N} let ., (% denote the p-monic and z-monic, respectively,
stmultaneous eigenvectors, that is, Uiy = &; (@) (o, UiCE =& () (Z for 1 <i < N
and (o = Pa Y0 o Apalps € =2+ 2,0 A% aP with coefficients Aga, A%, €
Q (k).

Suppose that £ (o)) = m for some m > 1 then the coeflicients Ag, do not depend
on N > m (and Ag, # 0 implies £(3) < m); on the other hand, if 8 € N}’ and
£(B) < m then A%a does not depend on N > m (that is, if N > M > m then the
projection of RY onto RM setting zp;+1 = ... = xx = 0 and annihilating the terms
Aﬁaxﬁ with 3; # 0 for some i > M (£(3) > m), produces the R™-polynomial. The

relation between the two types involves hook-length products. Suppose A\ € Név P
and £ (A) = m; the Ferrers diagram of A is the set {(¢,7): 1 <i<m,1 <j < \}.
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Each node (,7) has the arm {(i,1) : 5 <1< X\;} and the leg {(I,7): i <1,5 < N}
The node itself, the arm and the leg make up the hook. For ¢ € Q (k) the hook-
length, the hook-length product and generalized Pochhammer symbol for A are
given by

h(Atii,g) =N —j+t+r#{li<y, j<N})

m A
h(/\,t):HHh(A,t;i,j),
o
Oy =IT1I¢t-G-Dr+i-1).

The coordinate-wise notation for hook-lengths will appear in the context of special-
izations of  to negative rational numbers. The compositions o € N{¥ are associated
with the products

ER

ge(a):H{1+H(r(a,i)—r(a,j))—t—aj—ai :i<j7ai<aj},€::|:.

Note that the denominator is identical to &; (a)—&; (a) and & (A) = 1 for A € N7
Then (see [8, p.323]) for each a € NY
h(at,k+1)

COt :g'l‘ (Ot) & (a) h(CWL,].) C;

Also (o (1Y) = €- (a) (Nk+1),4 /h(a™,1). Knop and Sahi [11] by finding ex-
plicit combinatorial formulae in terms of tableaux established the key theorem that
h (A k+1)C}y is a polynomial with coefficients in Z [k]. However as N decreases
the set of k-poles of (§ also decreases, and specific results will be established and
used in the sequel (by [11, Cor. 4.7] the coefficient of @41 ... Zm4n In (§ is
nlk™/h (X, k4 1) where |A\| = n and £()\) = m; thus for m < N < m + n one
expects some poles to be omitted). An obvious sufficient condition for the presence
of a pole in ¢} for given N is its presence in (¥ (lN) =(Nk+1), /h(A\c+1).

We can now state our main results: for each isotype 7 and singular value kg
the corresponding singular polynomials form the Sy-module generated by (3} for a
certain A, that is, spang {w(y : w € Sn}; (in fact a basis will be specified in terms
of reverse lattice permutations of A)

— iy with ged (m,p+1) < ;;%L, let A =
(mN*“, 0”) (that is, m is repeated N — u times followed by u zeros)

e for 7 = (s(u+1)+p,pul,p) where I > 1,5 > 0, and 1 < p < p (so
that N = (s+1+1)p+ s+ p), ko = — 77 with ged (m, p+1) = 1, let
A=(m(s+1+1), (m(s+0)",...,(m(s+1)", 05mFD+r),

For example, let N = 10,7 = (5,2,2,1),k0 = —% and gcd(m,3) = 1, then
A= (4m,3m,3m,2m, 2m,05). The singular polynomials for N = 2k + 1,7 =
(2k-1,1,1), kg = =%, A = (m(k+1),mk) were found in [6] by a different
method (not suitable for the general problem).

o for 7 = (u,N—p), ko =

2. DIFFERENTIATION FORMULAE

This section contains expressions for D;(, in terms of {(g : || = |a| — 1}, valid
for generic k. There is some material dealing with z-monic polynomials, however
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the p-monic polynomials have somewhat simpler formulae. The basic step is the
formula for D,,(, where ¢ (a) = m, o € N ; further from properties of the p-basis
it follows that D;(, = 0 for i > m. The computation involves a cyclic shift. For 1 <
i <j < N let [i,j] denote the interval {k € Z : i < k < j} and let S [i, j] denote the
subgroup of Sy generated by {(i,i + 1), (i +1,i+2),...,(j — 1,7)} (isomorphic to
Sj41-i)-

Definition 5. For1 <m < N let 0,, = (1,2)(2,3)...(m—1,m) € Sy, and ifa €
NY satisfies £ (o) = m then & = 0,, (@ — & (m)) = (m — L1, -, Q_1,0,...).

Lemma 1. Suppose o € NYY satisfies (o) = m then (i) U160, Do =

(&m (@) = 1) 0, Dinla; (#) Ui0m Do = Eim1 (@) 0 Do for 1 < i < m, and (iii)
U0 DinCo = (N — i)k + 1) 0, Dy (o for i > m.

Proof. The commutation (2D — Dam) f = —f — £32;4,, (7,m) f ([8, p.290])
shows that

Dm-%'mDmCa = _DmCQ + Dm Dmmm — R Z (.7’ m) Ca — R Z Dm (.77 m) ga

j<m j>m
=D (gm (a) - 1) Ca

because D, (j,m) (o = (j,m)DjCs = 0 for j > m. Apply 6,, to the previous
equation to prove part (i) (since 6,, D,z = D1216,,). Next suppose that 1 < i <
m then 0, 'U;0,, = Di_17i_1 — Kk Z;;Ql (4,4 —1)—k (m,i—1). Apply this operator
to D, to obtain

no

7—

0, U0 DiCoo = Dy | Dicrzion — KZ (4,1 —=1) | Ca

j=1
+ Iﬁ;(Di,1 (Z — 1,m) - (m,i - 1) Dm)
=Dnéi-1 (@) Ca-

The computation uses the commutativity of D,, and D;_; and the commuta-
tion (;Dy — D) f = & (j,m) f ([8, p.290]) for j # m). This shows part
(ii). Similarly for i > m we have that 0,'U;0,, = U; and U;D,, — D, lh; =
k(D; (i,m) — (i,m) Dy, + Dy, (i, m)) = k (¢,m) D;. But D;(, = 0 for i > m and so
UDiCo = & (@) Dy and & (o) = (N —4) k + 1; proving part (iii). O

The following is used to pick out a coefficient in D,,,(,.-

Lemma 2. Suppose o, 3 € NY, |a| = |B] and £ (o) = £ (B) = m, if Da—e(m) appears
with a nonzero coefficient in the expansion of Dp,pg then either o = B or § < a.
If a = 8 then the coefficient is (N + 1 — 7 (a,m)) K + Q.

Proof. By Prop.8.4.3 [8, p.294]

Dipp = (N —#{j : Bj = B} + 1) £+ Bm) Pp—c(m)
+6 Y {py iy =B+mne(m)— (n+1)e(j), max (0,8 — fm) <n < B — 1,§ # m}
—5Y {py v =B—(+1)e(m)+ne(j),max (1,8 — B;) <n < B — 1,5 #m}.

If 5 = « then the coefficient of po—c,, is (N —r(a,m)+ 1)k + apn; note that
J > m implies a; = 0 < ayp. If po_c(m) has the coefficient s then 8 = o —
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(n+1) (e (m) —e(j)) and the restrictions are equivalent to 0 < n < a,, — o; — 2
(for some j # m) ; thus n+ 1 < a,, — a; and ST < o™ by Lemma 8.2.3(iv) [8,
p.289]. If po_c(m) has the coefficient —x then § = o — n (e (j) — < (m)) and the
restrictions are equivalent to 1 < n < o — a,, (for some j #m). If n < oj —apy
then by the same lemma % < at. If n = a; — ayy, then f = (j,m)a and < «
because a; > ay, and j < m (using the hypothesis ¢ (a) = m ). Thus, if a #
then 8 < a. O

Theorem 1. Suppose o € N} and ¢ (a) = m, then
Do = ((N +1=7r(a,m)) £ + am) 0, G-

Proof. By Lemma 1, 6,,D,,(, is a simultaneous eigenvector of {{; : 1 <i < N}
with eigenvalues (&, (@) — 1,&1 (@), ... &m—1 (@), &mt1 (@) ,...). We claim these
are the eigenvalues for . Indeed r(a,1) = #{j:o; >y —1,j<m} +1 =
#{j:a; > am} = r(a,m). For any values «; different from a,, — 1 and 0 it is
obvious that 7 (e, i) = r (&, 4+ 1). Suppose for some i < m that a; = o, — 1 then

rla,i+)=#{j:oj>an—Lj<mt+#{j:j<i,aj =0, —1}+1

=#{j:a;j>an—17i<m}+#{j:j<i,0; =a,—1}
=r(a,1).

For i > m,obviously & (a) = & (a) = (N —i)k + 1. Thus 6,,D,,(n = (5 for
some constant ¢, which will be determined by finding the coefficient of 0, 'ps =
Pa—c(m) i Dimla. Since (o = pa + X 5., Apabs (and £(8) < m) we obtain
Diila = Dmpa + ZBDa AgaDmps. If pa_c(m) has a nonzero coefficient in D,,ps
then ¢ (8) = m (else 8, = 0 and D,,ps = 0) and by Lemma 2 § = a or § > a.
only the case 8 = « can occur and thus ¢ = (N + 1 —r (a,m)) k + Q. O

With the intention of using the theorem to compute arbitrary D;(\ with A €
Név P we observe that it suffices to consider the points of decrease, that is, A\; >
Ai+1,(the values of i for which A — € () is a partition) then apply the transpositions
(4,4 + 1) successively for j = i,i+1,...,£()\)—1, apply D,,, with a result involving
Co where @ = (A\; — 1, A1, .., Ai—1, Ait+1,...) (this is an over-simplification; actually
all the points of decrease between i and ¢ (A\) must be considered). Finally transform
Ca—e(i) t0 (o with another sequence of transpositions. As mentioned before it is
necessary to keep track of the k-poles occurring in these operations. The basic step
is the action of an adjacent transposition on (.

Proposition 1. Suppose a € NYY, and o; > a;11 for some i, then let o = (i,i+ 1)
anda =k ((r(a,i+1) =7 (i) K+ a; — Qig1) " then Coa = 0Ca—ale and (%, =

(0¢85 — adg)-

1—a?

The proof for the p-monic case is in Prop. 8.5.5 [8, p.301]; the proof for the z-
monic case can be deduced from the inverse of the p-monic formula and the equation
T = 0%, + al%, (arguing that ® does not appear in (7, since o > o). Note
that the denominator (r (c,i 4+ 1) — r (o, 1)) kK + a; — i1 = & (@) — 41 (). For
singular values of x it can happen that a = —1 implying that o¢? = —(%. We need
an extension of the proposition applying to the situation of several adjacent entries
of a being equal.
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Proposition 2. Suppose o € N} with a; = a > b = ajyj for 1 < j < s, where
1<i<i+s<N, then

s—1
C(i,i+8)a:(i?i+s)c(1_ (T(Oé,i-i-S)-T(OQi))KJ—f—CL-b 1+JZ:;(Z7Z+.]) Coc

Proof. Observe that (i,i+s)a = (...,b,...,b,a,...). The proof is by induction
on s and depends on the invariance of ¢, under the subgroup S [i + 1,7 + s]. Since
r(a,i+j)=r(a,i+1)+j—1for1<j<sletC=(r(a,i+1)—7r(a,i)—1)k+
a — b so that (r(a,i+j)—7(i)k+a—b=js+C, alsolet f; = (iitj)a
and ¢; = —ﬂ% . By Proposition 1 fj41 = (i+74,i+7+1) fj + ¢j+1f;. By the

inductive hypothesis f; = (4,7 + j) (o + ¢; (1 + Zi;ll (i,i+ k)) (o.Thus
fier=0+7i4+7+1) i+ ]) G+ ey (G +7) Ca
j—1
+ci (i +gi+7+1) +¢j) (HZ(LHk)) Ca
k=1
= (’L',Z-+j)€a+0j+1 (Z7l+.7)Ca

j—1
+¢ (1+Z(i,z’+k)> (GG + 4,0+ 5 +1) +cjp1) Ca
k=1 .
= (4,1 + J) Ca + ¢j41 (40 + §) Ca + ¢ (1 + ¢j41) <1+Z(i7i+k)> Ca-
k=1

By the invariance property of ¢, we have (i +j,i+j+ 1) (i,i 4+ J) (o =
(C+di+7+D)@i+7)G@+74,i+5+1)C = (i,i+ j) (s Furthermore

¢ (I4+¢jqr1) = By T=e (1 - jHJr';JrC) = ¢j4+1 and this completes the induction. [

There is a similar result for the opposite direction.

Proposition 3. Suppose o € N) with a;1;j =b > a = ;45 for0<j<s—1,
where 1 <i<i+s <N, then

s—1

1+ (i+4i+5) | Car

j=1

K
r(a,i+s)—r(ai)k+b—a

C(i,i+s)o¢ = (iai + 5) Ca— (

Proof. Proceeding similarly to the previous case, for 1 < j <s, r(a,i+s—j) =
r(a,i+s—1)+1—jandlet fj = ((iys—jits)a and
¢; = —k((r(a,i+s)—r(oei+s—1)—1+j)r+b— a)”'. Also (, is invariant
under S[i,¢ + s — 1]. The inductive step is based on
fiti=0+s—j5—1,i+s—j) fi+cjs1f; (and fo = (). The rest of the argument
is similar to the previous one and is omitted. (I
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To illustrate the basic step, apply D; s to both sides of the formula in Proposition
2 and obtain

Di+s<(i,i+s)o¢ = (7”2 + 3) Dz(a

s—1
K
B 1 L, 1 j Dz sSay
(r(a,i+s)—r(ai)k+a—> +j§(lal+]) +5G

DiCa = (1,7 + 5) DitsCijits)a

+(r(a,i+s)—r(a,i))n—|—a—

s—1
b(i7i+3) 1+Z(l,l+]) DiysCas
j=1

so that the index for D is increased (eventually to m).

Fix a partition \ € Név ’P, suppose that the parts of A have M distinct nonzero
values, the points of decrease are iy < i3 < ... < ip7, SO that A; is constant on
each interval i,_; < ¢ < 4; (interpret iy = 0, also let £(X) = m = ip;). For
1<j<k<Mlet

K
Cf'k = - . )
7 (Zk —Zj)li+)\ij _)\ik
ij+1—1
wj = 1+ Z (ij,T) € 7S [ij,ij+1 - 1],
r=ij+1

Zjke = (ip—1, 1) — Cijrwp—_1,

further let p(j,k) € NY¥ be the action on A by the cyclic shift on the interval
{igy o ovin ), that is p (4, k);, = Ay, p(J k) = Aigr for iy < <iip and p(j, k), = N

for i < i; or i > 4. Proposition 2 applies to the transformation of (i) to
Cu(j,k+1); note that v (u (5, k) ,ix) = i; and 7 (1 (4, k) ,ig41) = dkt1 thus (u(jrrr) =
2 k+1 Cu(jk)- The start of this recurrence is (,(; ;) = (x- The object is to express
any D;(y in terms of Dy, (), j = 1,..., M. It suffices to consider {DZ-]. Q} since
DiC)\ = (Z7ZJ)D17C)\ for ’L‘jfl <1< Z]

Lemma 3. Fork=1,..., M —j

DiniZiM - ZjM—k+1 = (Evr—1,90) (Ear—2, tar—-1) - - - A=k, iva—k+1) Diyy s,
k—1

- E Cinr—s (ing—1,0nr) -+ (EM—sy IM—s41) WM —s—12j,M—s—1 - - - Zj, M —k+1Dipr_, -
s=0

Proof. We proceed by induction. The formula is tautological for £ = 0. Also the
term in the sum with s = £ — 1 has no zj,, factors. Multiply the right hand side by
zj v~k on the right. For the first part, D;,, , ((tar—k—1,im—k) — Cj M-k WM —k—1) =
(tr—k=1tMm—k) Dipy oy — Cjmi—kwWr—k—1Ds,, , (since D;, commutes with w; for
n # j). For the second part, D;,, , commutes with z; ps—,. This completes the
induction. (]
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Set k = M — j in the lemma, apply the operator to ¢, and multiply both sides
of the identity by (i;,%j41) ... (iamr—1, ¢ar),yielding (replace s by M — s)

D;i;Cx = (i,8541) - - - (inr—1,i0r) Dy,

M
+ D Chs (isijan) - (smryis) Wem1Zjsm1 - 2551 D3 G
s=j+1
This identity is used starting with j = M — 1 and then decrementing j by 1 with
the result:
M
Di;Cn = (i5,9511) - - - (inr—1,501) DiCujoany + Z w5 sDmCu(s,m)>
s=j+1

where each u; s € RS [i1, m] and R is the Z-ring generated by {Cj 1 : 1 < j <k < M}.
To complete the analysis of Dy, (j,ar), for 0 < k < j let v (k,j) € N be the ac-
tion on A —e (4,) by the (reverse) cyclic shift on the interval {ix, + 1,...,4;}, that is
V(k’j)ik-H = /\ij —1, [L(j, k)z = >\i—1 for ik+1 <1 < ij and l/(k,j)l = /\L for 4 < ik
or i >14;. Alsolet v(j,j) = A—¢e(4);if i =ij_1 +1 then v(j—1,5) = v (4, J).
ForO<k<j—1<M let

= i
M (i =i — 1) R+ Ay, — A, + 17
Tk1
wh =1+ Y (rirer+1) € ZS i +2,ipp1 + 1],
r=ig+2
and if 7:]'71 < ’ij — 1 let
’ o K
J=L (’ij —’L'j,1 — 1)/{—&-1’
ij—1
w;;l =1+ Z (T, ij) ezS [2'3;1 + 27ij] .
r=i;_1+2

Proposition 3 applies to the transformation of ¢, ;) to (,(k—1,j); note that
r(w(k,j),ix+1) =i+ 1and r (v (k,j), k1) = ¢;. Thus
Sy = (-1 + L,35) = G105 1) G

(unless i; = i;_1 + 1 when (1 ;) = (u(;,;)) and

Cothrj) = ((ik + 1yikgr + 1) — Crywr) Cogir,))

for 0 < k < j —2. By Theorem 2 Dp,C,u(j,m) = 0, Cagjary where [i (3, M) = v (0, 5)
(that is, first the ¢;-entry of X is moved to the m-entry at the end, the action of Dy,
decrements A;; by 1 and moves it to the front, loosely speaking). In turn (g; ar)
can be expressed in terms of (,(; ;). The following is now established.

Theorem 2. Suppose A € NéV’P with points of increase i1 <o < ... <1iy =L (N),
let R be the Z-ring generated by {Cj : 1 < j <k < M}U{C,’Cj 0<k<j< M}U
Z and let \V) = X\ — ¢ (i;) € NéV’P, then fori;_1 <14 <i; with0<j <M,

M
Dilx =Y (N+1—is)r+ ) s,

s=j
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where each u;s € RS [1,m].

The Theorem exhibits the poles in the differentiation formula for the p-monic
polynomials. To convert this for use with x-monic polynomials multiply (y) by
(A1) R (A, k+1)) / (h (A, 1) h (X, k+ 1)), then the identity holds for ( re-
placed by (*. The details are not worked out since in general there is no significant
simplification. In the next section this calculation will be carried out for the singular
polynomials.

3. EXISTENCE OF SINGULAR POLYNOMIALS

In this section we will show for certain A € Név " and singular values xq that (¥
has no poles at & = k¢ and that D;({ = 0 for 1 < i < N. It turns out that for
m = £ (\) the last coefficient in the formula of Theorem 2 satisfies (N + 1 — m) ko +
Am = 0 and (\—c(m) has no poles at ko in general. For the terms of type (7., the
denominator expression h ()\(S), K+ 1) has a zero at k = ko but the pole (k — ko)
does not appear for the restriction to RV, and this is the key fact. We start with
the isotypes of two-part partitions (7 = (u, N — u)).

Proposition 4. Let ¥ < u < N, ged(m,p+1) < J‘GL_L, A = (mN7H) then

2

h(AM1),h(Mk+1),h(A—e(N —p),1) and h (A —e (N — p), 5+ 1) are nonzero

when evaluated at k = — <.

ptl
Proof. For1 <i < N—p,1 <j <mwehaveh (\t;i,7) =m—j+t+(N — p—1)k.
For t = 1,k + 1 the sets of values are {ik+7j:0<i< N—pu—1,1<j5<m},
{ik+7:1<i<N—pu,1<j<m} respectively. It suffices to show that the sec-
ond set does not contain 0 for k = —-%45. Suppose —im + j(u+1) = 0 for
some (nonzero) i,j and let d = ged (m, p+ 1), then 28§ < N — ;i which implies
+1
N
the last row and column change; h (A —e (N — p),t;4,m) =t + (N — p— i) k and
h(A—e(N—p),t; N—p,j)=m—j+tfor 1 <i<N-—pand1l<j<m. These

values have already been shown to be nonzero for k = —T (|

< d, contrary to the hypothesis. For A — ¢ (N — p) only the hook-lengths in

Next we handle the case of three or more parts, for the isotype 7 =
(s (4 1) + p, it p). The following is the central hypothesis for this section.

Definition 6. For pu,l > 1,5s> 0,1 <p<p andged(m,u+1)=1 let
A, s lpym) = ((m(s+1+1))", (m(s+1)",....(m(s+1))"),

a partition of length Ly + p which is associated to the singular value kg = —ﬁ and

the Sn-representation of isotype (s (u+ 1)+ p, pt,p), where N = (s+1+41)pu +
s+ p.

Lemma 4. Suppose a,b,c € Ng and ¢ > 1,b < p then a (uk +m) + bk + ¢ # 0 for
k= -1 (where ged (m,p+1) =1).

Proof. Denote the value of the expression at k = —%by v, then v = (a — b) % +
c. If a > b then v > ¢ > 1; otherwise 0 > a — b > —pu and p + 1 does not divide
(a —b)m thus v ¢ Z and v # 0. O

Proposition 5. Let A = A (u,s,1,p,m), then h (A, 1) and h (A, k + 1) are nonzero

_ __m
when kK = g
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Proof. Since hook-lengths in a given row depend only on it and the rows of higher
index we may assume that p = p. We index the rows of A by pk +¢ with 0 < k <1
and 1 <4 < p, and the columns by m (s+n) —j where 1 <n <[+ 1—k and
0<j<m-1lifn>1,0or0<j<m(s+1)if n=1. Then

h(Ntpk+i,m(s+n)—j)=rc((+2—-k—-n)p—9)+m(l+1—-k—n)+j+t
(+1—-k—n)(kp+m)+r(p—1)+j+t.

Set i/ = p—i+1ift=r+1ori = p—1if t = 1; then the above expression
equals (I+1—k —n) (ku +m)+ ki’ + 7+ 1 which is nonzero at k = kg by Lemma
4 (since i’ < p). O

Next we consider the hook-lengths for A (u, s,1, p,m)—¢e (p+ kp) with 0 < k <.

Proposition 6. For 0 < kg <lletv=A(u,s,l,p,m)—c(p+kon), then for k =
- (v,1) is nonzero and h (v, k + 1) is nonzero for ko =l and has a zero of mul-
tiplicity one for 0 < ko < I, in the hook-length h (v, k + 1; p + ko, m (s + 1 + 1 — kg)).

Proof. As in the previous proof, assume p = p. The column above the node
deleted from A (namely, m(s+1+1—kg)) meets the rows labeled by pk + ¢
with 0 < k < kygand 1 < ¢ < p, except 1 < ¢ < p when k& = kg. Then
hv,typk+i,m(s+1+1—ko)) = (ko — k) (kp +m)+ ki’ +1 where i/ = p—1—1
fort =1and i’ = p—1ifor t = k+ 1. By Lemma 4 the value is nonzero for k = kq.
The row of the deleted node meets the columns labeled m (s +n) — 7 with 1 <n <
I+1—ko. Then h (v, t;m(s+mn) — g, (ko + 1) pu) = (1 +1— ko —n) (kpt + m)+br+7,
where b = 0 for t =1 and b = 1 for t = Kk + 1. The Lemma applies unless j = 0.
Suppose j = 0 then 1 < n < [—kg (the value j = 0 does not occur for n = 1+1—kq
since the corresponding node was deleted); at k = k¢ the value of the hook-length is
(I +1—ko—mn —b) 7 which is zero exactly when n = I—ko and b = 1 (that is, t =
k+1). Thus the hook-length h (v,k + 1;m (s +1—ko), (ko + Dp) =6 (p+1)+m
is the only zero in h (v, k + 1) at kK = Kg. O

Next we show that the coefficients Cj;, and C}, ; appearing in Theorem 2 have
no poles at kK = kg. The points of decrease of A (1, s,1,p,m) are i; = p+ (5 — 1) p,
Ai; =m(s+2+1—j)for 1 <j<I+1 Forl<j<k<I+1 the coefficient
Cii = L

L which has value —%—; at K = ko.

K _ K
(te—ig)st+Ai;—Xip, — (k—j)(kp+m

Proposition 7. For A = A(u,s,l, p,m) the coefficients C’,’{j have no poles at k =
—%for0§k<j§l+1.

Proof. First the special cases Cglel,j = m for j > O, > 1 and C(/Ll =
m for p > 1 are obviously finite at kK = ky. Next for 7 > 1 we have C'('J;j =
GO DrrmG—n7T With denominator (=1 (pr+m)+(p—1)k+1 which is
nonzero at k = kg by Lemma 4, since p—1 < p. Finally for 1 < k < j—1 <[ we have
Crj=t((G—k—1)(ps+m)+(p-1)r+ 1)7", and the Lemma applies. O
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We restate the result of Theorem 2 applied to the z-monic polynomials ¢§ and

Ci—s(p+ku) (for A=A (u,s,0l,p,m)and 0 <k <I). For 1 <i<p+lu
l
Dik =Y (1= k) (s +m) + (s + 1) (m+ 5 (n+ 1)) g1

k=0

hADARA—e(p+ku),k+1) .,

h(\k+1)h(\—c(p+ku), 1)CA—6<P+’W>’
where (the labeling of the points of decrease is now shifted by 1) each w; 41 €
RS[1,p+1p] and R is the ring generated by {Cj : 1 < j <k <I+1}U
{C,’fj 0<k<y §l+1} U Z; also u; k41 = 0 for k < FTP. Since h(A\,k+1) #0
at k = kg the polynomial {, has no poles there. Also the specialization of R is a
subring of Q. For k = [ we already have shown that h (A — e (p+lu) ,x + 1) # 0 and
thus (3 _(,,4,) has no poles at ko and the factor (s+1) (m + r (1 + 1)) becomes
zero. When 0 < k < [ the factor h (A —e(p+ ku),x + 1) has a zero at kg. Once
we prove that Cf_s(m_kﬂ) has no pole at kg the proof that D;() = 0 for all ¢ will be
complete.

The method of Knop and Sahi [11] was designed to show that the coefficients
of the monomials 2 in h(\,k+ 1) (¥ are in Ny [k], but it is not evident how to
use the method to identify the poles when the number of variables is in the range
£(X) < N < (M) +|\. We introduce a different approach.

Definition 7. Let ., 8 € N} with a > 3 and let m,n € N with gcd (m,n) = 1 then
say (o, B) is a (—2)-critical pair if (nk +m) divides (r (8,1) — 7 (o, 1)) K+ o — B
(in Q[k]) for 1 <i< M.

In fact the division is in Z [«] because ged (m, n) = 1. The definition will be used
in the situation o € NJ"* that is, £ (o) < N and M = £ () + |a|. See Definitions
2 and 3 for the order > and the rank function 7.

Theorem 3. Suppose A € N(I)V’P and ko € Q, ko < 0; if there does not exist B € NYY
such that (X, ) is a ko-critical pair then kg is not a pole of (5 restricted to RV,

Proof. Extend the field Q (k) with N transcendental variables {v1, va,...,vn} and
let 7 = Zfil vil;. For each o € NJ' the polynomial ¢ is an eigenvector of 7,
indeed 7¢% = vazl v;&; () ¢2. The eigenvalue determines « uniquely for generic
k (with the possible exception of a finite set of negative rationals). Let C =
{B €N} : X1> 8}. By the triangularity of the operators {U4;} we have z* = (¥ +
>_pec Baa(j for certain coeflicients Bgy € Q (k). Let

T -8 vg
T, = H - 21:1 vi&i (B) :
pec 2aim Vi (& (A) — & (B))
then Thazt = (¥ (note that the number N of variables is part of the definition of

the set C). The numerator of the product is a polynomial in k,vq,...,vn (and
of course each D;xz® is a polynomial with coefficients in Z []) thus any (k)-poles

in (¥ must appear in the set {Zf\; v (&A=& () : A> B}. For any g € C
we have 30 | v; (6 (N) — & (B)) = S v (7 (B,9) — 7 (A, 9)) K+ A — B;). Since
any denominator appearing in a coefficient (with respect to the z-monomial basis)
of ¢§ must be a factor of h (A, k+ 1), all of the terms involving {v;, : 1 <i < N}
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must cancel out in the calculation of Zyz*. Thus the irreducible polynomials
Zilil v; (& (A) — & (B)) must cancel out and the denominators in ¢§ can only arise

from reducible terms of the form (Zivzl aivi) (k — k1) where aq,...,an, k1 € Q.

This condition is equivalent to (A, ) being a ki-critical pair. Thus, if there is no
ro-critical pair (A, 8) with £(8) < N then £ is not a pole of (¥. O

We will exploit this theorem by directly constructing the unique S such that
(A(p,8,l,p,m) —e(p+kp),B) is —;Fy-critical. Here is a numerical example:
for N = 33 consider A (3,4,4,2,3) for the singular value kg = —% of isotype
(19,34,2)7 take £ = 1, then A = (272,242,23,213, 183, 153) and the unique f
such that (X, ) is (—%)—critical is (272,247%,2,0%,21°,18%,3?2). The construc-
tion proceeds through several lemmas. Fix k such that 0 < k& < [ — 1, let
A= A(p,s,l,p,m) —e(p+kp),L = £(\) = p+ lu; and partition [1,L] into
cells {I; : 0<j<I}, where Iy = [1,p] and I; = [p+(j—1)p+1,p+ju] for
1 < j <1l Then i € I; implies \; = m(l+s+1—j), except that A\,yr, =
m(l+s+1—k)— 1. We will show the required 8 has the values m (I + s+ 1 — j)
on the cells I; with j <k, 0 on Iyy1, m(l+s+2—j) on I; with k < j <1, except
Bptkp=m—1,and g =mfor L+1<i<L+4pu(s+1)+l+s—k=N+I1-k;
also ¢ (8) = N + [ — k. Henceforth, suppose that (A, ) is —ig-critical or 3 = A.
This holds if and only if the rank equation

) PG == (et 1) (5 O 30)

is satisfied for all 4 > 1. Since ged (m, pp+ 1) = 1 this implies that 3; = A\; modm
(so with the exception of 8,44, each f; is divisible by m). Here is a maximum
principle for the multiplicity # {j : 8; = m~,1 < j < L} for any «. There is a slight
difference for the cases m = 1 and m > 1. The condition A > § implies that any
possible values satisfy v < s+ 1+ 1.

Lemma 5. Suppose y € No, and G ={j:Bj=my,1<j<L}, m>1orm=1
and p+ kp ¢ G, if G meets two or more cells then #G < u — 1; additionally, if
one of the cells is Iy then #G < p — 1.

Proof. Let G have nonempty intersections with cells I, I, , ..., Iy, with 0 < g1 <
ga < ... < gy <l. By hypothesis p + ku ¢ G (if m > 1 then m does not divide
Bp+kp) and soi € GNI,, implies \; = m (s + 1+ 1 — g,). Each GNIy, is an interval
[ia, ja); indeed suppose i, € GNI,, and i < j, then by equation (3.1) r (8,4) —i =
(n+1) (3 (m (s +1+1—g4) —my)) =7(B,5) — j; thus 7 (8,5) = (8,9) +j — 1.
Since 3; = B; this implies that 8, = 3; = my for i < b < j. For 0 < a < u we have
that r (8,i4+1) = 7(8,74) + 1 and we combine the two equations

r(Byiat1) —far1 = (n+ 1) (I + s+ 1= gap1 —7),
T(/Baja)*ja:(“+1)(l+5+179a*7)

to obtain ig+1 = jo + 1+ (0 + 1) (gat1 — ga). Then #G = 30_ | (jo —ia + 1)
. . u—1 /. . . . u—1

U Ju = i1 = Yy (fatr —Ja) = Ut ju — 11— ooy L+ (+1) (dat1 — ga)) =

L+ ju—i1— (p+1)(gu—g1)- But jy, < p+gupand iy > p+ (g1 —1)p+ 1 for

g1 > 1 while i; > 1 for g1 = 0. This shows that #G < pu— (g, — g1) for g1 > 1 and

#G < p— gy if g1 = 0. In both cases #G < p— 1. O
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Lemma 6. Suppose m =1,7v € No, G={j:5; =7,1<j <L}, and G\ {p+ ku}
meets two or more cells, if p+ kp = min (G) and G # [p+ kp, p+ (k + 1) p] then
#G < p, otherwise (p+ ku # min (G)) then #G < p— 1.

Proof. By hypothesis G # [p + kp, p+ (k + 1) p]. We can apply the previous argu-
ment if we replace Iy, by I\ {p + ku} and Ipy1 by I U{p+ kp}t =

[p+kp,p+ (k+1)pu]l. If g1 # k+ 1 then as before #G < p— (gu —g1) < p— 1.
If g1y =k+1and i; > p+ ku+ 1 the same conclusion results. When g1 = k + 1
and i1 = p + ku, that is, minG = p + ku, the calculation yields the bound
#G<p+1—-(gu—k—-1)<p 0

The two lemmas show that #{j: 5, =ym,1 <j <L} < p for any v € Ny,
except when m =1 and {j : 8; =~} = [p+ ku, p+ (k + 1) p] of cardinality p+ 1.
Next we show 8111 < m.

Lemma 7. Either fr,.1 =m andr (8, L+ 1) = L—p, orfr41 =0andr (8, L+ 1) =
L+1,4(8)=L.

Proof. Denote % by b; note that b € Ny.First we show b < [: by equation

317 (B, L+1)=L+1—(u+1)b>1landsob < Bt < (141)45 <1+1.
Let ap = #{j:1<j<L,B3; <Br+1} and a1 = #{j:j > L,B; > Br41} then
r(B,L+1)=L+1—ap+a; >L+1—ap. Weclaimag <bu+1. Ifm>1
then ag = Z?;&#{j:,é’jzim,l <J<L}+#{j:Bj=cm—1,c<b}. By the
maximum principle ag < bu+1. If m = 1 then ag = Zf;ol #{j:B8;=19,1<j<L}k
at most one of these sets can have cardinality u + 1 and again a9 < by + 1. Then
L+1—-(p+1)b=r(B8,L+1)>L—bu,thatis,b<1. Ifb=1thenr(5,L+1)=
L —p. If b= 0 then r (8,L + 1) = L 4+ 1 which implies 5; = 0 for all j > L. The
hypothesis A &> 8 implies L = £(\) < £(f). |

In fact, fr+1 = 0 implies 5 = X and Br41 = m corresponds to a unique solution
B with £(8) =N +1—k.

Lemma 8. Suppose that Bp41 = m then Boipy = m —1, B = 0 for i € Iy,
Bi=mforL+1<i<N+l—kandl(B)=N+1—k.

P?"O()f. Let 00:#{]1SJSL,ﬂJ zm}aalz#{j:L<jaﬂj >’ITL},

Go = {jlg‘]SL,ﬁJZO}7G1 = {j:ﬁj:m—1>0}, and ag :#G0+#G1
where G is empty when m = 1. Then L — yp = r(8,L+1) = ag + a1 + 1 and
L =ap+as, thus as = p+14a1 > p+1. But by the maximum principle as < p+1,
hence a; = 0 and a2 = p+ 1. If m > 1 then #Gy < p implying that #G; = 1
and G1 = {p + ku}, also #Go = p and thus Gy = I; for some j # 0,k by Lemma
5. If m =1 then Go = [p+ kp, p+ (k + 1) u] by Lemma 6. Let v = r (5, p+ kp),
then r (B, p+ (j—1)pn+1) = ro+1; if m = 1 then Bpiry = Bptkpr1 = 0 and
j = k+1, while for m > 1 we have 8,41, = m — 1 which is the unique minimum of
{B;:1<j < L,B; >0} and B,4(j_1)u+1 is the first occurrence of 0. By equation
3.1

7AO,(er;w):“TJrl(m(s+l+17k)*1*(mfl))

=(p+1)(s+1-k),
ro+tl—(p+(G-Dp+)=E+1(+I+1-7).
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Thusrg = p+ku+(p+1)(s+l—k)and (j—1—k)u=(u+1)(j — 1 —k), that
isj=k+1 Butro=#{j:8,>m}+1=L—-pu+#{j:L<j,B; =m} and
so #{j:L<jfj=m} =pus+p+s+1—k=N-—L+1—k This shows
(B =N+1-k>N+1. O

Certainly this, together with a proof that ¢ (5) = L implies 8 = J, is enough for
the main purpose, but with not much more work we can show that § is unique. In
fact we will show that Sr41 = m implies that for i € I; 8; = m(s+1+1—j) for
j<kand fi=m(s+1+2—j) for j > k+1, except Byyr, =m — 1.

Lemma 9. Suppose that Br+1 = m, then 5; = A\; for alli < p+kp and B; = Ai+m
forp+(k+1pu+1<i<L(8).
Proof. For 0 <i<s+llet My =#{j:1<j<L,fj=m(s+1+1—14)}. Since
Ai=m(s+l+1)for 1 <i<pwhenk >1,and for 1 <i < p—1 when k =0,
the condition A > B (thus A\ = 87) implies My < p or p — 1 respectively. The
maximum principle (Lemmas 5 and 6) implies that M; < p for 1 <4 <!+ 1 (from
the previous lemma in which 5,4x, = m — 1 was determined). Further Zf:é M; =
L—p—1=p+(1—1)p—1,thatis, S50 M; = p— Mo+ 321 (u— M;) — 1. Also
s+1
B/ =Y Mim(s+1+1—i)+m—1+m(ps+pu+s+1—k)
i=0
l
:pm(s+l+1)+mu2(s+z’) -1,
i=1
and so
s+1
S Mi(s+1+1—1i)=(p— M) (s+1+1)

=l
-1
+Y (= M) (s+1+1—i)—(s+1+1-k).
=1

Let j be defined by My = p, M; = p for 1 <7 < jand M;4q < p—1, that is, j > 0,
while j = —1 when My < p — 1. The hypothesis A = 3% implies j < k (or else
Zip:lk” B > Zf:lk” Ai). Then for j = —1 we have
s+1 -1
S Mi(s+l+1—i)=(p—1—M)(s+1+1)+ > (u—M)(s+1+1—i)+k
i=l i=1

s+l

-1
> (s+2) (P—l—M0+Z(M—Mi)> :ZMi(S—"_Q)?
=1 =l

and for 7 >0
s+l -1
S Mi(s+l+1—i)=(p— M) (s+1+1)+ > (u—M)(s+1+1-1i)
i=l i=1,i#j+1
= 1= M) (s 1= )+ (k=1 - j)
s+1

> Mi(s+2),

i=l
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since each coefficient is nonnegative, but then M; = 0 for all ¢ > [. The nonneg-
ativity of each term on the right hand sides implies j = k — 1 and if £ = 0 then
My =p—1and M; = pfor 1 <i<[—1, orelse My = p, My, = pp— 1 and
M,=pfor 1 <i<l—-1,i#k Let G, ={j:1<j<L,Bj=m(s+l+1—1)}
for 2 <i <1+ 1. By Lemma 5 for each i satisfying 1 <7 <[ — 1,7 # k there is u;
such that G; = I,,, and u; # k, k + 1.

If £ = 0 then Gy = [1,p— 1] since all other cells are of cardinality u. For
each G; with 4 > 1 the rank of the first coordinate is p + (i — 1)y, that is
r(B,p+ (u; —1)pp+1) = p+ (i — 1) . Then by equation 3.1

p+(—Dp—(p+w—p+1) =@+ (s+1+1—-u)—(s+1+1-1)),

thus u; = i+1, for 1 <¢ <[—1. If £ > 0 we have shown #Gq = p and #G = p—1.
If p < p— 1 then neither Gy nor Gy can meet Iy and another cell, by Lemma 5.
If additionally p < p— 1 then Go =Ipand Gy =[p+ (k— D) p+1,p+kp—1]. If
p = pt—1 then it is not possible for G, = Iy because then r (8,1) = p+(k — 1) u+1
and equation 3.1 yields p+ (k—1)p = (u+ 1)k, that is k +1 = 0. As before,
Go = Iy and Gy, = It\{p+ ku}. If p = p then Gy, = I\ {p+ kp} and Gy = I,
for some ug. The needed ranks for S are r (B, p+ (u; — D) p+1)=p+ (i —1)u+1
ifi<kand=p+ (i —1)pif k <i<l—1. Similarly to the case k = 0 this implies
that u; =i fori < kand u; =i+ 1 for k <i<[l—1. O

It remains to show that ¢ (3) < L implies 8 = A.
Lemma 10. Suppose fry1 =0, then = .

Proof. The hypothesis implies 8; = 0 for all ¢ > L (the rank equation showed
r(B8,L+1) = L+ 1 thus 4 > L + 1 implies 8; = 0). The condition A = g+
implies 8] > A, = m(s+1) (since [\| = Ay > |B| = Bf). For 1 <i <l+1
let G; = {j:Bj=m(s+1+1—14)} and M; = #G,;. Firstly let m > 1, then
Bp+kp =m (s +14+1— jo)—1 for some jo in 0 < j < 1—1, thus p+lp = Zi:o M;+1
and p — My + Zizl (u— M;) = 1. Also My < p because A = 8% and M; < p for
1 <4 <[ by Lemma 5. Hence either My =p—1and M; = p for 1 <4 <, or for
some 7 >0 M; =p—1and My =p,M; = pfor 1 <i<1i#j. Now

l
Bl =pm(s+1+1)+pum> (s+1+1—1i)—1
1=1
l
=Mom(s+l+1)+mZMi(s+l+1—i)+m(S+l+1—jo)—1,

i=1

and substituting the known values for M; we obtain jo = 0 if My = p — 1 else
jo = j. Then r(8,p+ ku) = p + jopu and the rank equation at p + kp yields
(Jo—Fk)p = (r+1) (jo — k) and so jo = k, that is, Bpiru = Apykp. Similarly to
the previous lemma let G; = {j: B =m(s+1+1—-i)} =1, for 0 <i <l i #k
and some u; # k, treating the special cases p < u—1,p = pu—1 and p = p as
before. Again r (B,p+ (i —1)p+1) = p+ (u; — 1) p + 1 and the rank equation
shows u; = i. Also Gy, = I;\ {p + kp}. Thus 5 = A.



SINGULAR POLYNOMIALS 17

Secondly let m = 1. Then \; = s+l —kfor p+ku <i<p+ (k+1)pu. Also
p > My because A = 7. There are two equations involving M;:
l
(3.2) (p—Mo)+ > (n—M;) =0,

i=1

!
(3.3) (p—Mo)(s+1+1)+> (n—M)(s+1+1—i)=1
i=1

Equation 3.3 shows that p > My and p > M; for all ¢ is impossible, hence there is at
least one value, say M, such that M; > p. By the maximum principle M; = p+1
and M; < p for all ¢ # j. Substituting these conditions in equation 3.2 shows that
for some jo, M;, = u—1 (My = p—11if jo =0) and M; = u for all i # jo, 7, and
My = p unless jo = 0. Substitute these values in equation 3.3 to obtain jo = 7 — 1.
By Lemma 6 G = [p + kp, p+ (k + 1) p], also v (B, p+ kp) = p+ (j — 1) p. Then
the rank equation shows (j —1—k)pu = (p+1)((s+1—k)—(s+1+1—j)) =
(u+1)(j —1—k) and thus j = k + 1. Similarly to the previous arguments, for
each ¢ # k,k + 1 there exist u; such that G; = I,,. Since My + My11 = 2u
(or p+ pif kK =0) we have r (B8, p+ (u; — 1) p+1) = p+ (i — 1)+ 1 and the
rank equation shows u; = 4. This accounts for all of [1, L] except for [1,p] and
[p+(k—1)pu+1,p+ ku—1]. There are several cases for p: if k = 0 then Gy =
[1,p — 1] by elimination; if £ > 1 and p = u then Gy = I,,, and the rank equation
shows ug = 0, and G, = [p+ (k=1 p+Lp+kp—1);if k> 1and p=p—1
then by Lemma 6 Gy can not meet both Iy and I thus either Gy = Iy or Gy =
I\ {p + kp} and the rank equation implies the latter can not happen; if £ > 1 and
p < @ — 1 then by the same Lemma Gy = I\ {p + ku}, forcing Gy = Iy. Thus
8=\ O

The lemmas together provide the proofs of the following theorems.
Theorem 4. Let A = A (u, 8,1, p,m) and \¥) = X —e(p+ku) for 0 <k <1—1.

Then there exists a unique 3 so that (A(k),ﬂ) 18 (— u’ﬁl)—critical and £(B) = N +
l—k>N, where N=(s+1+1)p+s+p.

Theorem 5. Let A = A(p,s,l,p,m) and N = (s+1+1)u+ s+ p then (3 is a

singular polynomial for Sy with singular value —#’jl,

In the next section we study the irreducible representation associated to (Y, in
particular, an explicit basis for the span of its Sy-orbit.

4. ASSOCIATED Sn-MODULES

Using Murphy’s construction [13] of Young’s seminormal representations we can
give a complete description of the Sy-orbit of (§. From the formula (valid for all
and for all polynomials f)

N N
inDif(ﬂi) = Zﬂ%afxif(x) +r Y (f(@) — f(@(,9))

1<i<j<N
we note that a homogeneous singular polynomial f must satisfy (deg f) f = —xw f
wherew =37, ; ;o n (1 — (4, 7). But wis in the center of ZSy and the eigenvalues
for any isotype are known (Young’s formula). Indeed for any node (4,7) in the
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Ferrers diagram of a partition 7 (with |r| = N), the content is defined to be
c((i,4)) = j — i, then wf = ((];) - Z(i’j)eTc((i,j))) f whenever f is of isotype

()
7. Denote the eigenvalue by 7 (w), then 7 (w) = (g) -1 Z Ti (i +1—2i). As
=1

a function on partitions the eigenvalue is strictly decreablng with respect to the
dominance order.

Lemma 11. Suppose 0,7 € NY'¥ o] = |7| and o < 7 then Y ¢((4,5)) <

(i,5)€0

> ce((iy4)), and o (w) > 7 (w).
(i,5)eT
Proof. By the theorems (1.15) and (1.16) in Macdonald [12, p.9] it suffices to prove
the inequality for 7 = o +¢ (i) —e (j) with ¢ < j (this is a “raising operator”). Then

> c((@,4)= > c((4,4) + (o0 —oj) + (G +1—1). U
(i,5)eT (i,j)€0

Recall the singular polynomials (¥ associated to two-part partitions 7 = (u, N — p)

with A = (m"~*) and ged (m, p+1) < f\;i_h; then 7 (w) = (p+1) (N —p) and
deg (¥ =m (N — p). For 7= (s (u+ 1) + p, p, p) we find

T(Ww)=(p+1) (p(s+l+1)+;,ul(l+25+l)>

u+
A (p, 5,1, p,m)] .

Theorem 6. For A=A (,u7 s,l,p,m) and k = —m the singular polynomial (§ on
RN is of isotype 7 = (s (p+ 1)+ p, pt, p) (I17| = N).

Proof. For any (% with o € NYY if 0; = 0,41 for some i then (3,7 + 1) (% = (2. Thus
(Y is invariant under Spy ) ¥ H,lj:1 Slp+(i—1)put1,p4ju] X S[p+iu+1,n], and this group
is conjugate to S- (the direct product []; S,). Thus E = spang {w(y : w € Sy} is
isomorphic to a submodule of the representation of Sy induced up from 1g_, the
identity representation of S;. By a classical theorem (see Macdonald [12, p.115])
this decomposes as a direct sum with one component of isotype 7 and all other
components of isotypes o with o >~ 7. Any f € FE is singular and f can not be of

isotype o > 7 because deg f = |A| = 7 (w) > ;0 (w) by the Lemma. O

u+1
The same method proves the following.

Proposition 8. For % <pu <N, ged(m,p+1) < I%JFL’ and \ — (mN_N) the

m

singular polynomial C5 on RY for k = a7Esy is of isotype (u, N — p).

We turn to the application of Murphy’s results. For any given isotype he deter-
mined the eigenvalues and eigenvectors of the commuting operators
i—1
> (4,7) : 2 <4 < N 3 (Jucys-Murphy elements). However the results have to be
j=1
read in reverse in a certain sense.

Proposition 9. Suppose f is a singular polynomial for k = kg € Q and1 <i < N,
N .
thenUsf = [+ Ko Zj:fH—l (7';]) f.
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Proof. We have the commutation D; (2;f) = x:Dif + f + £, (i.j) f. Now set

r = ko and note that Ui f = D; (z;f) — £ >, (i, ) f- O
N
Denote the Murphy elements w; = >, (N +1—4,j) for 2 <i < N and let

J=N—i+2

w1 = 0 (as a transformation); then U; f = f + kown 11— f for singular polynomials.
Suppose that ¢Z is singular for k = ko and @ = w), some w € Sy (recalling that
Uit = (N =7 (1)) s+ s+ 1) ), then wyss iGE = (N =7 (i) + 2) 2. A
standard Young tableau (SYT) of shape 7 is a one-to-one assignment of the numbers
{1,..., N} to the nodes of the Ferrers diagram so that the entries increase in each
row and in each column. Let 7; (T') be the content of the node containing the value
i, 1 <i¢ < N. Murphy constructed a basis {fr : T is an SYT of shape 7} for the
irreducible representation of isotype 7 and w; f7 = n; (T') fr for each i and T. There
is an order on SYT’s of given shape (for details see [13, p.288]) and the maximum
SYT in this order, denoted by Ty, is produced by entering the numbers 1,2,..., N
row by row (the first row is 1,..., 7, the second is 71 + 1,..., 71 + 72 and so forth).

Definition 8. Suppose T is an SYT of shape T, with T € NéV’P and |t = N,
then let rw (i,T),cm (i,T) denote the row and column respectively of the node of
T containing i, for 1 < i < N. Let t(i,7) (or t(i)) = (rw(i,To),cm (i,Tp)),
considered as a labeling of the nodes in the diagram of T.

In this notation n; (T') = em (4, T) — rw (¢, T).

Proposition 10. Let A = A (u, s,1, p,m) (hypotheses as in Definition 6) then N —
k+ 2k =c(t(N+1=k) =nni1k (To) for LI< k<N

Proof. Let ck:N—k—i—z—g :N—i—(u—kl)%forlgkg]\f, then for k = p+1—j
andl1 <j<pwehavecy, =j—(1+2),fork=p+(l+1—i)pu+1—jwithl <i<]
and 1 < j <pwehavec, =7— (i +1), and finally for k= N+1—j with 1 <j <
N—tAN)=s(pu+1)+pup=7m wehavecy =j—1. Thuscp =c(t(N+1—-k)). O

For a partition A € NéV’P say that w € Sy is A-rank-preserving if \; = A\;1
implies w (i) <w (i +1) for 1 < ¢ < N. In general (wA),, ;) = A;, so this property
implies 7 (wA, i) =7 (A, w™* (1)) = w™* (i) for 1 <i < N and

Z/{igﬁ)/\ = ((N — ’U)71 (Z)) K+ )\w—l(i) + 1) CZ)/\

for generic k. In particular, if A = A (u, s,1, p,m), w is A-rank-preserving and (7,
is singular (for k = kp) then
wNJrl,iCZ))\ =cC (t (N +1-— ’LU_l (’L))) i)\.

Let wo be the “reversing” (longest) element of Sy, that is wo (i) = N+ 1 —1¢
for 1 < i < N (note wy' = wp). Thus w;(%, = c(t(wowwp (i)))¢%,. On the
other hand suppose u € Sy and the action of w on Ty produces an SYT de-
noted by T (u acts on the entries of Tj), then the node ¢ (i) contains u (¢). Thus
wifr =1 (T) fr = c(t (u™'(i))) fr and fr has the same respective eigenvalues
for {w; : 1 <i< N}as (P, forw= waluwo provided that w is A-rank-preserving.
But this is a consequence of T being an SYT (A; = \;41 implies N —i and N+1—4
are in the same row of Ty thus u (N —¢) and v (N — ¢ + 1) are in the same row of
T,with w (N — i) < u(N —i+1), that is, w (i) < w (¢ + 1)). Further it is easy to
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describe wA corresponding to a given SYT T': let v3 =0 and v; = m (s +j — 1) for
2 < j <1+2, then for any i (with 1 <4 < N) let j = rw (i, T) and (W), _; = ;-
This shows that the possible wA corresponding to SYT’s are exactly the reverse lat-
tice permutations of . A reverse lattice permutation wA of X is defined by the prop-
erty that every right substring (wA)y;_; (WA)y o ;- (WA)y (for 1 < j < N)
has at least as many entries of v; as of ;41 for each i. The set of corresponding
w € Sy serves as an index set, namely E,; = {w € Sy : wowwoTp is an SYT}.

We show that {¢Z, : w € E,} is a basis for the Sy-module (isotype 7) generated
by (5.

Theorem 7. Letw € E, then (, is singular (for k = ko onRY ) and {¢%, : w € E,}
is a basts for spang {w(¥ : w € Sy}, on which Sy acts by Young’s seminormal rep-
resentation, where (¥, corresponds to fr with T = wowweTp.

Proof. By Proposition 1 if ¢/, has no pole at kg, for some w € Sy, and a =
k(5 (r (wA i+ 1) =7 (WA, 9) + Ay-1() — )\w—l(i_;’_l))il does not evaluate to 1 at

k = ko,for some ¢ with A\,,—1y > Ay-1(41) then CEL does not have a pole

ii+1)wA
at ko (the formula is (4,i4+1)¢%, = all, + (1 - a2) C(i,i+1)wx)- By Proposition
Wa=(ct(N+1-wt@))—cE(N+1-w i+ 1))))_1 at Kk = kg. Bach
SYT T of shape 7 is the result of a (finite) sequence {(i;,%; +1):1<j <n}
of adjacent transpositions applied to Tp, such that if T; = (¢j,4; + 1) T;_1 then
rw (i, Tj—1) < rw (i; + 1,T;_1). This also implies that T; is lower in the order on
tableaux as used in [13].

For any SYT T there are four possibilities for the locations of ¢,7 + 1 and Mur-
phy [13, p.292] derived the expansion of (i,%+ 1) f7 in each case: if rw (i,T) =
rw(t+1,T) then (¢, + 1) fr = fr, if em (4,T) = cm (¢ + 1,T) then (3,0 + 1) fr =
—fr and if rw (i,T) < rw (i +1,T) then (i,i+1) fr = afr + (1 —a?) fuit1)r
where a = (1; (T) — ni41 (T)) " (the fourth case, rw (i,T) > rw (i + 1, T) follows
from the previous by interchanging T and (i,¢ + 1) T; also rw (¢, T) < rw (i + 1,T)
implies cm (4, T) > cm (i +1,T) thus 0 < a < 3). As remarked before, if w corre-
sponds to an SYT T with rw (4, T) < rw (i + 1,T) then (wA) 5 ,_; < (wWA)5_;. Let
B = (N—i,N—i+1)wk then ¢§ = (1—a®)" (N —i,N —i+1)¢E —al%y)
with the same a that appears in the expression for f(; ;1 1)r in terms of fr (note
wo (4,4 + 1)wg = (N —i, N —i+1)). Since fr, has the same eigenvalues for {w;}
as ¢y this argument used inductively (on the number of adjacent transpositions
linking Ty to T') shows that {¢7, :w € E;} transforms according to the seminor-
mal representation, for the isotype 7. Again suppose (., corresponds to the SYT
T (that is T = wowwoTo); if rw (i, T) = rw (i + 1,T) then (wA)y,,_; = (W) y_;
and (7, is invariant under (N — ¢, N — i+ 1) ,while if em (¢,T) = em (i + 1,T) then
ni (T) — ni1 (T) = 1 and the equation (N —i, N —i+1)(?, = —(¥, is a conse-

w

quence of the fact that Sy acts on the basis {¢7, :w € E;} just ason {fr}. O

The concept of reverse lattice permutations of A provides a concise labeling of
the singular polynomials of isotype 7.

5. CONCLUSION

Here is a description of how to find the isotype 7 and label A for the singu-
lar value x = —2*, given a pair (m,n) with 2 < n < N;m > 1 and 7 ¢
N. Let d = ged(m,n), m1 = %, n; = % (by hypothesis n; > 2), then let
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| N+1-n
n n1—1
Il =0then 7 = (n—1,N+1-n)and A = (mVT1=",0""1). If I > 1 then

T= (n—l,(nl—l)l,p),,uznl—l,5=d—1andx\zA(nl—l,d—l,l,p,ml),

that is, A = ((m+1Im1)’,(m+ (I —1)my)",...,m",0"1). Note that the first
part of 7 is always n — 1 (and A ends in n — 1 zeros).

The rational Cherednik algebra A was investigated by Berest, Chmutova, Etingof,
Ginzburg, Guay, Opdam and Rouquier in a series of papers [1],[2],[3],[9],[10]. Here
we consider the faithful representation of A as the algebra generated by
{D;,x; : 1 <i < N}USy of operators on polynomials on RN (where z; denotes the
multiplication operator). Suppose k = kg is a singular value and 7, A are defined as
in the previous section and used in Theorem 7, and let M, = spanp {¢, : w € E;}
where P denotes Q [x1,...,zy], the polynomials on RY. Then M, is a module for
the Cherednik algebra A specialized to k = kq; clearly M, is closed under multi-
plication by polynomials and the action of Spy. It is closed under {D; : 1 <i < N},
indeed suppose p is a polynomial and g € spang {¢¥\ 1w € E.} then by the product

p(@) - (,5)p (@)
x

J

-‘ — 1 (the ceiling function), p = (N+1—-n) —l(n; —1). If

0 .
rule D; (pg) = pDig + 95,7 + K Z#: ((3,7) 9) € M, when k = kg
1 VE

and ng =0.

It is a plausible conjecture that we have found all the singular polynomials for
Sn (perhaps to be settled in a later paper). The structure of kg-critical pairs (see
Definition 7) may be worth further investigation, with a view to finding a general
algorithm for their construction, and maybe a uniqueness result in the case that
h (A, k+ 1) has a zero of multiplicity 1 at Kk = kg. Such a result would simplify the
argument used here.

3
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