An Intertwining Operator for the Group B;

Charles F. Dunkl

ABSTRACT. There is a commutative algebra of differential-difference operators,
acting on polynomials on R2, associated with the reflection group Bs. This
paper presents an integral transform which intertwines this algebra, allowing
one free parameter, with the algebra of partial derivatives. The method of
proof depends on properties of a certain class of balanced terminating hyper-
geometric series of 4F3-type. These properties are in the form of recurrence
and contiguity relations and are proved herein.

1. Introduction

1.1. Overview. We construct an integral for the intertwining operator V as-
sociated to the reflection group of type By (order 8) acting on R?, with one pa-
rameter x. For polynomials or adequately smooth functions in = (x1,22) define
the differential-difference operators:

(1.1) T f (z) = %l (@) + A ,];E*xl,lﬁ)
+m2f($) — f (w2, 21) _~_K2f(x) _f(—l"z,—xl)’
T — T2 T1+ T2

Tf @) = g (@) 4 LS 012

x) — f(xe,x x)— f(—xq,—x
+m2f(> f (22 1)_~_,€2f() f (a2, —21)
To — X1 T+ T2
These operators are special cases of those defined by the author in [2]. Their key
property is commutativity, 717> = T5T;. We deal only with the restricted case

K1 = Ko = K. The intertwining operator V preserves the degree of homogeneous
polynomials and satisfies V' (%) f)=T,Vf(x)fori=1,2 and V1 =1. In
[5] it was shown that V exists and is one-to-one as a map on polynomials for any
K except for the set {—% :meN, T ¢ Z} of singular values. The definition and
existence of V for k > 0 was shown in [3]. Later Rosler [8] (see also [9]) proved
that the functional f — V f (z) is given by integration with respect to a positive
measure, for each © € R. An explicit integral was found for the group Sz (symmetric
group on 3 objects) in [4]. Xu [10] found an intertwining transform for By under
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restrictive conditions on degree and k1, k3. We will use a criterion, valid for any
finite reflection group, for an operator to be equal to V' which was proven in that
paper. There is a kernel which contains all the information about the action of V'
on polynomials. For z,y € R? let (x,7) := 21221 Z3Y;, then

K (z,y) = V* (exp (z,9))
is entire in z and y (V* acts on the variable z). Further let K,, (z,y) = LV* ((z,y)")

]
for n € Ny := {0,1,2,...}. The book of Dunkl and Xu [6] is a?eference for
differential-difference operators, the intertwining operator and the kernel K (z,y)
for any finite reflection group. Asymptotic formulae for the kernel are discussed in
[9]. The starting point for the S3 result was an integral formula of Harish-Chandra
involving integration over a compact Lie group. This gives a special case (k = 1

and symmetrized) of the intertwining operator for the associated Weyl group.

1.2. The Symplectic Group Integral. We use an approach similar to that
in [4, sect.2]. Consider By as the Weyl group of the (compact) symplectic group
Sp (2). This group can be described as the group of 2 x 2 unitary block matrices

A B .
U= ( B A ),UU =1,
where A, B are 2 x 2 complex matrices. The subgroup

T= {diag (eiel,ew%e*i‘gl,e*ie?) 101,05 € ]R}

is a maximal torus (“diag” denotes the 4 x 4 diagonal matrix with the specified
entries). Identify R? with the complexification of the Lie algebra of T' by the map
§ : x +— 27Y2diag (z1,xa, —x1, —22) (the purpose of the factor 271/2 is to get
Tr(§(x)d0(y)) = (x,y)). The formula of Harish-Chandra (Helgason [7, p.328])
specializes to

. _ 32 wen, det (w) exp ((zw, y))
/5‘;;(2) exp (T'r (Ud (z) U0 (y)))dm (U) = 5 @)

)
where dm (U) is normalized Haar measure on Sp(2) and p (z) = z1z (23 — z3).
The right side of the formula is an expression for the kernel K (x,y) at x = 1.
Thus the left side suggests a construction of an integral formula for the intertwining
operator. We compute

2 2
Tr (U6 (@) U6 (1) = > > wyy (|45l” = 1Bl
i=1j=1

Thus one needs to integrate functions of the four variables (|Aj1v\2 - \sz-|2) with

respect to Haar measure. One applies integration over the subgroup Sp (1) and the
homogeneous space Sp (2) /Sp (1). Since this only gives the k = 1 situation more ex-
perimentation is needed to make a conjecture about arbitrary . By direct polyno-
mial calculation we find the symmetrized kernel K9 (z,y) = § Y. ,cp5, V" (zw,y)" /n!
for small n (< 8) and try powers of the trigonometric functions to produce K9 (z,y) =
L [, (@7 (q),y)" dpu(q). This approach, however, has as yet not produced a solu-
tion for the two-parameter situation.
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1.3. Group actions and the measure. The group Bs is generated by the

reflections o1 := ( _01 (1) > and oy 1= ( (1) (1) ) The intertwining operator has

the form

V()= /Qf (z7 () g (q) dp(q),

a1 g3
T(q) = ;
(@ ( a2 q4 )
where p(q) is two-sided invariant for By and ¢ (g) is invariant under the action
w: 7(q) — wr(q)w! for all w € By (actually g(q) involves one more variable

of integration). There are left and right representations of By on ¢ (that is, R%),
defined implicitly for w € By by

7 (gA (w)) =w'7(q),
7 (gp (w)) = 7 (q) w.

For example g\ (01) = (—q1,92,—¢3,q4) and gp (02) = (g3,44,q1,q2). The invari-

ance conditions are dy (¢A (w)) = dp (gp (w)) = dp (q) and g (gA (w) p(w)) = g (q)
for all w € Bs. It suffices to check invariance for the generating reflections, that

is, ¢ and g must be invariant under ¢ — ¢\ (o1) p(o1) = (q1,—g2, —q3,494) and
q — q\(o2)p(o2) = (qa,93,92,q1), and additionally p must be invariant under

q— qA(01) = (—q1,92, —q3,q4) and q — qA (02) = (42,41, 4, 3)-
The measure p is actually an integral over six variables: let

q1 = ucos

g2 = (1 — u) cos iy

g3 = (1 — u) (cos s cos O + sin s sin 6 cos ¢s)
qa = u (cos 11 cos @ + sin 1)y sin 0 cos ¢1) ;

the region Q of integration is 0 <wu < 1,0<60,¢;,¢; <7 (i =1,2). For k > % the
measure is

dp(q) = ¢ (u (1 — u) sinaby sin ey sin )2 (sin ¢y sin ¢2)>* 2 dudapy dipodfd dps

times the normalizing constant (product of gamma functions) so fQ du =1. We
can now state the main result for homogeneous polynomials: let

0] 0 0 0
Dy = — 4+ — | - — —_— = —
0= (q1+q) (8(11 + 8q4> (g2 —q3) <8q2 8q3> )
and suppose f (x) is a homogeneous polynomial in z of degree n.
(1) If n is odd, then

(1.2 Vi@ = [ 20+ 00 f @) do o).
Q
(2) If n is even, then
(1.3) Vf(z)= /Q {1 + q1qs — q2q3 + 4n1+nD0} f(r(q)z)du(q).



4 CHARLES F. DUNKL

Further, the Bessel function K° (z,y) = %ZweBz K (zw,y) is given by the
positive integral:

K (,y) = / exp (27 (q) ,9)) dp (q)

We will consider the relation to the representations of By and the techniques of
proving the formulae in the following sections. The required invariance properties
of p are made clear by a change-of-variables.

LEMMA 1. In terms of q,0,u and the auxiliary variables

u?sin? 0 — @ — g3+ 2q1qa cosd

21 (lh, Q4,U,9) =

7

sin? 6
(1- u)2 sin? 0 — ¢ — ¢2 + 2¢2q3 cos 0

zZ2 (Q27 qs, u, 0) = sin2 6

the measure is given by
du = c,, (z’lz'g)ﬁ_?’/2 (sin 0)*" 3 dqy dgodgsdqsduds,
and the region of integration Q1 is implicitly defined by z1 > 0,20 > 0,0 < 0 <
m,0<u<1.
PRrROOF. In terms of q1, g2, g3, g4, u, 0 the Jacobian is

J = a(Q1aQ2aCI3,(J4,u,0)
a(¢17¢27¢17¢2,u,9)

= (u (1 — w) sin 1y sin ¥y sin 0)° sin ¢y sin ¢o.

Then
din = ¢, (u (1 — u) sin by sin g sin ¢y sin ¢o sin 0)>° > Jdudip dipydfdedy des.
Observe u sin; sinf cos ¢1 = g4 — g1 cos @ and u? sin® ¢; = u? — ¢} thus

2
q4s — q1 cos
u sin sin@) ’

sin2¢1:1—<

2
(usin )y sin ¢1)2 = (u2 - Q%) - M
sin“ 0
=z (Qh q4,U, 0) )
and similarly

. — 9)>
((1 — ) sin 9o sin d)g)z = ((1 — u)2 — q%) — w
sin“ 6
= z22 (QZ7Q35 u70) .
Thus du = ¢, (2122)5_3/2 (sin 0)2H_3 dq1dgodgsdgadudo. O
The measure i is invariant under the transpositions (¢1, q4) , (92, ¢3), and the in-

volutions q — gA (01) = (g2, q1, 44, 93) and q — g (01) = (—q1, —q2,q3, qa) because
of the equations

21 (q2>q3a U,Q) 22 (Q17Q4,U,0) =z (qla 44, 1- U’,g) 22 (1127 g3, 1- U, 0) )
21 (—q1, 4,4, 0) 22 (—q2,q3,u,0) = 21 (q1, qa, u, ™ — 0) 22 (g2, g3, u, ™ — 0) .

Similarly there is invariance under the right action of By, that is, ¢ — gp(0;),i =
1,2.
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To integrate the typical monomial ¢® := ¢ ¢5?¢5° q3* where o € N§ (¢® is of

degree |af := Z?:l a;) set

bo = (a2 + a3) /2,
by = (a1 + ay) /2,
by = (a2 + ay) /2,
bs = (a3 + ay) /2,

and let s (a1, ag, as, ay) = fQ q*du (q). By a parity argument the nonzero integrals
occur only for integer values of the b;.

ProPoOSITION 1. The normalizing constant s

(26 —1)°T (26 + 1)

¢ = 4/@71
75/2T (k)*

and for a € Nﬁ if a1 = as = a3 = agmod 2 (all even or all odd) then

(1.4a) s (o, g, a3,04) =

i=0  j=0 ilj! (5 o bl)i (5 o bo)j (5 - b3)i+j

otherwise s (0417 G2, (g, 044) =0.

PRrOOF. Expand ¢ in terms of u, 8,11, %3, ¢1, ¢2 with the binomial theorem
and collect terms. The result is

a3 Qg4 1
a3\ [0 - 3+2k—1
S (a17a2,0¢3’a4) = Cx E E (J ) < ; ) / uoz1+a4+2/-c 1 (1 _ u)az-‘r(xa-‘r w=1 0
0

§=0 i=0
X / (cos hy) T (sin by ) T2 dapy / (cos 1)’ (sin 1) 2 depy
0 0
X / (cos hg) 2T 77 (sinpy ) T2 duy / (cos o)’ (sin ¢h2)*" ™2 depy
0 0
X / (cos §)** 417 (5in §)" T2 g
0
Recall foﬂ cos™ 0 sin® 0df equals zero if n is odd and equals B ("7“, %) if n is even,
for n =0,1,2,...and A > —1. For the respective integrals to be nonzero i and j

must be even because of the ¢; and ¢, integrals and hence as + ag, a1 +ay, ag +ay
must be even (in the 11,19, 6 integrals). So replace i,j by 2i,2j respectively and
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assume that the entries of a are all even or all odd. Then
las/2] laa/2]

s(aq, a9, a3,04) = ¢y jzo Z (gj) (3?)3@1 + ay + 2K, a0 + ag + 2k)

j = =0

1 11
><B(O”+‘2)‘4+ —i,i+n>B<i+2,n—2>

as +az+1 L. . 1 1
Bl|——— — B — K= =
X < 5 j,]-i-H) <j+ 2,/< 2)

XB(a3+a4+1

5 —i—j,i—i—j—i—ﬁ:).

We set o = 0 to find the normalizing constant, indeed

3 2
1 1 1
-1
=B (2k,25)B | = Bl=-.k—=] .
cr (2k, 2K) (2,.%) (2,11 2)

The stated value follows from the duplication formula. The following ratios are
typical in the calculation:
Bi+ir-1) T(@+
B(3.5—3) IF'(k+i K
B(bo+3—iit+r) T(bo+3—i)T(i+k
B(L,k)  T(bo+i+k)T

Thus

las/2] [aa/2]
2K 2K
s (o, a2, a3,04) = E (a?’) (%) COREC

X

(k4 2)y, (R4 2)y, (R4 3),,
( )

To finish the proof, write (3:) = (—aa)y; / (224! (3),): (3),, s = (1" (3),, / (3 = bo),
and similarly for the other terms. O

It is clear that the symmetry s (a1, 9, as, ) = s(ag, a1, a4, a3) holds (as
well as s (a1, @z, a3,a4) = s (a1, a3, @2,a4)), as implied by Lemma 1. Some other
symmetries will be shown later. Singular values are numerical values of k for
which the intertwining operator does not exist. By the general theory of singular
values [5] specialized to Bs they consist of f% —Nog U (f% —NouU f% — NO). The
denominators (Ii + %)b in s (a1, a9, as, ayq) correspond to the first subset. For the
second subset consider

(2”)2b1 (2“)2170 — 9—2b1-2b (2”)%1 (2“)2};0
(4H)Qb1+2bo (2H)b1+b0 (2K’ + %)b1+bg

_ 2_2})1_250 (QH +0b1+ bo)bl—b(, (2"{)21)0
(26 + 1)

b1+bo

if by > by or a similar expression if by > by.
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To see some of the complexity of this integral: consider the reduced form

/Qf((h,(h)d# (q) =

1 T T
C/O /0 /0 f (ucospy, (1 —u)costhe) (u (1 —wu)siney Sinw2)2’i71 dudipr dips,

with a constant ¢ depending on k. This is not reducible to an ordinary double
integral without the use of a nonelementary integral. Indeed,

/Q £ (q1,02) du (q) = / /qllwqf(ql,qz)Eﬁ (41, 42) darda,

) (0w )}

1.4. Single sum formula and hypergeometric functions. Even though
our evaluation of s (a1, s, a3, ay) required a six-variable integral the value can be
expressed as a single sum in terms of a terminating balanced 4F3 hypergeometric
series.

Write

By (q1,q2) = C/

[q1]

(2K),, (2K)
S (Oél,ag,Ozg,Oé4) = MS/ (051,0427013,044),

(4“)2b1+2b0
then s’ satisfies the recurrence

1
(15) 10 <K) + 5 (052 “+ a3 + 1)) s (a1 —Las+1l,as+ 1,4 — 1)

1
+3 (o (a1 +as+ 1) —aras (ao + g + 1)) s’ (a1, oo, a3, )

2

There is a good reason why this formula appears here. The intertwining operator

will be described as a linear functional on the space of polynomials in ¢ applied to

polynomials in 7 (q) = (x1q1 + 2292, 2193 + x2q4). The coefficient of x‘f*b*‘?xg in

1
= ap03 (Ii+(0¢1+0¢4+1)) s+ 1,0 — 1,3 — 1,4 +1).

the expansion of (z1q; + 22¢2)" (z1q3 + x2q4)b is the following;:

min(b,c)
a b a—c+i c—i b—1i 1
(1.6) hl)= > (C> (Z.>q1 a5y gh
)

i=max(0,c—a

The need to integrate these polynomials motivated the examination of and ex-
perimentation with s(a —c+i,¢c—4,b—i,47) as a function of 4. This led to the
discovery of the recurrence which in turn suggested that there might be a single-
sum form of s. It turns out that the proof of the recurrence actually uses the single
sum, a terminating hypergeometric series of 4 F3-type (the argument looks circular,
but the proof of the single sum does not use the recurrence).

PROPOSITION 2. Suppose ay =0 and a; = 25; for 1 <1i < 3, then
(3)5, (3)4, (3) 4,

(5 +3)5 (Rt 3)g (5+3),

= S/ (Oa 2B2) 2637 261) )

and the value is symmetric in By, B2, 3.

Sl (2ﬂ17 2627 2537 O) =




8 CHARLES F. DUNKL

PROOF. Indeed the sum in s’ (261, 2082,2083,0) equals

Bs  (=Bs), (5 — 53)j (K);
jz:(:)j! (53— B2 —53)j (3 —ﬁs)j
(3 —62—53—/%)53 B (H+ﬂ2+%)63

A P (R A N

_ (5 13) 5,00, (3)g,

(5t 3)s, (D aas

(by the Chu-Vandermonde sum) and this proves the first equation. The second
equation follows from the symmetry of Lemma 1. The sum in s’ (0,202, 2083,2051)

can also be found directly, first summing over 0 < ¢ < 7 and using similar argu-
ments as in the first equation. ([l

)

THEOREM 1. Suppose o € Ng and ap = oy = a3 = agmod2. Let b; =
(; +aq) /2,1 <i <3, then

, O RONON
B0 e ) ), (e A, 7 D),
laa/2] (7%% (1Ea4)i (’i)z( K—by — bo)t

This is a terminating balanced 4F3 series.

The proof of this key result is in Section 3. To say that the series is balanced
means that the sum of the denominator parameters equals one plus the sum of the
numerator parameters; the property is also called Saalschiitzian. The particular
choice of parameters for this 4F3 series will appear often in the sequel and so we
make the following:

DEFINITION 1. Forn € Ny and free parameters u, vy, vs,vs let
n l-n

— 5,5, U, —U — V] — Vg — V3

. _ 2 2 ) .

F(n,u,vl,vg,vg) = 4F3 1 1 1 ,1 .
3~ U1 —N,5 —VU2,5 —U3

This is a balanced terminating hypergeometric function.

This is not the generic balanced 4F3-series (which has 6 free parameters) be-

cause of the parameters (f z 1_—") With this notation the Theorem can be restated

27 2
as:

THEOREM 2. For a; = as = ag = aymod 2 the following single-sum expression

is valid:
a1ty (2K’)a2+a3 (%)bl (%)bQ (%)bg
(4%) ) (k+3)y, (84 3),, (F+3),,
1 1

1
xF(a4;fi,2(a1—a4),2(a2+a4),2(a3+a4)>.

(2)

s(a) =
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1.5. Contents. In Section 2 we describe the representation-theoretic impli-
cations of the invariance conditions, present an overview of the method of proving
that a given linear functional on polynomials in ¢ produces the intertwining op-
erator and then give the actual proof. Some ingredients of the proofs depend on
contiguity relations for the function F. Also there is a purely integral form of V'
not involving the degree of polynomials.

Section 3 contains the proof of the single-sum result, which relies on classical
transformations of hypergeometric series, and the (computer-assisted) proofs of the
required contiguity relations of F'. There are closing comments in Section 4.

2. The Intertwining Operator

2.1. Invariants and representations of B,. The irreducible representa-
tions of By are realized in the space of polynomials R [x7, 23] as follows: there is
one of degree 2, which is realized in each space of polynomials homogeneous of
degree 2n — 1 as n isomorphic copies

{c()x%”*l*jx% +eaxled" T 0<j<n— 1} ,

for n =1,2,...; there are four one-dimensional representations:
(1) invariants: 23" %/ 23/ + x?jmgnfg_ﬁo <j<m
(2) determinant: z?n_l_%azgﬁ'l—xfﬁ'lx%n_l_%, 0<j< L%J —1land2n > 4;
(3) type 1t 2" Ve 4o Tl Y 0 < j < 251 ] and 20 > 2;

(4) type 2: 7" Had — a3 ¥ 0 < j < [25%] and 2n > 2.

The reason for naming types is that o; acts as multiplication by —1 on type #i
for ¢ = 1,2. Consider polynomials in ¢ invariant under ¢ — ¢\ (w) p (w) ,w € Ba. Tt
is easy to compute the Poincaré series for the ring of invariants (graded by degree),

3
namely (1_21;{%2)3

(1 S (1 —qu) (qg - qg)) R [lh + a1, + a3, 05+ qg,(h%] .

The invariant of degree 1 is associated with the two-dimensional representation of
By and we set

and then describe the ring as

90 (q) =2(q1 +qa)-
There are 4 linearly independent invariants of degree 2, the two-sided 2?21 q?, and

91 (¢) = q1q4 + q2g3,
1
9:(a) = 3 (-3 — a3 +4di),
93 (q) = 194 — q2G3-
Then

91(gA(01)) = =91 (q) , 92 (¢ (1)) = 92 (9) . g3 (A (01)) = —g3 (q) ,
91 (gA(02)) = 91 (), 92 (qA (02)) = =92 (9) , g3 (g (02)) = —g3 (q) -
Further ¢;(1,0,0,1) = 1 for 1 < ¢ < 3 (a plausible normalization). By simple
orthogonality arguments we see that if f(x) is a polynomial of even degree then
Jo (@7 (q)) gi (@) dpi(q) # 0 only if f () has a nonzero component of determinant
type for ¢ = 3, or type ¢ for ¢« = 1,2. Experimentation quickly showed that the

formula V' f (z) = [, f (27 (q)) 93 (¢) di (q) appeared to be valid for the determinant
type, but the similar attempt failed for types 1 and 2 (in fact, no polynomial in ¢
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of degree less than twelve with the correct behavior under the Ba-action works).
We comment on this quandary in Section 4. We set

0
9 =-—,1<i<Ad.
dq; ==

The formula for V' comes from applying the adjoint action L := ad (% Z?Zl (‘33) to
(multiplication by) the g; (recall (ad (A) B) f := (AB — BA) f for operators A, B
on polynomials f). Indeed

L(g1) = 101 + q101 + q203 + 302,

L(g2) = q101 — @202 — q303 + q404,

L (g3) = 104 + 101 — 203 — q305.

These operators have the same invariance properties as the respective polynomials
gi- Set Dy := L(g1+g2) = (q1 +qa) (01 + 04) — (g2 — q3) (02 — 03) and D3 :=
L(gs).

The formula stated in the introduction can be given as a pure integral with no
derivatives for x > % However another variable of integration occurs (a total of
seven!). Let w denote the integration operator:

1
wf (z) = / f(tz)t*at,
0
thus wf (z) = ﬁ f (z) when f is homogeneous of degree n.

THEOREM 3. Let k > % and suppose f is sufficiently smooth on a ball B =
{z € R? : ||z]|, < R} for some R >0, then for x € Bg

V() = /Q f (@ (@) (L+ g0 (@) + g3 (0)) dys (a)
+ (26 - 3) / wf (@ (0)) o (¢, w, 0, 61, o, o1, ) du (q)

=1 Gt @ 1 42 — g3
=7 + cos@ \ usin ¢; sinyy 1—cosf \ (1 —u)singgsineyy )
If f(z) is homogeneous of degree n then [, f (27 (q)) g3 (¢) du (q) is zero when
n is odd and equals ﬁ Jo Daf (27 (q)) dpu (q) when n is even (the proof is in the
next subsection). Also we will prove the two equations (1.2) and (1.3). The factor
ﬁ in (1.3) can be replaced by the integral operator w. The following uses an

integration by parts to replace the differential operator Dy by an integral, the last
ingredient of the formula in the theorem.

LEMMA 2. For k> 3 and a smooth function h(q)

/Q Doh (q) dp(q) = (26 — 3) X

/h() 1 < a1+ >2 1 < 42 — g3 >2 du (q)
Q VY1 coso wsin ¢y sin 11 1—cosf \ (1 — u)sin ¢y sin g HAd

PRrROOF. Use the notation and change-of-variable from Lemma 1 to set up the

integration by parts. The measure is du = ¢, (21 ZQ)K_S/Q (sin 0)*" 3 dqy dgadgsdgsdudd
and the region of integration €2, is implicitly defined by z3 > 0,20 > 0,0 < 6 <
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m,0<u< 1. If w(q) vanishes on the boundary of the bounded domain @ in R*
then fQ Doh/(q)w (q)da = — [, h(q) Dow (q) dg, (although [, q;55-h () w (q) dg =
_ fQ (1 + iz, ) (¢q) dg for 1 < j < 4 the terms fQ h(q) w (q) dgq cancel out).
We ﬁnd

(1 - cos) (q1 + q1)° (1 + qu)”
Doz = -2 — 9o 1%
o= sin? @ 14 cosf’
1 P R 2
Dozo = 2( + cos i )2((]2 q3) _ 2((12 q3) ,
sin“ 6 1 —cosf

2 Z1

original variables ¢1, ¢2, %1, 12, u, 0 to complete the proof. a

and Dy (z122)" %% = (k—3) (M + Dzoijrz) (2122)" %2, Then change back to the

2.2. Proof of the intertwining property. Suppose £ is a linear functional
on polynomials in ¢ = (q1,492,¢3,494), and define an operator on polynomials in
x = (x1,22) by Vif (2) =&f (x1q1 + T2g2, 2193 + 22q4). What needs to be done to
show V4 = V, the intertwining operator? The group invariance requires &p (q) =

£p (94,93, 92,01) = €p (q1, —q2, —q3, q4)-

DEFINITION 2. Let & denote the functional defined by ¢® — s(a). For a
homogeneous polynomial p (q) in q of degree n define the functional & by:

£(p) =& (gop) , forn odd,
1

£(p) =% ((1 + 4mi—nDO + 8m+nD3)p(Q)> , for n even.

Using [4, Prop. 1.3] we get the homogeneous component of the criterion:

(2.1) (n+1) ({2 9) € (@ (@ ,9)") — € (@7 (@), )" "))
- ”i (¢ (@r @.0"") =€ (@@oir (@).9)" ) ).

forn=0,1,2,..., where {o;} is the set of reflections {o1, 02, 020102, 010201}, and
0;7(q) = 7 (gA (0;)). Rewrite the criterion as:

£ (01 +00) a7 (@)™ ) = (4 14400 (G (@), )" ")

+h _2425 ((xT (gA (04)) ,y>"+1) —0

Note (01 + 04) (z7 (q) ,y) = (x,y). We will prove ¢ satisfies the criterion and also
that & (Dsp (q)) = (8x + n) &y (gsp) when p is of degree n (both sides vanish when
n is odd). We have

qA(01) = (—q1, 42, =43, q4) ,

g\ (02) = (¢2,91,94,93) »
(010’201) = (—q2, —q1, —q4, —q3) ,
g (020102) = (q1,—q2, 93, —qa) -
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Then
4

> gj(ar(04) =0,j=0,1,2,

Zl
Z 93 (gA (04)) = —4g3 (q) -
i=1

The corresponding differential operators L (g;) satisfy similar equations for j
1,2, 3 because Z?:l 0? is two-sided invariant, that is, Z?Zl L(gj)p(gh(os)) =

K3

for j = 1,2 and Y, L(g3)p (g (04)) = —4L (g3) p (q)-
The proof of the criterion is easy when n is odd.

0

PROPOSITION 3. Suppose n is odd and p(q) is homogeneous of degree n + 1,
then

€0 (90 (q) (01 +04)p (q))

1 1
- 1+4 1 D D
(n+1+ H)&)(( Jr4/-6—!—714—1 0+8f{+n+1 3>p(q)>

4
+r&o <<4 - WDS) p(Q)) =0.
PRrROOF. In fact, the left side simplifies to
§o((2(q1 +q4) (01 +04) = (n+1) = Do — D3)p(q)) -

Replace n 4+ 1 by the Euler operator Z?:l q;0; then the expression becomes iden-
tically zero. O

COROLLARY 1. The criterion (2.1) is satisfied for odd n.

PROOF. Set p(q) = (7 (¢q),y)""" in the Theorem. O

For the odd degree case (n even) replace n by 2n, then the criterion becomes

(2:2) (4K +2n+1)& (<wT (@), 9" g0 (q)> —¢ ((31 +04) (@7 (q) ’y>2n+1) =0

This equation can be restated as
(46 +2n + 1) Konya (2, y) = (2, ) Kon (2,9) -
Recall the definition of Py, (q) from (1.6). Thus
n & n n—i, i & n—c,.c
@ =3 (1) et
i=0 =0
for n € Ny. So it suffices to prove identities involving £ and (z7 (¢) ,y)" for the poly-
nomials P7,. There are two immediate consequences of the invariance properties
of &.
c b+-c c
Pgy(gh(o1) plon) = (1) Piy (9),
£(P5y) #0=b=cmod2,



TYPE By INTERTWINING 13

and

Pgy (ah(02) p(02)) = P (a),

€ (Pey) =€ (Pust).
With the aim of applying condition (2.2) to P;, with a +b = 2n + 1 we can
assume that a is odd, b and c are even. This implies & <q4Pac7b (q)) = 0 (the

—c+1 i+1,

typical monomial is g7 qgﬂ'qg*ic_y4 ; the parities of the exponents of g3 and ¢4

are opposite).
In the evaluation of & (goPg’b) and & ((81 + 04) Paﬁb) there are several van-

ishing terms:

€0 (qaPgy) = &0 (04P5 ) = &0 (¢i0i04Py5,) = 0,1 < i < 4,
o (0T P y) = &o (110401 P ) = &0 (020300 P ) = &0 (q30201P5,) = 0.

Thus

€0 (Do (0 + 0a) P5y) = &0 (L (92) 1 P5 ) + o (L (1) 0aPyy)
€ (D5 (01 + 01) Pyy) = &0 (D304F;,) -

The required identity is

(2.3) (4e+2n+1)& 2aPy,) — & ((1 + ﬁ
1
(26 +n) (4 +n)

=0.

L (92)> 51P§,b)

o ({(3k + 1) (q401 + q104) + £ (q302 + q205)} 04 P5 )

We will prove this by summing over the monomials in P7,, that is, we replace Py,

in the left side by ¢¢~“"¢5™"¢5 ¢ and evaluate & (in terms of s (). The partial
sums are found explicitly by use of contiguity relations for the 4F3-type function
F.

Set a = 2a1 + 1+ 2a3,b = 2as,¢c = 2a3 and so n = aj + as + a3 and assume
for now that a; > 0, that is, a > ¢. Evaluate the left side for the monomial ¢¢
with @ = (2a; + 1+ 14,2a3 — ¢, 2a3 — i,4) (note |a] = 2n + 1). One of the terms
simplifies:

“ (<1 N ﬁL (gz)) alqa> _

2a1 — 2a0 — 2a3 — 41
(2a1+1+i)<1—|— S

4Kk 4+ 2n
(f@—&—al—z’)s
26+ n

>3(2a1 +1i,2a3 — i,2as — 1,17)
= 2(2a, +1+1) (2a1 +14,2a3 — i, 2a — i, ).

To remove some common factors we divide by s (2a1 + 2, 2as, 2as, 0) (see Propo-
sition 2 for the evaluation) and denote the result by ¢;. The following expression is
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a linear combination of F' values with simple coefficients
s(2a1 + 2,2a3,2a2,0)t; =24k +2n + 1) s (2a1 + 2 +4,2a3 — 4, 2ag — i,1)
201 +1+1i)(k+ a1 +1)

2k +n

1(3k+n . . . .
_(2/<a+(n) (4/<;)+n){(2a1 +1+14)s(2a1 +14,2a3 — i,2a2 — i,1)

+(i—1)s(2ay +2+1i,2a3 —,2a5 — i,i — 2)}

Ll

s(2a1 +14,2a3 — 1,2a2 — 4,1)

_(2K+n;’245+n){(20’3_i)5(2a1+1+i’2a3_i_1’2a2_i+1vi_1)

+(2a3 —i)s(2a1 +1+i,2a3 — i+ 1,2a5 —i — 1,0 — 1)}.

Then to = 0 (directly). Rewrite (. )(f) = (9 (Z0)u(=h); (%) (203),(202); T

c—1i ¢/ il(a—c+1), c i!(2a1+2),

proof of the following is in Section 3.3.
THEOREM 4. Suppose a1 > 0 and m > 1, then

i (_20‘3>i (_2a2)it, — 22m+3na2a3 (2 — 2a2)m—1 (2 B 2a3)m—1 (H +a;+ 1)
il (21 +2), (m —1)! (=2k — 2as — 2a3 + 1)

m

i=1 2m
(a1 + %)nkl (4k 4+ 2n+ 1)
(2a1 4+ 2),, (45 +n)
COROLLARY 2. The identity (2.3) is valid and criterion (2.1) is satisfied for
even n.

Fm—1;k+ 1,01 +1,a2 — 1,a3 — 1).

PrOOF. The factor (2 — 2a2),, (2 — 2as),, , vanishes for m > 2as or m >

2a3. Multiply both sides by (2“1;223“), the left side becomes

% (—2a), (=201 — 2a3 — 1)2“3_it-
il (2a3 —1)! )

=0

If a3 > 0 set m = min (2ag, 2a3). The poles of F' (as rational function of as,as)
occur in a subset of % 4+ Ny. Next we use a weak form of analytic continua-
tion to apply the Theorem to the case a; < 0. The terms in the left side with
2a3 — i — 14 (—2a; —2a3 — 1) > 0 vanish, that is, for ¢ < —2a; — 1. Further
(2a1 + 1)! x (2a1 +2),, = (2a1 +m+1)!). Since 1/(2a; +m+1)! is entire for
fixed m the identity (left side minus right side, for fixed as, az,m) can be consid-
ered as a meromorphic function of a; vanishing for all a; > 0 except possibly at
the poles, which form a subset of % + 7Z. Now let a7 — —¢ with 1 < ¢ < as.
The terms in the left side (the sum) vanish for ¢ < 2¢ — 2 and the right side
vanishes for 2a; +m + 1 < —1, that is, m < 2¢ — 2. By analytic continuation
Zggf_af’z%) (2“12'232“_?;“) (2‘;2)751- = 0. It remains to change the normalizing factor
int; tos(1,2as + 2a1 + 1,2as + 2a; + 1,—2a; — 1). Note that 0 < ¢ < a+b implies
2a; + 2a3 + 1 > 0. The formal expression (put i = —2a; — 1 =2 —1)

s(1,2a3 + 2a; + 1,2a2 + 2a; + 1, —2a; — 1)
s(2a1 + 2,2a3,2a2,0)
B (3 -r— a2)e_1 (3-r-— a3)e_1 (k+ a1 +1)gy (5 + al)ze_l

(3 - az),_, (3 - a3)e—1 (3-—r—a2— a3)2£—1 (1 -k —az —as)y_,
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has no poles or zeros at integer values of a;. Thus the identity remains valid when
multiplied by this ratio. ([l

The formula for the partial sum in the Theorem was discovered by experimen-
tation, and recognizing that the factorization of the partial sum produces linear
factors and an irreducible polynomial in (k + 1) (k +n). The validity is proved by
induction and a contiguity relation for F' (that is, to show Y..*, ¢; = d,, for se-
quences {¢;},{dn} it suffices to show dy = 0 and ¢, + dpp—1 — d;, = 0 for m > 1).
We use a similar approach to the formula

(24) (84 20)& (@ — 2as) (27 (a) )™ ) = & (Ds (7 (a) ,9)™") =0

forn =1,2,3,.... The expression (8« + 2n) & ((q1q4 - q2q3) Py, (q)) =& (D3P;1b (q))

with a + b = 2n vanishes when a and b are even, so it suffices to take a,b,c all
odd. Furthermore assume a > ¢, otherwise use the symmetry Py, (q4,93,92,q1) =

Pf’:bfc (¢), which produces the same integral because of the invariance properties of
q194 — q2q3 and p, and replace a, b, ¢ by b, a, a+b— c respectively. Note that a+b—c
isodd and ¢ > a implies a+b—c < b. Let a = 2a1+2a3+1,b0 = 2a2+1,¢c = 2a3+1,
son = a; +as +az+ 1 and ay,as,a3 > 0. The monomials in P;yb are ¢% with
a=(2a1 +14,2a3 + 1 —14,2a2 + 1 —4,7) and |a] = 2n. Set
s(2a1,2as + 2,2a3 +2,0) t; =
€0 (((8k +2n) (q104 — q2q3) — D3) G T3 g3 qy)
=Bk+2n)s(2a1 +1+4,2a3+1—4,2a0+1—4,i+1)
— (8k 4+ 2n) s (2a1 +i,2a3 + 2 —i,2a2 + 2 — i,1)
—(2a1 +1)s(2a1 +i—1,2a3+1—14,2a0 +1—i,i+ 1)
—i82a1+i+1,2a3+1—4,2a0+1—4,i—1)
+ (2a5 +1—1i)s(2a1 + i,2a3 —i,2a2 + 2 — 4,1%)
+ (2a2 +1—14)s(2a1 +4,2a3 + 2 — i,2as — 4,14) .

The proof of the following is in Section 3.

THEOREM 5. Suppose a; > 0 and m =0,1,2,...then

i 2&2 — 1 2(13 — 1)7t _ 22m+3"€ (K/ + al)m+1 (_2a2)m (_20’3)711 (a’l + %)m
P il Qal + 1), " ml (=26 — 2a3 — 2a3 — 3),,,,, (2a1 + 1),
X (4k +3n+2) F (m;k + 1,a1,a2,a3) .
COROLLARY 3. Equation (2.4) is valid.
PROOF. Multiply the formula by (zalzzfﬁﬂ) and set m = min (2as + 1,2a3 + 1).
The factor (—2a2),, (—2as),, vanishes for m > 2as +1 or m > 2az + 1. O

In the paper [4] the proof depended heavily on several integrations by parts. It
may be possible that such a proof exists in this case (given sufficient ingenuity), but
the method of integrating Py, (q) by use of 4 F3-series seemed more straightforward.



16 CHARLES F. DUNKL

3. Hypergeometric series tools

3.1. The single sum. A fundamental transformation for terminating 3Fb
series (for n € Np) is

-n,a,b (d—1b) -n,c—a,b
F: 1) = ——2 3It ;1.
32( c,d ’) (d), 32<q1+b—d—n’>

By iterating we obtain two useful transformations:

-n,a,b (c+d—a-0) —n,c—a,c—b
1 F: 1) =————"2 JF 01
(3.1) 3 2< c,d ’ ) (d),, 3 2(c,cab+d’ )’

and (this one provides the sum for the balanced case: —n+a+b+1=c+d)

a2 an(T0Ta) =y g O

 F -n,a+b-n+1l-c—d,1—-d—-n_
302 a—d+1—-nb—d+1—-n )

We also need the Whipple transformation (see [1, p. 56]) for balanced terminating
4F3 series: if n € Ngand —n+a+b+c+1=c+d+ e then

-n,a, bv c (6 - a) (f - CL)
3.3 F 1) = n n
39 an () GRGH
I —n,a,d—b,d—c _
X43<¢ebc+¢fbc+d’)'

With the aid of these formulae we prove the single-sum expression for s(a). To
concentrate on the intermediate steps we change some variables:

1 1
u1:§*b1:§(1*a1*a4)7
1 1
u225—50:§(1—042—043)7
1( )
m= - (a3 —«
2 3 4)

Also write a for ay. By the parity condition m is an integer; further the sets

5 GT_l} and {n,a—n— %} are equal. For now we assume m > —n (this is
necessary because factors (m + 1), with 0 < i < n will appear in denominators).
The special case m = —n, corresponding to az3 = 0,1 will be handled later. Start
with the double sum from equation (1.4a); note (—au)y; = 2% (—%), (F524), =

2% (=n); (n — a+ 3), and similarly (—az),; = 2% (—=m —n); (-m+n—a+ %)J
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Further £ —bs=3(1-as—au) =3 -—m—a.

o e ) ) (b ), (0
=0 =0 iljl(ur); (u2); (%77”7‘1)”]‘

L m—a+4i,us

n (_n)i(n—a—&—%).(ﬁ)i (mn,m+na+%,n+i >
. : 3F> ;1
2

1 . ’
5—M—a+1%—N—K+ U

(
B L B s o)
n—i (—n)iﬂ( —a+ ) (— m—n)j (%_m_a_“)j("é)i
ilgl (u); (—n — K +us); (5 —m —a)
(_H+u2—n)

= fS, fi= ntm
(u2)n+m

i+j

The transformation (3.1) is used on the inner sum. Note that the range of summa-
tion is now changed to {(¢,7) : 4 > 0,7 > 0,i+ j < n}, and m can be considered a
formal parameter. Reversing the order of summation and using equation (3.2) we
obtain

n 1 .
S,:Z( n); (=m (5 m_a_")j 3F2<J—n,n—a+§,m;l>

J(f—m—a)] ul,%—m—a—l—j

)
= (= n—/@—l—ug)
R (=n); (—=m — j(% m—a—/f)j
_;) (= n—m-l—ug)J(f—m—a)J
s ETH T, (om0t i)

(ul)nfj (%_ _a+‘7)n—j

j—n,—ul—kn—i—m—i—l,%—i—m—i—a—n
X 3F2 1 71 ’
stet+tm+a—nm+1

and reversing the order of summation again we obtain

/ n 2
T T
n ot (—ur +K+m+1), (3 +m+a—n), (i—n); (1 —n—u),
XZE:]Z zlj.(5+f<;+m+a—n)i(m—|—1)i(—n—/<a+'uz)j
_ n (fn)i(fu1+/<;+m+l)i(%+m+afn)i(u1+qun71)n_i
pre i'(z+Kr+m+a—n) (m+1),(—n—kK+uy),_,
S fy e (m+1), (3 —m-—a—r),

At the second last equation the j-sum is done with the Chu-Vandermonde sum
(2F1 ( n.b. 1) (p(c)b) ). Replace i by n — 4 in the sum S”, and use the relations
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(), .= (=1)' (), /(1 —b—n),and (—n),_, / (n—i)! = (~1)" (=n), /il to obtain

(7u1+n+m+1)n(%+m+a—n)n
(5+r+m+a—n) (m+1),

—n,u1—|—uQ—/<:—1,%—m—a—ﬁs,—m—n
X 4F3 11

" — (71)71

%—m—a,ul—fi—m—n,—n—fi—kug

1 71>7
§—m—a,uQ+m,u1
(—ur+r+m+1), (3-—m—a) 1—u—n), (1-ug—m—n),

(%fnfmfa)n(m+1)n(fnfn+uz)n(fn+u1fnfm)

—nui+us—k—1,n—a+ ik
:f34F3< 2

fa= (1"

n

The Whipple transformation is valid since the first 4 F3-series is balanced (as is the
second, of course). We combine the factors

(—k4uz—mn), ., (m+1), (3—-m—a—k)

fifafs = (a2)n, —m—a) (u),
y (—u1+Kk+m+1), (%—m—a)n(m)n (ug +m),
(%fnfmfa)n(m+1)n(fnfn+u2)n(—u1+/£+m+l)n
_ (W —rR),
(u2),,
Thus

g (ug — K),, Fs (—n,ul#—uz—m—l,n—cﬂ—é,/@'l).

1 )
(u2)7n 2 m—a,uz + m,uy

It is possible that 0 > m > —n (that is, a3 < «4) in which case the equation

_1\ym — (1 — Ug)_

t = 1 = ( 1) 1 S d S (u2 K/)m = mn . F H
) T (= applies, and so (W) A+r—u) inally
for the special case m = —n the double sum S reduces to the single sum

. “~ (—n); (n_a+%)i(’f)i _ S (—n); (k)
sz i!(ul)i(%—m—a). 72 ;

i=0 i i=0
B (u1 —K),

o (w),

)

while the 4 F3 series reduces to a balanced 3F5 series, so that

_ k-1 1 _ _
3F2< n,up +ug — K ,/9)(1)”( + K —ug), (u1 — k),

Uz — N, UL (ug — ”)n (ul)n
c . (1 B u2)—m
(by use of formula (3.2)) and the result multiplied by ————"— produces
1+r—u2)_,,

Wl, which equals S.
1 n

This finishes the argument, and now we can show the three-term recurrence ap-
plies to s (@) . Returning to the original variables, we note bp—m = 3 (a2 + a3 — a3 + ) =
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b2, thus

This proves formula (1.7).

3.2. Three term recurrence and symmetries.

PROPOSITION 4. Forn € Ny

1 1
n(n+ 2v1) (n+i€+v1—2> (n—i—2—l—vz—i—vg—n)F(n—l;ﬁ;,vl,vg,vg)

+{n(n+2®1) <nUQU3;> 4 (n+;+v1> (n2v2)(n2v3)}
<n+v1 _ 1) (ns 5, 01, 03, 03)

F
= (n—i—vl —> (n—l—vl—i— > (n—2v3) (n—2v3) F (n+ 1; K, v1,v2,03)

PRroOOF. Expand the left side as a series in g; := (k); (—k —v1 — vo — v3), for
0<3< L"T'HJ Start with the equation

1 1
<n+n+m—2)(ﬂ+2+erm—n)=
1 . 1 . .
<2—U1—7’L—|—Z) (n—vg—v3—2+z>—(H+z)(—ﬁ—v1—v2—v3+z).

The outline of the calculation is this: write F'(n —1) =>_,.,a;9; and F' (n) =

> i50 @4gi (suppressing the other arguments); note that g; (k + 1) (—k — v; — vo — v3 + 1) =
gi+1 then collect term-by-term in

1 1
(n+2v1){n(—v1—n+z> <n—vg—v3—2+z)2aigi

i>0
1 1 ,
—nZai,lgi—&—n n—vg—v3—§ n+v1—§ Zaigi}
i>1 i>0

1 1
w(regen) (ren=g) ootz Tl

i>0
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_n _14n
Write this sum as Zizo i!(%—n(_UIQ))i((%_q,i)_)lg—vs).Cigi’ then (in corresponding or-
der)

2 1 1
q:721f1GHﬂn_2)§4n—mﬂn+1—2w(n—m—Wy—2+a

1
+n(n+1-—2i) (n—vg—v3—2>+i(2v2+1—2i)(2v3+1—i)}

1—-2 1
% (n+1)12> (’n,72'U2) (7172’03)

_ (n — 2vs) (n — 2v3) (n—|—v1—;) {i(n+2v1)+<n+v1+;> (n+1—2i)}

n+1
1 1
= (n — 2v3) (n — 2v3) <n+vl—2> (n+vl+2—|—z>.

Finally (n+vl+%+i)/(%—n—v1)i = (n+v1+%)/(—%—n—v1)i, which

proves the identity. ([

COROLLARY 4. The recurrence (1.5) for s’ (a) is valid.

3 (%)bl
=1 (nt3),,
where b; = 1 (o; + o) ,1 <7 < 3. Then s’ (@) /¢ (a) satisfies the recurrence for F
in the Proposition, with n = ay,v1 = % (@ — ay4),v2 = by, v3 = bz. Multiply the

2
recurrence by ¢’ («) then the coefficient of F'(n — 1) is multiplied by

PROOF. Suppose a1 = as = a3 = agmod 2 then set ¢ (o) = []

c (@) o +ag—1

(g —lao+1las+ 1,04 —1) 264+ +ag—1

and the coefficient of F (n + 1) is multiplied by
c (@) 264 tag+1

(a1 +1,as—1las—1,a4 +1) o1 +oy+1

Divide out the common factor % (1 +aqg—1)= (n + v — %) to obtain (1.5). O

There is another, perhaps unexpected, symmetry:
PROPOSITION 5. s’ is completely symmetric in its arguments.

PRrROOF. Already formula 1.7 shows the symmetry in (aq, ag, @3). One can ar-
gue from the as < a3 and a; < a4 invariance together with the o <> (g, a1, g, a3)
invariance of s. The Whipple transformation (3.3) gives a direct proof. It suf-
fices to show s (a1, 2, a3,a4) = 8’ (g, a2, a3,a1). If all the o;’s are even take
n=%,a=kK,d= % — by, then

(2)aase (2)ay o
(H + %)az/Q (K: + %)(x3/2

—U g, T k4 2 (14 o+ o)
4F3 1 1 1 71
5—bi,k+5(1+az),s+5(1+a)

S/ (alyaQa asg, O[4) =
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and this expression is symmetric in («, y). A similar argument works when «y is
odd:

(%) (aa+1)/2 (%)(a3+1)/2

(k+ %)(a2+1)/2 (k+ %)(a3+1)/2

1— 1— 1
(SRS e an) )
L-bk+1+L r+1+2

s (0417a270é3,0<4) =

O

3.3. Contiguity Relations. We start by writing the expressions in Theorems
4 and 5 in terms of the function F' (see definition 1). Suppose a1 = as = ag =
a4 mod 2 then set
3 1
c(a) = (26) 0y +os (%K) ayas H (2)1,1.
= 1
(45) o i1 (P4 3),,

where b; = 1 (a; + a4),1 < i < 3; thus s(a) = c(a) F (ou; k, 5 (01 — o), ba, bs).

For Theorem 4 we set ¢ = m > 1 and extract the common factor

¢ (2a1 +m,2a3 —m,2a3 —m,m) (—2a3),, (—2a2),,
s (2a1 +2,2a3,2a2,0) m! (2a1 +2),, (4k +n) (2 +n)
dk+2n+1)(k+ar +1), (a1 + %)n%1 (—2a3),, (—2a2),,
(4k +n) (1 — 2k — 2a3 — 2a3),,, m! (2a1 + 2),, '

Cm =

— 22m—1 (

Recall n = Zle a;. When i = 0 we have

(2a1 + 1) (k + a1) ¢ (2a1, 2a3, 2a3, 0)
(26 4+ n) s (2a1 + 2, 2a3, 2a2, 0)

to=2(4r+2n+1) -2
=0.

4(_:;1!3()2‘31(;22)(1 2ot 4 dy 1 —dy = 0, where

d,, denotes the claimed expression for the sum. The following multipliers are needed

in the calculation of ¢,,:

c(2a1 +m+2,2a3 —m,2as —m,m) _ (k+ay+m)(2a; +2m +1)

The plan is to use induction by showing

c(2a; +m,2a3 —m,2as —m,m)  (4k+2n+1)2k+n) '
c(2a1 +m+2,2a3 —m,2as —m,m —2) (26 +2az — 1) (25 + 2a3 — 1)
c(2a1 +m,2a3 — m,2a3 —m,m) N (2a3 — 1) (2a3 — 1) ’
c(2a;1 +m+1,2a3 —m—1,2a2 —m+1,m—1) 2xk+2a3—1
c(2a1 +m,2az — m,2as — m,m) T 2a3—1
c(2a1+m+1,2a3 —m+1,2a0 —m—1,m—1) 2k+2ay—1
c(2a; +m,2a3 — m,2as —m,m) T 2, —1
Write d,,, = Ay F'(m — 156+ 1,a1 + 1,a2 — 1,a3 — 1) then
A (2a2 — m) (2a3 — m)
Lmo oy
. mek (k4 a +m) Gas— 1) (205 =1) '

Apoy 2(m=1)2a1 +m+1)(k+az+az—m)(k+az+az+ 35 —m)
A (k4 a1 +m) (2a1 + 2m — 1) (2a2 — m) (2a3 — m)
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%tm +dp_1 — dm) /Cyn, with each a; is replaced by

v; (formal parameters instead of integers) becomes the left side of the equation in
the following.

The expression (

THEOREM 6. Suppose vy, va,v3 & —% + No, (vo = v1 +v2 +v3) and m =
1,2,3,...then

2(2u1 +2m+ 1) (k +v1 +m) (4 + vg) F (m; k,v1 + 1,v2,v3)
—{2(k+v1+m)(dr+vy) + m(3k +v0)} (2v1 + m+ 1) F (m; K, v1,v2,03)
(205 + 2k — 1) (203 + 2k — 1)

- L F(m—2: 2,09 — 1vg — 1
m(m — 1) (2v2 — 1) (203 — 1) (3k +vg) F' (m SR, U1+ 2, U2 U3 )
2 203 — 1
_m,{(“JF—“?')(z%—m)F(m—l;m,v1+1,v2,v3—1)
21}3—1
2 209 — 1
_mﬁw@w_m)F(m—l;/ﬁ,v1+1,U2—17U3)
2’[}2—1
8k (21 +m+1) L
-1 3™ ST
+m(m )(202_1)(2U3_1)(2U1+2m_1)(fﬁ+v2+vs m) /€+vz+v3+2 m

xF(m—-2;k+1,v14+1,v0—1v3—1)
(2vg — m) (2ug — m)

A 1) (205 = 1)

(ktvi+m)F(m—Lk+1v+1,va—1vs—1)
=0.

PrROOF. We proceed by considering the left side as a polynomial in s of the

form

Z (¢i +dik) (K); (—k —v1 — v —v3); .

i>0
The coefficients are rational functions of vy, vs9,v3, m. Write the identity in abbre-
viated form as 22:1 tnF (7)) = 0 using the same order as above (for example,

Yo = (m;k,v1,v2,v3) and us = —mn%ivjfl) (2vg —m)). Denote term #i of

F () by ti (vn), (where tg (7,,) = 1 for all n) so that
(]‘ B %)1 (3_27”)1 (H)z (_H — U1 — V2 — vS)i
T 3 3 .

(5 —u- m)z (5 - U2)i (5 - 113)1. il
for example; with the understanding that F'(m) = 0 for m < 0. The verification is
carried out by symbolic computation. The underlying idea is to set up the equations
as rational functions of all of the variables. For example, (a), is not rational in i,
but for a fixed integer k the expression (a), / (a + k), is rational in a and ¢ because

of the identity (a), /(a + k), = (a), /(a +1),. By use of symbolic calculation we
evaluate

ti (13) =

Y

tiar (1) ~ . ti()

141 1 7 n

pilK)=pm———<"+tp2+ ) ;

s (9 ti (72) ,;3 "t (72)
7

po (k) =p (1+t (71))+M2+Zﬂm
n=3

for 1 <i < |%Z]. Indeed p; (k) is a polynomial in & of degree 4 (note that ;8;; is

not polynomial in k for ¢ > 1, and the factor k in pg and p7 is necessary since i((lg))
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has k in the denominator for n = 6,7), further p; (k) is rational in all the variables
(v1,v2,v3, K, 3, m). Although ¢ is an indexing variable the difference between the
respective parameters in {7, } is one of 0,+1, 42 and thus % is rational in ¢ for
each n. By computer algebra we find the coefficients {¢;, k}izo’ which are functions
of i, m, v, vs,v3, so that

pi (K) = ¢io+ ciak + (cio + cisk) gia (K) + ¢iagi2 (K),

where g; (k) == (k + 1), (—k — vo + 1), for £ > 0, thus go; (k) gix (k) = go,i+k (k).
For example

4(2i—m)(2i+1—m)
(i+1) (3 —v2+1i) (3 —v3+1)
for 0 < i < L%J, but the other coefficients are more complicated. Because the
degree of k in yq is 2 the value of ¢y 4 agrees with the generic ¢; 4 with ¢ = 0. For
i >0 let

Cija =

so that r; is independent of x (thus r; = -

left side of the identity equals
[m/2]
Z i (K) go,i (K) i
i=0
[m/2]
= Z 7 ((€i0 + €i,1K) go,i + (Cij2 + ¢i3k) go,i+1 (K) + ¢iag0,i+2 (K))
i=0
|m/2)+2
= Z 9o,i (13 (Cio+ciik) +1im1 (im0 + Cim1,36) +Ti—2Ci—2.4) .
i=0
By symbolic computation

(Ci,O + Ci,1l’€) + (01_172 + Ci_1731€) +

3 3

Ci—24 =0

for 2 <i< L%J Also
co,0 +co1k =0,

1 (0170 + 017111) + 70 (60,2 + 6073I€) =0.

The special cases at the top end of summation occur at i = 3 or i = m74 (for m
being even or odd, respectively) and in fact ¢; 4 = 0 and (¢; 2 + ¢; 3x5) + “El Ci—14 =
0 for these values of 7. ([l

This completes the proof of Theorem 4.
We use the same approach to Theorem 5, where we set ¢ = m > 0 and extract
the common factor

o c(2a1 +m —1,2a3 —m+1,2a3 —m+1,m+1)(—2a3 —1),, (—2a2 — 1),
e s(2a1,2a3 + 2,2a2 + 2,0) m! (2a; + 1), (46 +2n+ 1) (26 + n)

— 92m+1 (H + a‘l)m (a’l + %)m (_2a3 - ]‘)m (—2@2 B ]‘)m

B (=3 — 2k — 2a3 — 2a3),,, o m! (201 + 1)

m
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Next calculate (recall n = ay + as + a3z + 1)

c(2a1+m+1,2a3+1—m,2as+1—m,m+1) (k+a+m)(2a+2m+1)

c(2a; +m—1,2a3 +1—m,2a2 + 1 —m,m + 1) 4k +2n+1) (25 +mn)
¢(2a1 +m,2a3 +2 —m,2as + 2 — m,m)
c(2a1 +m—1,2a3+1—m,2a2+1—m,m+1)

2(m+a2+a3+1—m) (k+az+as+3—m)
(4k +2n +1) (26 +n) ’
c(2a1+m+1,2a3+1—m,2a+1—m,m—1) (2k+2a2+1)(26+ 2a3 + 1)

c(2a;+m—1,2a3+1—m,2a2 + 1 —m,m+1) (2a2 + 1) (2a3 + 1) ’
¢(2a1 + m,2as — m,2ay + 2 — m,m) 26+ 2a3+1
c(2ay+m—1,2a3+1—-m,2a0+1—-m,m+1)  2a3+1 '
¢(2a1 + m,2a3 + 2 —m,2as —m,m) 2k 4+ 2a9 + 1
c(2a1+mf1,2a3+17m,2a2+17m,m+1): 2as + 1

Write the right side of the summation formula in Theorem 5 as d,,, = A, F (m;k + 1, a1, a9, a3).
Then

Am (2a2 —m +1) (2a3 —m + 1)
—4 4 2
. Kk (k+ a1 +m) (4K + 3n + 2) (2a2 +1) (2a3 + 1) ’

Apo1 2m(2ai+m) (k+az+az+1—m)(k+az+as+35—m)

Ap  (k4+ar+m) (a3 +2m —1)(2a2 —m+1)(2a3 —m+1)

(_2“7;!1()27;1(;12)‘2_1)m ton + dpm_1 — dm) /Ch, with a; replaced by v;

(formal parameters instead of integers) for 1 < ¢ < 3 becomes the left side of the
equation in the following.

The expression (

THEOREM 7. Suppose v1,v2,v3 & —% +No, (vo =v1 +v2+v3+1) and m € Ny
then

22u1+14+2m)(k+v+m) @k +vo) F(m+1;k,01,00+ 1,03+ 1)

3
_4(4I€+’U0)<I€+’02+’U3+2—m)(I€+U2+'U3+l—m)F(m;lﬁ,’l}hvg-’-l,’Ug—f—l)
—2ui+m)(dr+2v0+ 1) (26 +vo) F(m+ 1; 8,01 — L,vg + L,v3 + 1)

(2 +2v2 + 1) (26 + 203 + 1)
— m(4k +2v9+ 1) (26 +vo) F(m — 1; k,v1 + 1, v9, vs
(202 + 1) (2v3 + 1) ( o+ 1) 0 F ! 273)
(2K + 2vu3 + 1)

(2us +1—m) (4K + 209+ 1) (26 + vo) F (m; K, v1,v2 + 1,v3)

(2u3 + 1)
2K + 2vp + 1
W(2U2+1—m) (4 + 200 + 1) (26 + vo) F (m; K, v1, 02,03 + 1)
8mk (2v1 + m) 3
o 2 el
(23 +1) (23 + 1) (201 +2m — 1) H+v2+v3+2 m | (k+wve +v3+1—m)

X (4k +3vg +2) F (m — 1; 6 + 1,v1, v2,v3)
46202+ 1-m) (2u3+1—m)
(21}2 + 1) (2’1}3 —|— 1)

(45 4+ 3vg +2) (k +v1 +m) F (m; k + 1,01, v2,v3)
=0.
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PROOF. The method is similar to the previous one; here we use 3 as point of
reference for the ratio calculations. Write the identity as Zi:l pnF (7n) = 0 and
use the notation t; (,,) as before. As before g; 1, (k) := (k + 1), (—k — vo +1),, (but
here vy = 23:1 v; + 1, different from the previous theorem). Set

2 8
pi(H)Zunmwwz%

ti (Yn)
ti (73)

1> 1,

n=1 n=4

2 8
Po (’i) = Z Hnt1 (’Yn) + Zﬂn-

n=1
Then p; (k) is a polynomial of degree 5 in k. By computer algebra we find the
coeflicients {cik}izo, which are functions of i, m, vy, va, v3, so that
pi (k) = cio +citk + (ci2 + ci3k) gin (k) + (Cia + cisk) gi2 (K) .
Then the left side of the identity equals
L(m+1)/2]
i (k) go,i (K) 7

i=0

[(m+1)/2]
= > ri(cio+cink) goq + (ciz+ cigk) goivr (k) + (Cia+ cisk) goiva ()

i=0

L[(m+1)/2]42

= Z 9o,i (13 (Ci0 + ci1k) +ric1 (Cim1,2 + €im1,36) + T2 (Cim2,4 + Ci—2,5K)) ,
i=0
_ ti(7s) . .
where r; := () The degree of k in p1 and po is 3 and thus co 4 + co 5K agrees
go,i \R

with the generic value of ¢; 4 4+ ¢; 55 at ¢ = 0. In the range 2 < i < LmTHJ the

value of (01'70 + 01'71/{) + Ti:l (01_172 + 01_17311) + Ti:Q (61_274 + Ci_275lﬁ)) is found to
be zero by symbolic computation. Also ¢oo + co16 = 0 and ry (c1,0 + ¢1,16) +

70 (co,2 + co,3k) = 0. The special cases at the top end of summation occur at ¢ = %

m;rl (

ori= for m being even or odd, respectively) and in fact ¢; 4 + ¢; 55 = 0 and
(Ci2+cisk) + Z—‘l (ci—1,4 + ¢i—155) = 0 for these values of 1. O

This completes the proof of Theorem 5.

4. Closing Comments

Firstly we remark on the difficulty and complexity of the proof of the inter-
twining property. We speculate that one reason is that the measure on the linear
transformations 7 (¢) is not uniquely defined. As was seen in the presentation it is
only the integrals of Py, (¢) that matter. By Rosler’s result [8] for each z € R?
and k > 0 there is a positive Baire measure p, such that Vf (z) = [ fdu, and
the support of u is contained in the closed convex hull of the Bs-orbit of x. The
explicit measure in Theorem 3 requires x > % and is not positive (combine the two
parts into one and evaluate the kernel at u = €, ¢1 = ¢p2 = 5,91 = €,92 = 7 —¢€ for
small positive ¢; the value is 2 (25 — 3) £% cos 0 +¢&* (1 + (7 — 1—36) cos 0) +0 (55); let
2 <60 < ). However the integral formula for the Bessel function K° (z,y) is posi-
tive and works for x > % It would be very interesting if one could develop explicit
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results for the Coxeter groups 4,, or B,, for n > 3. The corresponding compact Lie
groups (U (n+ 1) and Sp (n), repectively) are fairly concrete but clearly we need
more powerful techniques than we used here for n = 2.

Secondly there is the two-parameter problem. The group Bs allows two para-
meters in the associated differential-difference operators (see (1.1)). The approach
to finding the measure p by starting with the Lie group Sp (2) did not (as yet) help
us in the two-parameter problem. This may be the hidden reason why the part of
the intertwining formula associated with the representations of types 1 and 2 (re-
alized on x1z2 and 22 — 23 respectively) is so complicated (involving derivatives);
we were somehow (heuristically) close to the kernels for k1 = k + 1, k2 = k and
K1 =K,k =K+ 1.

Finally we comment on the role of computer algebra. We produced K, (z,y)
for n < 6 by solving the equations T* K, (z,y) = y; Kn—1 (z,y),i = 1,2. Then by
use of the symmetrized kernels %Zwe B, Kn (zw,y) we conjectured that the mea-
sure y is the right one. Borrowing the polynomial 2 (¢1 + g4) + ¢1¢4 — g2g3 from the
S3 paper [4] quickly helped to expand the conjecture. The part of the intertwining
operator dealing with types 1 and 2 (see Section 2.1) turned out to be puzzling.
Eventually we had a formula for V' that worked for each K, (z,y) tried (up to
n = 12), but no proof. Then experimenting with P;, (¢) led to discovering the
single-sum for s (o) (see Section 1.4). The proof itself depends on classical trans-
formations of hypergeometric series. In turn the single sum expression (which had
three free parameters) made feasible enough experiments to formulate the identity
in Theorem 4. The term-by-term calculations which prove the contiguity relations
in Section 3.3 would be very tedious without symbolic computation assistance, and
much space would be needed to write down every intermediate step. However it is
straightforward to verify these relations for any particular m (magnitude depending
on the size of the computer; m = 1...6 is not too big). There is some satisfaction
in coaxing a symbolic computation system actually to prove a conjecture after it
helped in the conjecture’s formulation.
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