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Abstract

In this paper we consider the problem of determining optimal decentralized
decision rules in discrete stochastic decision problems. Here we consider a static
single-stageproblem. It has been shown in [8] that the static problem is N P-
hard, even for the caseof two decisionmakers. We show that this problem has an
equivalent formulation as minimization of a bilinear polynomial subject to linear
constraints. We then form a relaxation of this polynomial optimization problem,
from which we can compute suboptimal decentralized decision rules as well as
boundson the optimal achievablevalue. The methodsare illustrated by an example
of decentralized detection.

1 In tro duction

Decentralized decisionproblemsare optimization problemsin which a collection of deci-
sionsaremadein responseto a setof observations with the goalof minimizing somecost.
The complicating factor is that decisionscan only be madeto depend on somespeci¯ed
subsetof the observations. That is, the completeset of observations can be thought of
as the state of the environment. Each decisionis made on the basis of an incomplete
observation of the state, although the cost incurred dependson the entire state and set
of decisions. Such problems are common in areassuch as engineeringand economics.
Much of the early work on team decisionproblemswasmotivated by economicproblems
[2]. In certain engineeringproblems,such as the designof distributed detection schemes
and distributed data transmissionprotocols, the key di±cult y lies in the designof good
rules for interacting decisionmakers to follow.

Here we considera fairly generaldiscreteversion of this problem, where the setsof
possibleobservations and decisionsare ¯nite. The problemconsideredis a static decision
problem,wherea singlesetof decisionsis madein responseto a singlesetof observations.
Given the probabilities of all sets of observations, the goal is to choose decentralized
decision rules which minimize the expected cost. This problem is shown in [8] to be
N P-hard, even for the caseof two decisionmakers. Therefore, the goal of this paper is
to determinee®ective methods of computing good suboptimal solutions to this problem.
Here we show that this problem can be equivalently formulated as a minimization of a
polynomial subject to linear constraints. Relaxations of this polynomial optimization
problem can then be e±ciently solved. From theserelaxations, we obtain lower bounds
on the minimum achievablevalue for the original problem, aswell assuboptimal decision



rules. The combination of lower boundstogether with suboptimal solutions is powerful,
since this gives us a way to put a bound on how suboptimal the best known decision
rules are.

2 Previous work

Much of the previouswork on decentralized decisionproblemscanbe roughly categorized
ascomplexity results, tractable specialcases,and applications. Someof the earliestwork
on decentralized decisionproblems is the work of Radner and Marschak [4, 2]. Along
with introducing the generalstatic decentralized decisionproblem, they have shown that
for certain convex quadratic costs and continuous decisionvariables, person-by-person
optimalit y is su±cient for global optimalit y. A nice survey of the early work in the ¯eld
of decentralized decisionproblems, including extensionsto dynamic problems, can be
found in [1]. In [8], it is shown that the generalstatic decentralized decisionproblem
with ¯nite state and action spacesis N P-hard.

A great deal of work on the static decentralized decision problem has been done
for the application of decentralized detection. The decentralized detection problem was
introducedin [6], whereit wasshown that under certain independenceassumptions,op-
timal decentralized detection rules take the form of likelihood ratio tests. However, it is
shown in [8] that the problem of decentralized detection, a special caseof the decentral-
ized decisionproblem, is also N P-hard. Therefore,most approachesto the problem of
decentralized detection focus on determining person-by-personoptimal detection rules.
Surveysof the ¯eld of decentralized detection can be found in [7] and the book [9].

3 Motiv ating example

In this section we motivate the study of the generalproblems discussedin this paper
by a speci¯c application. The problem of decentralized detection is an example of a
decentralized stochastic decisionproblem. Here we present a very brief overview of this
subject. Detailed surveyscan be found in [7] and [9].

In a detection problem, we have several hypotheseson the underlying state of our
environment, and we would like usemeasurements of our environment to decidewhich
hypothesisis true.

H1 , . . . , HM

S1 S2 SN

Y1 YNY2

U1 U2 UN

Classicaldetection methods assumeall measurements are available to a singledetector,
which estimatesthe true hypothesisbasedon all measurements. Such a detectionscheme
is called centralized. Optimal decisionrules in centralized schemesare given by the well-
known MAP (maximum a-posteriori probability) detector. In a decentralized detection



scheme,each sensoris responsiblefor making a decisionbasedonly on its own measure-
ment. The goal is to choosedecisionrules for all sensorswhich are optimal with respect
to somesystem-widecost function.

For example,supposewehavea collectionof sensorseach monitoring variouselements
of someindustrial process.We would like the sensorsto soundan alarm whensomepart
of the processis malfunctioning. In this casewe may wish to maximize the probability
that the alarm soundswhen there is a malfunction and doesnot soundwhen there is no
malfunction. One option is to transmit all sensormeasurements to a central location,
where a decision to sound the alarm is made on the basis of all measurements. An
alternative is to equip each sensorwith its own decisionrule and the abilit y to soundthe
alarm. When the lossof performanceassociated with employing the secondalternative
is small, such a scheme is preferable due to the reduced implementation complexity
associated with the elimination of the communication requirements.

One might initially assumethat good decentralized decisionrules can be obtained by
allowing each sensorto usea MAP detectionrule. While this is true in somespecialcases,
it is not true in general. Unlike the centralized case,the generalproblem of computing
optimal decentralized detectionrules is N P-hard [8]. While centralized decisionrulesare
described by Also, decentralized decisionrules can appear considerablymore complex
than their centralized counterparts. For example, optimal decentralized decisionrules
typically involve hedging among the sensors,a strategic element which is not present
when simply using MAP rules at each detector.

Due to the complexity of this problem, most existing methods for computing de-
centralized detection rules produce equilibrium policies. Such policies are said to be
person-by-person optimal; for a set of such decisionrules, no improvement can be ob-
tained by adjusting the decisionrule for any given sensorwhile leaving the others ¯xed.
In general,a singleproblem instancemay have many equilibrium policies. The globally
optimal policy is clearly an equilibrium policy. However, for any given equilibrium pol-
icy, we have no way of knowing how this policy relatesto the globally optimal policy. In
particular, we have no way of knowing how much improvement we could obtain by using
the globally optimal policy. In the next sectionwe will show by a simpleexamplethat an
equilibrium policy can perform arbitrarily poorly comparedto the optimal policy. The
methods that we present for in this paper are relaxations. In addition to generatingan
equilibrium policy, they return a lower bound on the minimum achievable cost by any
decentralized policy. When the bound is exact,we have a proof that our computedpolicy
is globally optimal. Even when the bound is not exact, we still have a measureof the
suboptimalit y of the computedpolicy.

4 Main results

4.1 Form ulation and complexit y

Decentralized decisionproblemsare optimization problems in which a collection of de-
cisionsare made in responseto a set of observations with the goal of maximizing some
payo®. The complicating factor is that each decisioncan only be made to depend on
somespeci¯ed subset of the observations. In this section we considera generalstatic
decentralized decisionproblem, also commonly referred to as a team decision problem
[4, 1]. For notational simplicity, we only discussproblemsinvolving two decisionmakers.
Extensionsof all results to the generalcaseof N decisionmakersis straightforward. The



speci¯c problem under considerationis the following:

Decentralized Decision Pr oblem: Given ¯nite sets Y1, Y2, U1, U2, a probability
mass function p : Y1 £ Y2 ! R, and a cost function c : Y1 £ Y2 £ U1 £ U2 ! R, ¯nd
policies ° i : Yi ! Ui , i = 1; 2 which minimize the expected cost

J (°1; °2) =
X

Y1£ Y2

c(y1; y2; °1(y1); °2(y2))p(y1; y2)

It was shown in [8] that this problem is N P-hard. UnlessP = N P, we cannot hope to
¯nd an e±cient algorithm capableof alwaysproducingglobally optimal policies. Methods
for computing policiesmust aim to ¯nd good suboptimal solutions.

One way to formulate the static decentralized decisionproblem involves expressing
policy i as a jYi j £ jUi j Booleanmatrix for each i :

K i
yi u i

=

(
1 if ° i (yi ) = ui

0 otherwise

Similarly, we can expressthe systemcost as a jY1jjY2j £ jU1jjU2j matrix:

Cyu = c(y; u)p(y)

= c(y1; y2; u1; u2)p(y1; y2)

Here, the matrix is indexed accordingto a lexicographicorder on the pairs (y1; y2) and
(u1; u2). The static decentralized decisionproblem can be equivalently formulated as

minimize:
P

y;u CyuK yu

subject to: K yu = K 1
y1u1

K 2
y2u2

K i ¸ 0 i = 1; 2

K i 1 = 1 i = 1; 2

K yu 2 f 0; 1g for all y; u

(1)

This problemis clearly a nonconvex optimization problemdueto the Booleanconstraints
and the bilinear constraint. However, we caneliminate the Booleanconstraints and show
that the resulting problem is equivalent to (1):

Theorem 1. The optimization problem

minimize:
P

y;u CyuK yu

subject to: K yu = K 1
y1u1

K 2
y2u2

K i ¸ 0 i = 1; 2

K i 1 = 1 i = 1; 2

(2)

alwayshasan optimal solution satisfying K yu 2 f 0; 1g for all y; u.



Pro of: SupposeK 1 and K 2 are optimal for (2). Note that K 1 and K 2 may have non-
integer entries. The problem

minimize:
P

y1 ;u1

³ P
y2 ;u2

CyuK 2
y2 ;u2

´
K 1

y1 ;u1

subject to: K 1 ¸ 0

K 11 = 1

is a linear program in the variable K 1. An optimal solution cK 1 to this LP satis¯es
X

y;u

Cyu
cK 1

y1u1 K 2
y2u2 ·

X

y;u

CyuK 1
y1u1 K 2

y2u2

Also, it is clear that cK 1 can be chosento have 0-1 entries. Now consider the linear
program

minimize:
P

y2 ;u2

³ P
y1 ;u1

Cyu
cK 1

y1 ;u1

´
K 2

y2 ;u2

subject to: K 2 ¸ 0

K 21 = 1

Again, an optimal solution cK 2 satis¯es
X

y;u

Cyu
cK 1

y1u1
cK 2

y2u2 ·
X

y;u

Cyu
cK 1

y1u1 K 2
y2u2

and can be chosento have 0-1 entries. Therefore, cK 1, cK 2, and bK = cK 1 ­ cK 2 constitute
an optimal 0-1 solution to (2). ¥

When the optimal solution in (2) is not unique, there may be a mixed optimal solution.
However, the above theoremshowsthat there is always a Booleansolution which achieves
the sameobjective value.

Although wewereableto eliminate the Booleanconstraints, ¯nding a globally optimal
solution to (2) is still a di±cult problem. The most commonapproach for handling this
problem is to employ an iterativ e schemefor ¯nding a person-by-person optimal solution
[4, 1, 9]. This type of schemestarts by initially choosing an arbitrary pair of policies.
Policiesare then modi¯ed by alternately optimizing each policy while leaving the other
policy ¯xed (asin the proof of Theorem1). Sincetherearea ¯nite number of policies,and
each stepnever results in a decreasein the objective, this method leadsto an equilibrium
solution in a ¯nite number of steps. The problem with such methods is that problems
may have many equilibria, and it not clear if any given equilibrium solution is necessarily
a good one. In fact, we can show by a simple examplethat an equilibrium policy can
perform arbitrarily poorly comparedto the optimal policy.

Considerthe casewhereY1 = Y2 = U1 = U2 = f 1; 2g and we have the cost function

c(y1; y2; u1; u2) =

8
<

:

1 for u1 = u2 = 1 and all y1; y2

½ for u1 = u2 = 2 and all y1; y2

½+ 1 for u1 6= u2 and all y1; y2

Consider the decentralized policy where ° 1(y1) = 2 for all y1 and °2(y2) = 2 for all
y2. For any probability distribution on Y1 £ Y2, this policy achievesan expectedcost of



J (°1; °2) = ½. Leaving one decisionrule ¯xed while changing the other always achieves
an expectedcostgreaterthan ½. Therefore,this policy is an equilibrium policy. However,
the optimal decentralized policy in this caseachievesan expectedcost of J (° ¤

1; ° ¤
2) = 1.

Since ½is arbitrary, we can choose its value so that a suboptimal equilibrium policy
achievesan expectedcost arbitrarily worsethan the optimal cost.

We consideran alternate approach to searching for equilibrium policiesin this paper.
We treat this problem asa polynomial optimization problem, and apply lifting methods
to obtain convex relaxations. Such methods either producea globally optimal solution,
or producea suboptimal solution along with a bound on its suboptimalit y.

4.2 A relaxation for the polynomial problem

Here we will discussa speci¯c low-order relaxation of the problem (2). This relaxation
is formed by adding valid constraints to the problem, then removing all nonconvex con-
straints [5]. Valid constraints are constraints which, when added to a problem, do not
changeits feasibleset. For example, sumsor products of existing constraints produce
valid constraints.

Considerthe problem (2) with additional valid constraints addedby taking products
of the original linear constraints:

minimize:
P

y;u CyuK yu

subject to: K yu = K 1
y1u1

K 2
y2u2P

u1
K yu = K 2

y2u2
for all y1 2 Y1P

u2
K yu = K 1

y1u1
for all y2 2 Y2

K i 1 = 1 i = 1; 2

K ¸ 0

The additional constraints K i ¸ 0 and K 1 = 1 are implied by the linear constraints,
so they are left out for brevity. By dropping the bilinear constraint, we obtain the LP
relaxation:

minimize:
P

y;u CyuK yu

subject to:
P

u1
K yu = K 2

y2u2
for all y1 2 Y1P

u2
K yu = K 1

y1u1
for all y2 2 Y2

K i 1 = 1 i = 1; 2

K ¸ 0

(3)

Solving this linear program producesa lower bound on the minimum valueachievableby
a decentralized policy, aswell assuboptimal policiesdescribed by K 1 and K 2. When the
relaxation is not exact, the policies K 1 and K 2 may not be person-by-personoptimal.
However, we can always apply the iterativ e schemedescribed at the end of Section4.1
using these policies as a starting point to obtain improved deterministic equilibrium
policies.



5 Numerical example

Herewe illustrate someof the conceptsdiscussedin this paper with a numericalexample.
Considera decentralized detection problem with four hypothesesand two detectors. Let
H denotethe current hypothesis.The a-priori probabilities for each hypothesisare given
by:

Prob f H = hi g =

8
>>><

>>>:

0:39 for i = 1

0:31 for i = 2

0:16 for i = 3

0:14 for i = 4

The measurements M 1 and M 2 are madeby each detector are each quantized to one of
ten measurements. The conditional probabilities of each possiblepair of measurements
given each hypothesisare illustrated by the ¯gure below.
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Figure 1: Conditional probabilities of each pair of measurements given each hypothesis.
Dark areason the plots represent low probabilities.

Each detector will estimatethe hypothesisbasedonly on its own observation. We would
like to ¯nd decentralized detection ruleswhich maximizethe probability that at least one
detector is correct.

We can formulate a relaxation of this problem asthe linear program (3). In this case,
the costsare

Cyu = Prob f (H 6= u1) \ (H 6= u2) \ (M 1 = y1) \ (M 2 = y2)g

Solving the relaxation, we obtain the globally optimal detection rules:

° ¤
1(y1) =

(
3 for y1 · 3

2 otherwise
° ¤

2(y2) =

(
1 for y2 · 7

4 otherwise

The optimal strategy achievesProb f at least onecorrectg = 0:77.
It is interesting to compare the optimal strategy to the one obtained by using a

maximum a-posteriori detectionrule for each detector. For each detector, the a-posteriori
probabilities of the true hypothesisgiven each measurement are shown below

We can observe from the plots that the MAP strategy is identical for both detectorsand
is given by

° MAP
i (yi ) =

(
1 for yi · 6

2 otherwise
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Figure 2: A-posteriori probabilities of the truth of each hypothesisgiven each measure-
ment. The most probablehypotheses(1 and 2) are labelled.

The MAP strategy achievesProb f at least onecorrectg = 0:62. The key di®erencebe-
tween the optimal strategy and the MAP strategy is the element of hedging employed
by the optimal strategy. That is, the ¯rst hypothesisis the most likely, and it is most
reliably detectedby the seconddetector. In the optimal strategy, the ¯rst detector never
guessesthe ¯rst hypothesis. This is done to maximize the probability of guessingthe
correct hypothesiswhen the seconddetector guessesincorrectly. In the MAP strategy,
both detectorsare often both guessingthe ¯rst hypothesis. When one is incorrect, the
other is likely to be incorrect as well.

6 Conclusions

In this paper, we consideredthe problem of determining optimal decentralized decision
rules in stochastic decision problems. It was shown that a general discrete decision
problemhasan equivalent formulation asa polynomial optimization problem. We obtain
a relaxation of this polynomial optimization problem which can be used to compute
suboptimal policiesas well as boundson the optimal achievable value.

Here we restricted our treatment to the problem of two decisionmakers. This was
done mostly to simplify notation, and all results discussedcan readily be extendedto
caseswith more than two decision makers. When consideringcaseswith more than
two decisionmakers,we may want to considerinformation structures more generalthan
perfectly decentralized structures. Arbitrary information structures can be handled by
methods like thosediscussed,although we have not discussedthis issuehere.
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