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Abstract

In this paper we considerthe problem of designingscal-
able controllers for stabilizing collections of identical
interconnected subsystems. Such controllers guaran-
tee stability of the overall interconnected system even
if we introduce new subsystemsinto the interconnec-
tion or changethe systeminterconnectiontopology. We
presern suzxcient linear matrix inequality conditions for
the synthesis of scalablecortrollers.

1 Intro duction

Many systemsof practical interest can be modelled as
large collectionsof interacting subsystems.Examplesof
sudh systemsinclude electrical power distribution net-
works [8], data networks [12], and collections of vehicles
travelling in formation [7]. Seeral practical issuesarise
when attempting to designcontrollers for such systems.
Implementation of classical control schemestypically

requires that ead subsystemhas accessto the states
or outputs of ead other subsystem. This is often im-

practical or infeasible. Most practical control schemes
for such systemsare decentralized. That is, eat sub-
system usesonly local information when making con-
trol decisions. Another practical issueis uncertainty in

the subsysteminterconnection topology. With electri-
cal networks, failures of transmissionlines or individual

generatorscausechangesin the interconnection topol-
ogy. With data networks, changesin the number of
subsystemsand the subsysteminterconnection topol-
ogy are commonduring normal operation. A collection
of subsystemswhich is stable under oneinterconnection
topology is not necessarilystable under other intercon-
nection topologies. E®ective controllers should guaran-
tee stability of a collection of interconnected systems
for a wide range of possibleinterconnection topologies.
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Also, the number of subsystemscomprising the over-
all systemis occasionally large enoughto render con-
trol synthesisinfeasible. Computation of cortrollers for
Internet-sized data networks is clearly a task beyond
the limits of most cortrol synthesis procedures.

The issuesdiscussedabove will be the focus of this
paper. We concerirate on the design of decerral-
ized cortrollers which are provably scalable. Sudh con-
trollers guarartee stability of the overall systemeven if
we intro duce new subsystemsor changethe subsystem
interconnection topology. This meansthat we do not
have to redesignour cortrol laws as the complexity of
the overall systemincreases.

2 Previous Work

The analysis and cortrol of collections of intercon-
nected systems has been widely studied in the litera-
ture. Early work on stability analysisand decerralized
cortrol of large-scaleinterconnectedsystemsis found in
[9, 11, 16, 15, 18]. A common theme in many of these
works are decompositions which allow a stability anal-
ysis for the interconnectedsystemto be performedat a
subsystemlevel. Someof the more widely known sta-
bilit y criteria are the passivity related conditions of [14]
and the small-gain related conditions of [2].

The well-known notion of connective stability found
in [16] is similar in spirit to the concept of topology-
independert stability discussedn this paper. An inter-
connected system possessegsonnective stability when
stability is presened after remaoving or wealkening links
from somegiven interconnectiontopology. Rather than
consideringhow systemstability changeswhenlinks are
removed, we would like to considerhow stability is af-
fected by the addition of new subsystemsinto an exist-
ing interconnection structure. In this paper we presen
conditions which determine when stability of an inter-
connectedsystemis independert of systemscale,aswell
asinterconnection topology. This resultsin a condition
which guaranteesstability for all topologieswith some
pre-speci ed bound on the system connectivity.

The synthesis procedures and stability conditions
found in this paper are similar to those found in [1].
In that paper, the authors consider stability of an in-
terconnected system formed by connecting an in nite
string of identical subsystems. They prove stability



using a decerralized Lyapunov function, and exploit
shift-invariance in the resulting stability conditions to
obtain a collection of uncoupled linear matrix inequal-
ities.

3 Motiv ating Example

Although the results of this paper apply to generalin-
terconnectedlinear systems, here we will motivate the
goalsof this paper with an example. Considerthe prob-
lem of stabilizing an electrical power distribution net-
work [8]. In alater sectionwe will usethis asa basisfor
a numerical exampleillustrating the useof the methods
dewveloped in this paper.

A power distribution network consistsof a collection
of load-driving generatorsinterconnected by transmis-
sion lines. The generator is a dynamic device, with a
linearized model given by

(1)
+v(t)

Axx(t) + Li(t) + Bu(t)
Cx(1);

where i and +v are the current and voltage deviations
from some operating point, and u is a cortrol torque
which can be applied to regulate the generator. For
AC power networks +i and +v ead typically have two
componerts represerting the real and imaginary parts
of the current and voltage phasors. If we connect this
generatorto aload with admittance Y, then the voltage
and current arerelated asi(t) = Y v(t) and we canwrite
the generator dynamics as

#x(t) = (A+ LY C)#x(t) + Bu(t):

In a realistic power distribution network there are sev-
eral loadsdriven by multiple interconnectedgenerators.
If our systemconsistsof N generators,then the current
drawn from generatorj in terms of the terminal volt-
agesat ead generatoris

X
()= Yvi)+ Yyt i w(t);
k6 j

where Yj; is the admittance of the load connectedto
generatorj and Yj is the admittance of the line con-
necting generatorsj and k. Note that we always have
Yi = Yji. The linearized dynamic equationsfor the N
interconnected generatorsare given by
A !
X
1X; (t) = A+ LY]' «C X (t)
k=1
i (LYjkC)x(t) + Bu (1)
k6 j

tion admittances may be equal to zero sincethere may

not be direct connectionsbetweenmany of the genera-
tors. The pattern of zero and nonzeroadmittances de-
termines the interconnection topology of the network.
The stabilization problem involves determining a con-
trol law for the torques u; which ensuresstability of
the overall system. It is not practical to apply a cen-
tralized cortrol law to stabilize this system since this
would assumethat ead generator is capable of com-
municating information about its state to ead other
generator. The ideal control law is decerralized, so
that eat generator usesonly local information to de-
termine the appropriate control torque. Evenif we nd

a cortroller which stabilizesthe systemfor a particular

interconnection structure, the system can still become
unstable if one of the lines connecting two generators
fails or if we connect additional generatorsto the net-
work. We will return to this example in a later sec-
tion and design a scalablecorntroller which guarantees
topology-independert stability.

4 Main Result

In this section we presen linear matrix inequality
conditions which, when feasible, produce a controller

which stabilizes a collection of interconnected subsys-
tems for arbitrary interconnection topologies. We will

“rst presen an analysis condition which proves stabil-
ity of a collection of identical interconnected systems
for arbitrary interconnection topologies. This condi-
tion is then extended to cortrol synthesis procedures
in the following subsections. A method for synthesiz-
ing perfectly deceriralized cortrollers is preseried at
“rst. This method is then extendedto synthesis of dis-
tributed cortrollers.

4.1 Analysis of Identical Interconnected Sub-
systems

Here we will consider systemsformed by interconnect-
ing a collection of identical subsystemsby a directed
graph. The interconnection structure is speci ed by
a simple directed graph G = (V;E), with N vertices
V =1f1;:::;Ngand edgesetE %2V £ V. Here simple
meansthe graph has no self-loops, that is (i; i) 62 for
all i. We say verticesi and j are adjacent if (i;j) 2 E
or (j;i) 2 E, and de ne the degreeof vertex i as the
number of vertices j adjacert to it. In terms of the
graph adjacencymatrix U, the degree of vertex i is

d(G)= (@i @i Y)@i Yy)):
j=1
We de ne

dmax (G) = miaXdi(G)

to be the maximum degreeof any vertex of G.



The subsystemsare given in terms of state spacere-
alizations,

xi(t) = AXxi(t) + Lvi(t)
G (t) Cxi(t);

ead of which de nes a linear map from signalsv; to g .
These systemsare interconnected according to

X
vi(t)= Uy g (t): 1)

j=1

Each subsystemcorresponds to vertex i in the graph.
Weinterpret edgesassignals;all signalsentering vertex
i are summedto construct the input to systemi. Sim-
ilarly, all signalsleaving a vertex are simply copies of
the output of systemi. This is illustrated in the "gure
below:

v V.
. G P 1 G P 5
2
| J Iq4
P P
A
% Vy
P
V3 (03}
1
5
2 4
3

A consequencef interconnecting the systemsvia the
graph G is that the dynamics of the subsystemshe-
comescoupled. For a speci ¢ interconnection topology,
the dynamics of the interconnected system can be ex-
pressedas

Xi() = Axi(t)+ Uy LCx;(t)

i=1

as x(t) = Agx(t), whereAg = (In - A)+ (U- LC)
and the state vector x is formed by concatenating eath
of the subsystemstate vectors. Here, |y denotesthe
N £ N identity matrix. The dynamics of the resulting
interconnected system depend on the graph G. The
following result determineswhen Ag is stable for any
graph G sudch that dmna (G) - d:

Theorem 1. Supmsethere exists a solution X A 0 to
the matrix inequalities

A dLC’.XO+
dc A 0 X
"X 0° A ch’TAO
0 X dic A ’
A dic’ X 0",
0o A 0 X
Y o’Ach’TAO
0 X 0 A

Then Ag is stablefor all G suchthat dmax (G) - d.

Proof of this theorem is preseried at the end of this
subsection.

It is well known that for xed G, Ag is stable if
and only if there exists a matrix X A 0 such that
AcX + XAL A 0. A suzcient LMI condition for sta-
bility of Ag can be obtained if we restrict ourselvesto
an X of the form X = |y - X. This restriction will
allow us to prove stability of the interconnected sys-
tem for multiple topologies. This restriction will also
render the decenralized control problem computation-
ally tractable, as shown in the next subsection. With
the variable X restricted as sud, the i;j block of the
matrix AgX + XA(L is

AX + XAT fori=j
Uj (LC)X + Uji X (LC)T forié j:

The proof of Theorem 1 will involve relating properties
of these blocks to negative de niteness of the matrix
AgX + XAL. The following theorem is used in the
proof of Theorem 1.

Theorem 2. LetH be a Hermitian matrix partitioned

numkber of nonzeio o®-diagonalblocks in row i of H.
Supmse, without loss of geneality, that each row has
at least one nonzerw o®-diagonalblock. If

" #

Pro of. Let U be the N £ N matrix suc that for
i8j,U; =1if H; 6 0. Otherwise, U; = 0. Note



that U; = Ofor all i. For any vector X,

X X
X*Hx = xPHix + (X7 Hij Xj + X'Hjixi)
i i=1 j>i
x x o Hg 1, T
= Uij —X; Hii Xi + —X; Hjj Xj
N m; mj
i=1 j>i
X X . .
+ Uij (XiHij Xj * X HjiXi)
i::l: j>i un #
XX U X ’ m%Hii Hj Xi
= i 1
i=1 j>i boX Hii  mrHi %]
Clearly, if " #
1
aHi Hiy oo
m;
i 2y A

m;
foralli;j = 1;:::;N, i 6 j, then xHx > 0 for all
nonzerox, or H A 0. m
We can now apply this result to prove Theorem 1:

Pro of of Theorem 1. If the two matrix inequalities
are satis ed, then

" #
(LC)X + X (LC)T
& (AX + X AT)

& (AX + X AT)

(LC)X + X (LC)T AO @)

and

& (AX + XAT)
X(Lc)T

(LC)X

& (AX + XAT) A0 ®)
forall 1 - d;;dy - d. Let U be any adjacency ma-
trix de ning aninterconnectiontopology suc that ead
subsystemhas degreelessthan or equalto d. Let d; be
the degreeof subsystemi. The above matrix inequali-
ties imply

LAX + XAT)  U; (LC)X + U;; X (LC)T #
d 1) ji
Ui(LC)X + Uy X(LC)T  G-(AX + XAT)

for all i 6 j. To shaw this, considerthe four possible
cases(Uj = Uji = 0), (Uj = Ui = 1), (Uj = LY;; =
0), and (U; = O;U;; = 1). The matrix inequality (2)
clearly implies that the above inequality holds in the
“rst two cases.The matrix inequality (3) clearly implies
that the above inequality holds in the third case. The
above inequality holds in the fourth casesincewe get

%(AX + XAT)
(LC)X

X(Le)T .
1 T AO

g (AX + XAT)

by permuting the blocks in (3). Since the above in-
equality holdsfor all i 6 j, this implies AX + XAT A0
by Theorem 2. Hence,the systemwith interconnection
topology speci ed by U is stable. ]

Note that we only needthe rst inequality in Theo-
rem 1 when considering interconnected systemswhere
ead of the links are bi-directional, i.e. the adja-
cency matrix U is symmetric. We only needthe sec-
ond inequality when considering interconnected sys-
tems where none of the links are bi-directional, i.e.
Uj = 1if and only if U;; = 0.

4.2 Decentralized Control Synthesis

At this point we extend the stability condition pre-
serted in the previous subsectionto a procedure for
designing decenralized controllers which guarantee
topology-independert stability. Each subsystem now
has a cortrol input u;:

xi() = Axi(t)+ Lvi(t) + Bui(t)
G (1) Cx;(t):

The desired control law determines cortrol inputs for
ead subsystemusing only measuremets of the local
subsystemstate. In general,there is no known compu-
tationally tractable procedureguaraneedto generatea
decerralized cortroller for a linear system, given that
one exists. Consenative approacesdo exist, however.
Here we can extend our stability analysis condition to
a condition guararnteeing the existenceof a stabilizing
decertralized controller without adding any additional
consenatism. This is becauseof the restricted form of
the matrix X usedto prove stability.

The desiredcortrol law is a decerralized state feed-
badk cortrol law whereead local cortroller is identical.
In other words, we would like to stabilize A g + BK with
acorntroller oftheform K = Iy - K, whereB = Iy - B.
When there are no constraints on the structure of K, the
LMI approad to state feedbak synthesis involvesin-
troducing a variable Z = KX and nding Z and X A 0
sud that

AcX + XAL+BZ+Z"BT Ao

Upon nding such an X and Z, we can construct a
cortrol law as K = zZXi 1, Existence of a solution
to these LMIs is equivalert to existenceof a stabiliz-
ing cortroller. However, when the desired controller
has special structure, there is no known equivalent LMI
condition. This is becausethe resulting constraints on
X and Z aretypically non-corvex. Howewer, recall that
for our stability condition we are restricting ourselhes
to an X ofthe form X = Iy - X. When restricting X to
this form, we can make a changeof variablesZ = KX,
where K is of the desired form if and only if Z is of
the form Z = Iy - Z. This provides a computationally
tractable suzcient condition for synthesis of a stabi-
lizing decerralized cortroller. With the variables X
and Z restricted as sud, the i;j block of the matrix



AcX + XAL + BZ + ZTBT is

AX + XAT+BZ+Z"BT fori=]j

(4)
Uj (LC)X + UjiX (LC)T fori 6 j:

We can usethis fact to obtain the following synthesis
condition:

Theorem 3. Supmse there exist solutions Z and
X A 0to the linear matrix inequalities

AX+XAT+B2+2"8T A 0
RX+XAT+B2+2"BT A 0

where

A dc A dCc *
Ay = d.c A Az = o A
B 0’ 4. X 0 4z 0°
B= o5 X7 o x %7 4z

When such solutions exist, the decentralized control law
Ui (t) = Kx;(t) = ZX1 1x;(t) will stabilize Ag + BK for
all G suchthat dmnax (G) - d.

Proof of this theorem is not given since it is nearly
identical to the proof of Theorem 1.

4.3 Distributed Control Synthesis

In the previous subsection we considered cortrol
schemesin which ead subsystem determines cortrol
inputs basedonly on its own state. We can extend the
previous control synthesis method to accommalate a
wider class of cortrol policies. In particular, we can
synthesize distributed cortrollers which determine the
control input for a subsystembasedon the state of this
subsystem,as well asthe states of neighboring subsys-
tems. The cortrol input u; is determined under sud a
cortrol law as

ui(t) = Ksxi(t) + U; K x; (t):
j=1

In this setting, state information is sharedaccordingto
an interconnection topology matching that of the sub-
system interconnections. As with the perfectly decen-
tralized case,ead subsystemusesan identical cortrol
law. In the perfectly decerralized casewe useda con-
trol law of the form K = Iy - K. In this casewe usea
cortrol law of the form Kg = (Iy - Kg) + (U- Kj).
Since X is restricted as X In - X, we can make
a change of variables Zg = KgX, where Kg is of
the desired form if and only if Zg is of the form
Zg = (In - Zs) + (U- Z)). This leadsto the fol-
lowing synthesis condition:

Theorem 4. Supmsethere exist solutionsZs, Z,, and
X A 0 to the linear matrix inequalities

AX + XAT +BZ,+2]BT A 0

AR+ RAT +B2,+2]8T A 0

where
A dc A dc
Ay = dcc A A = 0o A
B 0" X o0°
B= 58 ¢ X= 5 x

_Zs dz . ze dz,
2= dz, zs 2=

When such solutiq@s exist, the distributed control law
ui(t) = Kexi(t)+ |1y Uj KX (t) with Kg = ZgX 1 1
and K, = zZ, X1 will stabilize Ag + BKg for all G
suchthat dmnax (G) - d.

Again, proof of this theorem is not given since it is
nearly identical to the proof of Theorem 1.

5 Numerical Example

Here we will illustrate the ideaspresered in the previ-
ous section with an example. Consider the power dis-
tribution network discussedin Section3. Supposethat
our network consistsof a collection of N identical gener-
ators and loads connectedby identical lines. As before,
let U be the adjacencymatrix describing the intercon-
nection topology of the system. Since the admittance
matrix is block symmetric, the adjacencymatrix U will

always be symmetric. We can write the dynamic equa-
tions as

0 0 1 1
X
() = @A+LY;C+ @ U ALY,CA ()
j=1
X
i Ui (LY2C)"_'XJ' (t) + Bu;(t)
j=1
forj = 1;:::; N, whereY; is the load admittance and

Y, is the line admittance. In order to put this problem
in the framework of the previous section, we can write
ead subsystemas

#2(t) = (A+ LY1C + diLY2C) £ (t) + Lv;(t) + Bu;(t)
G(t) =i Y2Cxi(t):
One way to think of such subsystemsis as a genera-

tor/load subsystemwith a gain of j d; placedin feed-
back:



Although we can now cast this problem in our frame-
work, we now face the problem that ead subsystem
contains parameterswhich depend on the interconnec-
tion topology. We can easily get around this problem
with a simple modi cation to our control synthesis pro-
cedure. Sinced is the maximum degreefor any sub-
system, we can perform the synthesis procedure using
subsystemsof the form

¢ (t) = (A + LY1C + dLY,C) #; (1) + Lv;(t) + Bu;(t)
G(t) = i Y2Cxx(t):

To synthesize a cortroller, we nd X A 0 and Z suc
that

(A+LYC)X + X(A+LY:C)T+BZz+Z2™BT A 0
AX + XA+BZ2+27BT A 0
where

Ao " (A+LY;C)+dLY,C
B i dLYzC

i dLYzC :
(A+LY1C)+dLY,C

B 0° X 0 4, Z 0
B= o8 X= o x %= 5 7z

We can then show that the inequalities still hold for
subsystemswith di < d by taking the appropriate conic
combinations of the “rst inequality with the diagonal
blocks of the secondinequality.

Now we will compute a cortroller for a speci ¢ model.
We will usethe simple model given by

d #@®° _ 05 0 #H()®
dt - #u(t) 10  #(t)
i1 0 Hg(t)© . 1°
+ o0 i-IIF:((t)) oo u®
wWr() ' _ 0 07 H()
wi(t) 0 i1 H(t)

where ! gives the deviation of the rotor angular ve-
locity from some xed operating condition and +u gives
the deviation of the rotor angle from some uniformly

increasing referenceangle. This system is marginally

stable. That is, if the rotor angle drifts to someo®set
then it will remain at that o®set. Supposeead genera-
tor drivesa load with admittance y; = 1+ 0:1i and can
be connected by a transmission line with admittance

yo = 0:3j i. Theseadmittances are represerted in the
model in matrix form as
1 ;01° 03 1 7.

15 01 1 and Yz = i1 03

When we connect a single generator to a load, the re-
sulting system becomesstable. Howewer, the system
actually becomesunstable when we connect a pair of
generatorsdriving loads by a single transmission line.

We can solve the syrnthesisLMIs for this system(with
d = 3 chosenarbitrarily) to obtain the decerralized
state feedbad cortroller

£ o]
K= 657 2475

This cortroller is guaranteed to stabilize any intercon-
nection between any number of generators, as long as
ead generatoris connectedto no more than three other
generators.

6 Conclusions

In this paper we addressedthe problem of design-
ing scalablecortrollers for collections of interconnected
subsystems. We derived suzcient linear matrix in-
equality conditions for the existenceof such cortrollers.
This paper exclusively covered the casewhere all sub-
systemsareidentical. Although it is not discussecdhere,
the methods of this paper may easily be extended to
the casewhere subsystemsof various types are inter-
connected.
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